Cents and Citizens

The main results in this note are:

MORE LATER

DEFINITION 1. We define = 0.
For any nond finite set S,

denotes the number of elements in S.
For any infinite set S, we define = 00.

For any sets A, B, let denote
the set of all functions A — B.
For any function f, let |Ds| denote the domain of f.

For any function f, let E = {f(z) |z € Dy} denote the image of f.
For any fucntion f, for any set 9, let

:: {f(:E)\:L‘eSﬂ]D)f} and let
|f*8]:= {z e Dy | f(x) € S}.

For any function f, for any x € Dy, let = f(x).
Let = R J{oo, —o0}.

DEFINITION 2. Let a,be R*.
Then: |(a;b) |:={xeR*|a <z <b}, |[a;b)|:={reR*|a <z <b},

(a;b] |:'={zeR*|a <z <b}, |[a;b]|:={reR*|a<x<Db}.

Let = Z| J{o0, —0}.

DEFINITION 3. Let a,be R*.
Then: |(a..b) |:= (a;b) (N Z*, |[a..b)|:=[a;b)(Z*,

(a..b]|:= (a;b] N Z*, = [a;b] N Z*.
Let [N]:= [1..c0) and let [Ny | := [0..00).

For any set S, for any me N, let = Slm],

For any set S, a in S is an element of SV.

For any topological space X, denotes the set of open subsets of X.
Give R* its standard topology.

For any topological space X, for any W < X,
give W the relative topology inherited from X.

For any finite set X, give X the discrete topology.
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For any topological space X,
give X the Borel structure generated by Tx.
For any Borel space X, for any W < X,
give W the relative Borel structure inherited from X.
For any countable set X, give X the discrete Borel structure.

DEFINITION 4. Let X be a Borel space. Then:

denotes the set of Borel subsets of X,
E denotes the set countably-additive functions Bx — [0; 0],
FMx|:={pe Mx|uX)< oo},
PMx|:={peMx|uX)=1} and
denotes the set of Borel bounded functions X — R.

NOTE: For any countable set X, BFx = R¥.

DEFINITION 5. Let Q be a finite non set.
By an , we mean: a function E : Q x Q — [0;1] s.t.
VoeQ, D [E@)] =1
PeN

In the preceding definition, “MC” stands for Markov-chain.
The set €2 is the set of “states”, and
the quantity FE(v, ¢) should be thought of as

the probability of transitioning from state ¢ to .
Since the state ¢ must transition to some state,

these probabilities should sum to 1 over 1.

DEFINITION 6. Let Q) be a finite non set, E and Q-MC.
For allm e N, let

= {we Q| Ve [1.m], B(w;,w;_1) > 0}.
For allm e N, let = {w e Ch, F|wy = wpn}.

Let = {m e N|Cyc,,E + &}.

Elements of Ch,,E are called “chains in £7”.

Elements of Cyc,,E are called “cycles in E”.
DEFINITION 7. Let Q) be a finite none set, E an Q-MC.

By E 1s|symmetric |, we mean:



Vo, €Q, E(¢,¢) = E(¢,9).
By E s , we mean:

Vo, € Q, Jwe Ch,E s.t. (wo=0¢)&(wn =1).

By E s , we mean: gcd Perg = 1.

By FE is lodd-periodic , we mean: {1,3,5,7,...}(\Perg # &.

THEOREM 8. Let Q) be a finite non set, E an Q-MC.

Then: (i) (#Q =1) = ( E is aperiodic)

and (i) ((E is symmetric) & (#Q = 2)) = (2 € Perg)

and  (i17) ((2 € Perg) & (E is odd-periodic)) = (E is aperiodic).
(

and  (iv) ((E is symmetric) & (E is odd-periodic)) = (E is aperiodic).

Proof is omitted.

DEFINITION 9. Let Q be a finite non set, E, F' Q-MCs.
Then the Q-MC |E = F | is defined by: ¥¢,v € Q,
(ExF)(¢,¢) = >, [(E@, X)) (E(x,9))].

XEN

For any 2-MC E and any m € N, we define

+"E|l:=E«E+---+E (m times).

DEFINITION 10. Let Q) be a finite non set, E an Q-MC.
Let v e PMgq. Then € PMq is defined by:
Ve, (BExv){o}= ) (E(.v)) ({v}.
PeQ
DEFINITION 11. Let Q) be a finite non set, E an Q-MC.
Then: |PME|:={ve PMq|E v =v}.

Elements of PM§ are called “E-invariant probability measures on 7.

According to the next result, for an irreducible F,
there can be at most one E-invariant probability measure:

THEOREM 12. Let € be a finite non set, E an Q-MC.
Assume E is irreducible.  Then #PME < 1.

Proof omitted.

DEFINITION 13. Let ) be a finite non set.
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Then € PMq is defined by:  VYweQ, vy {w}= 0
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That is, vq gives equal probability to each state in the state-space €.

THEOREM 14. Let ) be a finite non set, E an Q-MC.
Assume E is symmetric.  Then vg € PME.

Proof omitted.

THEOREM 15. Let ) be a finite non set, E an Q-MC.
Assume E is symmetric and irreducible. — Then PM§ = {vq}.

Proof omitted.



