TABLEAU COMPLEXES

ALLEN KNUTSON, EZRA MILLER, AND ALEXANDER YONG

ABSTRACT. Let X,Y be nite setsand T a set of functions from X ! Y which we will
call “tableaux”. We de ne a simplicial complex whose facets, all of the same dimension,
correspond to these tableaux. Such tableaucomplexefiave many nice properties, and are
frequently homeomorphic to balls, which we prove using vertex decompositions [BP79.

In our motivating example, the facetsare labeled by semistandard Young tableaux, and
the more general interior facesare labeled by Buch's set-valued semistandard tableaux.
One vertex decomposition of this “Y oung tableau complex” parallels Lascoux's transition
formula for vexillary double Grothendieck polynomials [La0l, La03]. Consequently, we
obtain formulae (both old and new) for these polynomials. In particular, we present a
common generalization of the formulae of Wachs[Wa85 and Buch [Bu02], each of which
implies the classicaltableau formula for Schur polynomials.
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1. INTRODUCTION

1.1. Statement of results. Let X and Y be two nite sets. We will call functions from X
to Y tableaux; we think of eachtableauf : X | Y asa labeling of the points of X by
elements of Y. Formally, we identify a tableau f with its corresponding setf(x 7! y) :
f(x) = yg X Yofordered pairs, whose projection to X is bijective.

We specify asubsetT of “special” tableaux. Also, letE X Y bearelatien containing
every f 2 T. There are obvious minimal and maximal choicesof E, namely T:= ,,.f
and X Y, but it will be convenient to not restrict E.

Our motivating example is when X is the setof boxesin partition andY = f1,...,ng
soatableauf : X! YisaYoung tableau of shape and with entries bounded above by n
(without any other demands on the labeling), and T is the special subsetof semistandard
Young tableaux. In amoment (Section1.2),we will describe this casein detail.

De ne the simplicial complex E(XJ.T Y), which we call atableau complex, asfollows.
Consider the collection of subsets of E as a simplex under reverse inclusion; thus the
vertices are the complements (x X! y) := Enf(x 7! y)grather than the elements (x 7!
y) 2 E. We view the facesof this simplex asset-valued tableaux, thought of asrelations
F:X) Y, in which every elementx 2 X is labeled by a setof elementsHx) Y. A
set-valued tableau Flis a face of Fwhenever F° F, meaning that Fq(x)  Fx) for all x 2
X. (This set-theoretic containment is always intended when we say that one set-valued
tableau contains another, even when both are being considered as faces of a simplicial
complex, where containment among facesgoesthe opposite way.) The tableau complex
is de ned by its facets (maximal faces),which we declare to be the tableauxf 2 T. (In
this paper, the terms “function” and “tableau”, when unadorned by “set-valued”, mean
single-valued functions in the usual sense.) The face with no vertices, which we call the
empty face, is the set-valued tableau E.

Example.Consider the tableau complex in which X = f1,2,3,4gand Y is the English al-
phabet, and where T consistsof all the English words in [dh]e[al][dl]. In detail, E= f(1 7!
d),(@x7!'h),(27"e),37"a),B71),47!d),4T7" l)g For simplicity, in the following
gur e, at the vertices we indicate the unusedetters of E. For example, the vertex common

to “hell”, “heal”, “head” and “held” is (1 X! d) = Enf(17! d)g This complex is a 2-ball,
but if “deld” were a word, it would label the outer face, and this complex would be a
2-sphere.

Theorem A. Thefollowing holdfor an arbitrary tableaucomplex = E(XJ.T Y).

1. ispure meaningthat its facetgthetableauxt 2 T) all havethe sameadimension.
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2. ThecodimensiorfafaceFin isthenumberp o x (JAX)j- 1) ofits “extra” values.For
examplefacesof codimensiorl, whichwe call ridges, are set-valuedableauxtaking two
valuesfor preciselyonex 2 X andtaking onevalueat all otherpointsof X.

3. Eachridgeis afaceof at mosttwo facetsIn particular, if atableaucomplexs shellableéhen
it is homeomorphito aball or sphee.

4. Thelink of afacein atableaucomplexs againatableaucomplex.

All of theseresults are proved in Section2.1exceptthe last (the statement about links),
which is Proposition 2.3.

We shall seethat abstractly, a tableau complex is a (multicone on a) top-dimensional
subcomplex of ajoin of boundaries of simplices. Tableau complexescanalso be character
ized, among pur e complexes, by the extremal property given toward the end of Section3.

Although tableau complexes are not generally (shellable) balls or spheres,we can give
conditions that guarantee this conclusion. The next theorem thus de nes the main class
of tableau complexes of interestin this paper. Except for the claim about interior faces,
which is Proposition 2.2,it is a simpler-to-state special caseof Theorem 2.8.

Theorem B. Let X bea posetandY totally ordeed. Let bea setof pairs (X1, Xz) in X with
X1 < X,. LetT bethesetoftableauxf : X! Y suchthat

if X, 6 X, thenf(x;) 6 f(xz), and
if (X1,%2) 2 ,thenf(xy) < f(x2);

thus T consistsof the okgler-peservingtableauxfromX to Y that are strictly order-peservingon
thepairsin . LetE T. Thenthetableaucomplex E(XJ Y) is

1. homeomorphito a ball or sphee;

2. vertex-decomposabssde nedin [BP79], andhenceshellableand

3. amanifoldwith (possiblyempty)boundarywhoseinterior facesare thoseset-valuedab-
leauxF suchthat everytableauf  Fliesin T.

If Y is taken to be a set of natural numbers, then the tableaux in Theorem B are P-
partitions [St98], where X = P. In our context, however, this point of view is misleading
for a couple of reasons. First, the condition that Y be totally ordered can be relaxedin a
natural way, aswe will seeduring the proof. Second,P-partitions naturally form asetthat
is in nite and possessesadditive structure; both of these properties are unnatural from
the point of view of tableau complexes. Mor e deeply, P-partitions correspond naturally to
the basis elements of the Stanley-Reisnerring of a certain simplicial complex (a Grébner
degeneration of the cone of P-partitions) rather than to the facets.

We give threeformulae for the Hilbert seriesof the Stanley-Reisnerring, the third one
based on an explicit shelling of tableau complexes. For proofs, see Section 4, where the
statementsbreak the products over v Fand v 6 Ffurther into products over x 2 X.

Theorem C. Let = E(XJ.T Y) bea tableaucomplex,and recallthat the verticesof are
set-valuedableaux(x X' y) E.

1. TheHilbert seriesjn variablesit, : v is avertexof g equalsK :Q (1- ty), wherthe
denominatomproductis overall verticesv on, andthenumeratoris the K-polynomial

K = t\/ (1' tV)’
F v F v6 F
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thesumbeingoverall set-valuedableaux  Esuchthatf forsome 2 T.
2. If is homeomorphito aball or asphee,thenwriting jF§ =, JHX)j andjX] for the
sizeof X, theK-polynomialcanbeexpressedn alternatingsum

X oY
K= (DFX -t
F v6 F

overtheset-valuedableauxt E suchthateverytableauf 4 satisesf 2 T.

3. Assumefurthermorethehypothesesf TheoemB,andsetE =  T. Thenthereis ashelling
for suchthat the minimal newfacewhenthefacetf 2 T is addedduring the shellingis
anexplicitly describedet-valuedableauN (f)  f. Consequently

XY Y
K = (1- ty) ty.
f2T v6 f v N(f)

As aresult of Theorem C.3,we getapositive combinatorial rule to compute the h-vector
(ho,hy,...)of :if (f) = JEnN(f)j- 1, then h; countsthe number of f 2 T with (f) = j.

1.2. Young tableau complexes. We now describe the prototypical example of a tableau
complex, and an application to computing vexillary Grothendieck polynomials, or equiv-
alently, Hilbert seriesformulae for vexillary determinantal varieties.

Let N2 be an English partition, or equivalently, a Young shapewith its origin at its
upper-left corner. A set-valued Young tableau [Bu02] is a lling of the boxesof , each
with anonempty nite setof natural numbers. The setin eachbox is typically expressed
as a strictly increasing list. When the setin every box is a singleton, what results is an
(ordinary) Young tableaux. If | j denotesthe number of entries in a set-valued tableau
and | jis the number of boxesin the partition, thenj j > | j. Moreover, j j = j jonly for
tableaux. (Tableaux are assumedordinary unlessthe term “set-valued” is written.)

A set-valued tableau is called semistandard if for every pair by, b, of boxesof

eachentry of b, is weakly lessthan eachentry of b, whenever b, lies left of b,, and
eachentry of b, is strictly lessthan eachentry of b, whenever b, lies above b,.

One can speak of one set-valued tableau containing another (of the sameshape ) if for
eachbox of , the setof numbers in one set-valued tableau contains the corresponding
setin the other. In theseterms, for to be semistandard, one needsthat every tableau
contained in is semistandard in the usual sense.Mor e generally, we de ne aset-valued
tableauto belimit semistandard if somdableau it contains is semistandard. For example,
the rst of the following set-valued tableaux is semistandard, the secondis limit semis-
tandard, and the third is neither:

1,3 3 13,6 1,42,3| 3 2,413,4 3
45 5|9 2145 4 2,3|3,5 4
8 4 6

Hereafter, we will not bother to write the commas in our examples; no confusion will
result becausewe only use numbers that are at most 9.

The union of two set-valued tableaux of the sameshape simply assignsto eachbox of
the union of the two setsassociatedto it. Moreover, if either set-valued tableau is limit
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2 23 3 23

FIGURE 1. A Young tableau complex. At left is the empty-face tableau.

semistandard, sois the union. The intersection is not always de ned, however, because
of the requirement that every box of be nonempty.

In addition to the partition , x amaximum entry valuen 2 N, = f1,2,3,...g De ne
the empty-face tableau E , associatedto and n asthe union of all the semistandard
tableaux with shape and all entries at most n.

Consider the partition asa posetin which (i,j) 6 (i%j% wheneveri 6 i®andj 6 j°
thus each box is less than the boxes southeast of it. Writing [n] = f1,...,ng we get a
tableau complex g ( i [n]), in the senseof Theorem B: take to be the setof pairs
(upper box, lower box) in which one box sits atop another in , so T is the set of semi-
standard Young tableaux on  with maximum value n. Observing that g  ( )
dependsonly on and n, we denote this Young tableau complex by ( ,n). SeeFigure 1
for an example. The special caseof Theorem B for Young tableau complexesis asfollows.

Corollary . TheYoungtableaucomplex ( ,n) is homeomorphit ashellabldall or sphee,and
its interior facesarelabeledy Buch’s semistandardet-valuedroungtableauxBu02].

Examplel.1 Let = (2,1) andn = 3. Then 3isag3-dimensional ball. It hasone interior
vertex, missing the 2in the upper left box. We draw the boundary 2-spherein Figure 2.

12]12
23
22|
|

2 122 12|12 2 12|
23] 12/2] 12|12 5 RE
/ 2 / 2 \ \
o 3]
~——12]23—12|23—12123 12| 1] |12|1] |12]1]| YV12h23— 2 23— 2 23— 2 23]
23 2] 2\2 23] 3] /3] 3 2 2
\ 2|13 /
12| 3|
12] 3| ; 12)13] ol L2 2 |13 2]3]
23] 2] 3 23 23

12|13
23

FIGURE 2. A triangulated 2-sphereof properly limit semistandard tableaux.
The two edgeswith arrows meet around the back side of the sphere.



When vertex-decomposing a Young tableau complex—that is, writing it asthe union
of the star and the deletion of a single vertex—the two subcomplexesare agged Young
tableau complexes, in which avector f bounds the sizes of the entries in the rows of
This suggeststhat we ought to work in that level of generality; seeFigure 3.

32 19 2]
23
121
2 1.2]

2

BH

1
12 2] /23
1
1

2.2

1.2 2012
122] 13

\1 13 23

1 112 212

3 13 | 3
1212
121
3] 13
FIGURE 3. The empty-face tableau and simplicial complex for = (2,1)

andnr = (2,3).

Flagged Young tableaux are used to compute the Schubert polynomials for vexillary
permutations [Wa85], and one choice of vertex decomposition parallels the “transition
formula” for their double Grothendieck polynomials [La0l, La03]. Hence we are able to
give set-valued-tableaux-basedformulae for double Grothendieck polynomials of vexil-
lary permutations, via Theorem C. The secondformula in the following corollary, which
appeared already in [KMYO05], is acommon generalization of Buch's and Wachs'sformu-
lae, each of which specializesto the usual tableau formula for Schur polynomials. The
other two parts give new formulae for thesepolynomials. SeeSection5 for proofs.

Corollary . Let 2 S, bea vexillary permutationwith associategartition and agging .
Eachofthefollowingis aformulafor the doubleGrothendieclpolynomialG (x,y).

1. AsasumoverthesetLSVT ( ,r) oflimit semistandardableauassociatetb ( ,Rr),
X Y Y Y

G (x,y) = (1- Xiyi-+1j(b)) thhij(b)’
s 2LSVT ( ,R) b2 i2 (b) h2E ,(b)n (b)
whereE , = Tistheunion of all semistandardableaux 2 SSYT( ,r), andj(b) =
c(b) - r(b) isthedifferenceoftherow andcolumnindicesoftheboxb 2
2. AsasumoverthesetSVT ( , 1) of semistandardet-valuedableauassociatetb ( , ),
X S Y
G (x,y) = - (1- Xiyi-+lj(b))'
2SVT ( ,R) b2 i2 (b)



3. Asasumoverthesm)a(tSSYT\(( ,ﬁ%ofsemistandard(oungtaﬁl()Ieauxofshape aggedbyn,

G (x,y) = (1- XY XnYhs o)
2SSYT( ,m)b2 i2 (b) h2E ,(b)nN (b)
where N is the tableauobtainedby addingto eachboxb all numbersin E 4 (b) either
smallerthan the entry of (b), or largerthan that entry providedthat replacingthe entry
with thelargernumberwould not giveatableaun SSYT( , /).

The secondof theseformulae for vexillary double Grothendieck polynomials was based
on the algebraic geometry of matrix Schubertvarieties [KMYO05]. It was that geometry that
rst motivated usto t Young tableauxinto a simplicial complex.

2. PROPERTIES OF TABLEAU COMPLEXES

2.1. Generalities and boundary faces. Recallthat the vertices of a tableau complex con-
sist of the complements (x X! y) of single elementsof E.

Proposition 2.1.Let = E(XJ.T Y) beatableaucomplexandassumehat (x 7! y) 2 E.

1. ispure,andds facetsarelabeledy thetableauxin T.

2. Writing [ =, JA(X)], thecodimensiomf afaceFin e(X4" Y) equal§F - jXj.

3. Eachridgeis containedn at mosttwo facets.In particular, if E(XJ.T Y) is shellableghen
it is homeomorphito aball or sphee.

4. (x X y)is aconevertexémeaningit liesin ever¥facet)if andonly if f(x) 6 y for every
f 2 T.In particular E= T exactlywhen g(X?{ Y) hasnoconevertices.

5. (x X y) isaphantom vertex, meaning(x X! y) 2 , preciselyif f(x) = y forallf 2 T.

Proof. Only statement 3 is not immediate from the de nitions. A ridge is a set-valued
tableau taking one extra value. By the pigeonhole principle, since every x 2 X gets at
leastoney 2 Y, there exists exactly one x with two values from Y, all others being 1. Such
a set-valued tableau can contain at most two tableaux from T. The statement about being
a ball or sphere now follows from [BLSWZ99, Proposition 4.7.22].

Cone vertices are in some senseuninter esting: a simplicial complex can be canonically
reconstructed from its setof cone vertices and its core, which is the subcomplex with the
cone vertices removed. In particular, the whole complex is a ball or sphere if and only
if itsccore is a ball or sphere. It is convenient for dnductive purposes not to assumethat
E= T, although we will generally assumeE = T in examples.

Proposition 2.2. Assumethat E(XJ.T Y) is homeomorphito a ball or sphee. A faceF of
£(X4" Y) liesontheboundaryof (X! Y) if andonlyif thereexistsatableaug : X! Y such
thatg Fbutg2T.

Proof. By de nition, a face of a simplicial ball lies in the boundary if and only if it is a
face of a boundary ridge. A ridge itself lies in the boundary if and only if it is a face of
precisely one facet. Of the two tableaux contained in a given ridge, at least one must lie
in T, becausearidge is aface of E(XJ.T Y). Hence aridge is aboundary faceif and only
if the unique other tableau it contains doesnot lie in T.

Now let Fbean arbitrary faceof E(XJ.T Y). If every function f  Fliesin T, then every
ridge with Fasafaceis aunion of two tableaux from T, soFis interior. On the other hand,
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supposethat g Ffor sometableaug 2 T, and let f 2 T be a facet having Fasa face, so
f F Thenf[ g Fis aset-valued tableau that has F as a face. Some of the elements
x 2 X are assignedtwo distinct Y-values by f [ g. If deleting the value f(x) from (f [ g)(x)
yields aface G of ¢(X{" Y), then induction on the codimension implies that G lies on
the boundary, and henceF G does,aswell. If no such x exists, so deleting the value f(x)
from f [ g always results in a set-valued tableau that is not a face of E(XJ.T Y),thenf is
the unique tableauin T with f[ g asaface;thus f[ gis afaceof only one facet(namely f),
and hencef [ gis aboundary facewith Fasa subface.

2.2. Safe vertices in tableau complexes. Given a simplicial complex with a vertex v,
de ne the star and deletion of v to be

star, =fC2 :C[v2 g and del, =fC2 :vZCg

Then = star, [ del, . The star has an obvious cone vertex, namely v itself, and its
deletion from the star is called the link of vin . More generally, the link of afaceCin a
simplicial complex isde ned as

linke =fb2 :D\C=?,D[C2 ¢
By convention, the vertex setof this link doesnot include the (now phantom) vertices of C.

Proposition 2.3. LetFbeafaceof = E(XJ.T Y). LetTjnx = ff 2 T:f Fgbethesetoffacets
of havingFasasubfaceThenthelink of Fin isisomorphido (X-"* ).

Proof. It follows from the de nitions that the facesof both linkg and F(X-T-'".Y Y) arethe
set-valued tableaux contained in Fand containing atableau from T.

Proposition 2.4. Let E(XJ.T Y) beatableaucomplex.Let Ty = ff 2 T : f(X) 6 yg Then
starmy) e(X4 Y) = (X5 V).

Proof. Since E(XJ.T Y) is pure, the star of (x X! y) is the union of the (closures of) facets
that have (x X! y) asa vertex. Thesefacetsare exactly the tableaux f 2 Ty, .

Call avertex (x X! y) of E(XJ.T Y) safeif for every f 2 T, changing the label on x from
f(x) to y yields atableau that is again in T. While the star of a vertex in a pure complex is
always pure, the deletion might not be.

Proposition 2.5. Thedeletiondel xyy ofthevertex(x X! y) fromthesimplicialcomplex =
E(XJ.T Y) is pureif andonly if either(x X! y) isaconevertexor (x X! y) is safe.

Proof. If (x X! y) is aconevertex then isthe coneover delyxy) . A simplicial complex
is pureif and only if the coneover it is, sowe assumethat (x X! y) is not a cone vertex.

Given a set-valued tableau F, let delyx y)F denote the set-valued tableau that sends
a 7! Ha)for a 6 x and sendsx 7! Kx)[ fyg In particular, delxxyyF= Fif and only if y 2
H(x). The de nitions imply that delyxy) consists of the set-valued tableaux delyx y)F
for F2 , and the facets of delx y)F have the form delyx y)f for tableaux f 2 T. Since
(x X' y) is not a conevertex, at leastone facetof sendsx to y. Thus the deletion is pure
if and only if, for all tableaux f 2 T, the set-valued tableau delx y)f contains a tableau
g 2 T satisfying g(x) = y. The desired result follows becausewhen f(x) does not already
equal y, the only possibility for g is obtained by changing f(x) toy.
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Corollary 2.6. Let(x X! y) bea safevertexof the tableaucomplex = E(XJ.T Y). If Tge =
ff 2 T:f(x) = ygthendelyxy) = e(X-¥Y).

2.3. Tableau complexes on posets. At this point we make some additional assumptions
to guarantee aready supply of safevertices. The following theorem is stated much more
generally than our motivating examples require; we hope that this Bourbakiesque level
of generality helps to indicate which assumptions are leading to which conclusions.

The key to our geometric conclusions (shellable ball or sphere) is the notion of vertex-
decomposable simplicial complex in the senseof [BP79]. By de nition, every simplex is
vertex-decomposable,and an arbitrary simplicial complex is vertex-decomposableif and
only if it is pure and has a vertex whose deletion and link are both vertex-decomposable.

Lemma 2.7 ([BP79]). A simplicialcomplex is shellablef boththe deletiondel, andthestar
star, ofavertexv areshellableHenceall vertex-decomposaldenplicialcomplexeareshellable.

Proof. ([BP79]) Construct a shelling of by concatenating shellings of the deletion and
star of v (in that order), the latter being the cone over a shelling of the link.

Theorem 2.8. Let X and Y be nite partially ordeedsets. For eachx 2 X, let Y, beatotally
ordeedsubsetof Y. Fix aset of pairs(xy,X;) fromX suchthat x; < x,. LetT bethe setof
tableauxt : X! Y suchthat

f(x) 2 Yy forallx 2 X;
f is weaklyorder-peservingj.e.x; 6 x, impliesthatf(x;) 6 f(x,); and
if (X1,X2) 2 thenf(xy) < f(x2).

S
LetE X Ycontain  T. Then (X! Y) is homeomorphito a ball or sphee,andit is
vertex-decomposable.

Proof. We need only prove vertex-decomposability, for then the ball or sphere conclusion
is a consequenceof Proposition 2.1.3and Lemma 2.7. To demonstrate vertex-decomposa-
bility , we needonly nd, for eachtableau complex satisfying the hypotheses of the theo-
rem, a vertex whose deletion and link both satisfy the hypotheses.

Suppose that E(XJ.T Y) has a cone vertexs(x Xl'y). Viewing (x X! y) as a subset of
X Y,we nd that (x X! y) already contains T by Proposition 2.1.4,s0 (me)(XJ.T Y)
satis es the conditions of the theorem. This simplicial complex is the link by Proposi-
tion 2.3,and it equalsthe deletion because(x X! y) is a cone vertex.

Now assumethat E(XJ.T Y) has no cone vertices. If all of the vertices of E(XJ.T Y)
are phantom, then there is only one facet and we are done. Otherwise, there exists a
non-phantom vertex (m X! y). Choose one with maximal possible m, and let y,, be the
maximum element of Y,,. Sincethere are no cone points, the values of all tableaux in T
are xed atelementsx > m: for eachx > m and all f 2 T thereis somey, 2 Y such
that f(x) = y«. Therefore,as(m X! y,) is itself not a cone vertex, we gety, 6 yy for all
X>m,andyy, < yyif (m,x) 2 . It follows that the vertex (m X! y,) is safe: we can
safely change the label on m from f(m) to y,, to get another tableau satisfying the three
conditions to bein T becausey,, > f(m) for all f 2 T.

(We used that Y,, hasamaximum element for this, but not that it is totally ordered.)
Most of the work has now beendone in Section2.2: if Tgsr = ff 2 T : f(Mm) 6 Yy g
and Tye = ff 2 T : f(M) = ym g then the star and deletion of (m X! y,) are g(X-=¥ )
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and E(X-T-°!e' Y), respectively, by Proposition 2.4and Corollary 2.6. The star and deletion
satisfy the three conditions from the statement of the theorem, with the sameX, Y,and
but with Y, changed either to Y,, nfy,, gor elseto fy,, g respectively. Given that the star
satis es the hypotheses of the theorem, arguing asin the second paragraph of the proof
shows that the link does, aswell.

(Towork inductively , we need Yy, nfy, gto again have a maximum element; this is why
we required Yy, to betotally ordered. In addition, our new choice of m for the link must
have amaximum elementin its Yy, ; this iswhy we needeveryY, to have amaximum.)

Before this theorem, we never needed to compare f(x;) and f(x,) for x; 6 X,; in some
sense,it would have been more natural for the tableaux to take values in separate sets
Yy. Now that we used a partial order on Y to de ne our setT of tableaux, we have nally
made such comparisons.

Example2.9. Mor e generally than in Section1.2,let X be the setof boxesin a skew-shape
= ,and eachYy, = Y = f1,...,ng Partially order X by asking that eachbox is lessthan
the boxes southeastof it. Let be the set of pairs f(upper box, lower box)gwhere one
box is atop another. Then T is the set of semistandard Young tableaux of shape = with
maximum value n, and Smf(xl.T Y) is the Young skew tableau complex.

The facesof this complex are labeled with set-valuedYoung skewtableaux which were
alsointr oduced in [Bu02]. Buch's de nition of “semistandard” set-valued Young tableaux
exactly matchesour criterion, Proposition 2.2,for afaceto be interior.

(In fact the  machinery was unnecessaryto model semistandardness; we could just
take = ?,subtractr- 1from the valuesin the rth row, and adjust the setsY, to get a set
combinatorially equivalent to semistandard Young tableaux. But the formulation with
is clearer, more general, and no more dif cult.)

Example2.10 Let X beaposet, = ?,andY = f0,1g Then the tableaux correspond to
partitioning X into alower and an upper order ideal (the O and 1 parts), or equivalently to
antichains in X (the maximum elementslabeled 0). By Theorem 2.8, this tableau complex
is homeomorphic to aball (or sphere,if X s totally unordered).

Remark2.11 Other classesof vertex-decomposable complexesinclude the greedoid com-
plexes[BKL85] and subword complexes[KMO03]; see[KM03, Remark 2.6]for an extended
discussion. Tableau complexes are dif ferent from each of these. For example, the Young
tableau complex for the vertical domino with entries at most 5is not agreedoid complex if
the ground setis taken to be the vertex set. To show the dif ference between subword and
tableau complexes, consider the Young tableau complex for the 2 2 square shape with
entries at most 3; it hasdimension 3 and eight vertices, none of which is aconevertex. On
the other hand, deleting all conepoints from the subword complex in [KMY05] having the
sametableaux for facetsyields a simplicial complex of dimension 2 with sevenvertices.

It is worth noting that the phrase “ball or sphere” essentially aways really means
“ball”.  To get a sphere, there must be no cone vertices, so E =  T. But even then,
every ridge lies in two facets, so every vertex must be safe;in other words, the possible
T-tableau values at eachx 2 X areindependent. We spell this out further in Section3. For
now, here is a characterization of the interior faces,which includes all of the facesin the
caseof a sphere. As a matter of notation, if Y; and Y, are two subsetsof a posetY, write
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Y16 Yify; 6 yyforally; 2 Yy andy, 2 Y,. Similarly, write Y; < Y; if strict inequality
holds. The following is an immediate consequenceof the de nitions and Proposition 2.2.

Corollary 2.12. Assumethe notation and hypothesesf Theoem 2.8. A faceF is interior to
e(X4"Y) if andonly if

H(x1) 6 HXx2) whenevex; < x,; and
H(x1) < Hxz2) wheneve(x; < x;) 2

2.4. Shelling poset tableau complexes. The next theorem will help us describe the h-
vectors and Hilbert seriesof posettableau complexesand their Stanley-Reisnerrings.

Theorem 2.13. Assumehenotationandhypothesesf Theoem?2.8,andchoosalinearextension
" ofthepartial orderingon X. LexicographicallyrderT by comparingf,,f, 2 T atthe"-largest
elementm 2 X wherretheydiffer. Placingthe onewith thelargerlabelonm rst yieldsatotal
orderonthefacetsof E(XJ.T Y) thatis ashelling.

Proof. Rememberthat f;(m) and f,(m) are comparable, sinceY,, is totally ordered. There-
fore the procedure in the statement of the theorem yields a total order on the facets. We
will show that this total order is the shelling produced by applying Lemma 2.7recursively
asin the proof of Theorem 2.8. At eachstagein that proof, we either vertex decompose
at a cone vertex or we choosea maximal elementm 2 X among those supporting non-
phantom vertices (m X! y). Vertex decomposing at a conevertex doesnot alter the setT of
facettableaux, soit doesnot matter in which order we delete conevertices. Only the order
in which we choosethe maximal elements m matters. Use the "-order: since Lemma 2.7
puts the deletion (f(m) = yn,) rst before the star (f(m) 6 y., which is equivalent to
f(m) <y, becausey,, is maximum in Yy, ), the resulting shelling is asdesired.

3. CHARACTERIZATIONS OF TABLEAU COMPLEXES

Let be apure simplicial complex on a vertex setV. Declarethat W  V is a pure
factor of if the number jf\ Wj of verticesin the intersection of f with W is the samefor
all facetsf 2 . For example, a singleton fvgis a pure factor if and only if v is a phantom
or conevertex, with jf \ fvgj= Oor jf\ fvgj= 1, respectively. If W is a pure factor, then its
complement V nW is a pure factor, too. For any setW  V of vertices, write  jy for the
full subcomplex dekl ,w Supported on W.

Proposition 3.1. Let bea puresimplicialcomplexon the vertexsetV, andsupposéhatV =
Vi [ Vi is partitionedinto adisjoint union of purefactorsVy, ..., Vi. Then jy, is purefor
eachl 6 i 6 k,and isatop-dimensionasubcomplexftheirjoin

fF [ [ K :F isafaceof jy, foreachl6 i 6 kg
Proof. Since is pure, it follows from the de nitions that jy, is pure. On the other hand,
it also follows by de nition that a subsetf  V;| [ Vg is afacet of the join of the

complexes jy, if and only if f\ V; is afacetof the individual complex jy, for eachi. Since
the vertex setV is the disjoint union Vi [ [ Vk,every facetof hasthis property.

Lemma 3.2. Let beg tableaucomplex ST(XJ.T Y). Foreachx 2 X, de nethesubsetV, =
f(xXy):(x7'y)2 Tgofthevertexsetof . Then

1. thesubsetdV, : x 2 Xgpartition thevertexsetof ;

11



2. eaclsubsetV, is apurefactor;in fact,jf \ Vyj = jVyj- 1foreveryfacettableauf; and
3. eachinducedcomplex jy, is theboundaryofthesimplexon V.

Proof. The rst two numbered claims are immediate from the de nitions. For the third,
it follows from the secondthat jy, is a union of some subsetof the facets (each of size
jVxj - 1) in the boundary of the simplex on V. Each facet of j,, avoids using some
(unique) vertex of V. If any vertex of V, does not occur this way, then it lies in every
facetof jy,;in other words, it is aconevertex of jy,. Sinceeachfacetof survives after
deleting V nV, to give afacetof jy,,we conclude that hasaconevertex, contradicting
Proposition 2.1.4.Therefore every faceof sizejV,j- 1occursin Jy,.

Theorem 3.3. A purecomplexs (isomorphido) atableaucomplex ST(XJ.T Y) if andonly if it
canbeexpresse@satop-dimensionasubcomplexfajoin of boundarie®f simplices.

Proof. That S+(X{" Y) can be expressedin the desired manner is an immediate conse-
guence of Proposition 3.1and Lemma 3.2. Now suppose that that is a pure complex
expressibleas a top-dimensional subcomplex of the join of boundaries of simplices with

vertex setsVy,...,Vk. Then the vertex setV of is the disjoint union Vq [ [ Vk. Let
X = fl,...,kgand setY = V. Eachfacetf of denes afunction X! Y taking i to the
elementV; nf. Using theseasthe setT of tableaux, we nd that = ST(XJ.T Y).

Remark3.4. In particular, if a tableau complex has no boundary ridges (ridges contained
in just one facet),then it is the join of abunch of boundaries of simplices, and in particular
it is a sphere. This, plus Proposition 2.3,gives another proof of Proposition 2.2.

Let the codimension of apure complex bethe number of vertices outside any facet.
The only way for the codimension to equal Ois if V consistsonly of cone vertices (soV is
asimplex). If V breaksup asaunion Vq [ [ Vk of pure factors, then the codimension
of isthe sum of the codimensions of the full subcomplexessupported on the V;.

This suggestsa characterization of tableau complexes by the following extremal prop-
erty. Given apurecomplex with the coneand phantom vertices deleted, look for apure
factor W. Splitting into W and V nW, the codimension of eachfull subcomplex canbeno
larger than that of . By the theorem, is atableau complex if and only if we can split
enough to whittle the codimensions of all of the full subcomplexesdown to 1.

The situation is somewhat dual to order complexes of ranked posets. If P is a ranked
poset, its order complex has vertex setP, and Q P denes afaceif and only if Q is
totally ordered. If P, denotes the set of elements with a given rank r, then the induced
complex on P; is pure of dimension O, rather than codimension 1 like atableau complex.
(If it seemsunsatisfying for “codimension 1’ to be dual to “dimension 0", then consider
the latter more honestly as“af ne-dimension 1°.) Very few simplicial complexesare both
order complexesand tableau complexes;we leave their characterization asan exercisefor
the reader.

Remark3.5. Tableau complexes bear super cial similarities to matroid complexes. A sim-
plicial complex is a matroid if and only if every subcomplex induced on a subset of the
vertex setis pure. Theorem 3.3saysthat a simplicial complex is atableau complex if and
only if the vertex setcanbe partitioned into subsetsthat are pur e factors of codimension 1.
In reality, there are matroid complexesthat are not tableau complexes,and conversely. For
example, we have already seenin Remark 2.11that tableau complexescanfail to be gree-
doid complexes, of which matroid complexes are special cases.For an example the other
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way, the matroid for the complete graph K, on four vertices s the union of threesegments
joined at a point. If this were a tableau complex, then sowould be the result of deleting
the cone point, by Proposition 2.3. But a set of three points is not a tableau complex by
Remark 3.4,and henceneither is the matroid for K.

4. HILBERT SERIESAND K-POLYNOMIALS

In this section we collect some formulae for the Hilbert seriesof the Stanley-Reisner
rings of tableau complexes. Our main referencefor generalities on Betti numbers, Hilbert
series, and K-polynomials (which are numerators of Hilbert series)is [MS04]. For no-
tation, let | be a eld, and setS = | [V], the polynomial ring in variables v 2 V in-
dexed@y a nite setV. This is the ambient ring for objectslike the Stanley-Reisner ideal
|l =h",,rv:Fisnotafaceof i of asimplicial complex with vertex setV, and the
Stanley-Reisner ring S=I . We shall use the alphabett = ft, : v 2 Vgfor nely graded
Hilbert seriesand K-polynomials. When s atableau complex E(XJ.T Y), recall that V
is the setf(x X y) : (x 7! y) 2 Egof complements of single elements of E.

Proposition 4.1. TheK-polynomialassociatetb thetableaucomplex = E(XJ.T Y) is
I
XY Y Y
K(S=I ;t) = tixxy) (1- tery))
F x2X  y2E(X)nF(x) y 2F(x)

thesumbeingoverall set-valuedableauxF E eachcontainingsomeableauf 2 T.

Proof. This formula is [MS04, Theorem 1.13]applied to tableau complexes, since the con-
dition y 2 E(x) nHx) meansthat (x X! y) is avertex of Fand the condition y 2 Kx) means
that (x X! y) is not avertex of F.

Our second formula usesthe ball-or-sphere hypothesis; it therefore holds for (among
other things) all poset tableau complexes. It will be simpler to prove the formula for
general balls and spheres rst.

Proposition 4.2.1f isasimplicialball or spheewith vertexsetV, then

X _ Y
K(S:| ;t) — (_ 1)cod|m(F) (1_ tv),

F v2VnF

wherrethesumis overall interior facef . (All facesareinterior if isasphee.)

Proof. Consider the Alexander dual ideal 17 = hQ vaovneV - FIS afac5 of i, and start by
calculating the K-polynomial of 17. The coefcient on the mongmial = ., ¢ty in K(17;t)
is the alternating sum of the Betti numbers of 17 in degree ~ ,, vV [MS04, Proposi-
tion 8.23].By Hochster's formula [MS04, Corollary 1.40],the i!" such Betti number equals
the dimension dim| B;. 1(linkg ;| ) of the reduced homology of the link of Fin , and it
comeswith asign (- 1)'. If Fis aboundary face,then the link of Fis contractible; but if
Fis an intelgor face,';hen @e link of Fis a sphere of dimension codim(F) - 1. Therefore
K(17%;t) = (- peedmP = . e ty, where the sum is over all interior facesFof . The
Alexander inversion formula [MS04, Theorem 5.14]now implies the desired result.
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Theorem 4.3. If thetableaucomplc;(x = E(XJ.TYY) is?homeomorphito aball or sphee,then
K(S=I ;t) = (- iF- X (1- tixny))
F X2 X y2F(x)
thesumbeingoverall set-valuedableauxt E suchthat everytableauf  Fliesin T.

Proof. The factor (- 1)IFi- IXI js the codimension of F. The condition y 2 Fx) meansthat
(x X! y) lies in the vertex setof but not F. The sum is over all interior facesby Proposi-
tion 2.2. Therefore the result is simply Proposition 4.2for tableau complexes.

A shelling of a pure d-dimensional simplicial complex is an ordering of the facets
Fi,...,Rsuchthat K\ (F [ [ K. 1) haspuredimension d- 1for eachl16 i 6 k. This
guaranteesthat for eachi, there is a unique minimal new faceN; 2 thatis afaceof K

but not of Fy, ..., K. ;. By convention, N is the empty face.
Lemma 4.4. Givenashellingofa simplicialcomplex with newfacesN 4, ..., N asabove,
Xy Y
K(S:| ;t) = (1- tv) tv.
i=1V6EF; V2N

Proof. Use induction on the number k of facets of

The Z-graded coarsening of the Hilbert seriesto one variable t gives

xd h:t]
H(S=I ,t) = .
oo )
When is shellable, the h-vector (hg, hy, ..., hg) consistsof nonnegative integers. Mor e-
over, the shelling gives a manifestly positive way to compute these numbers: h; counts
the number of dimension j facesamong N4, ..., Ng.

Theorem 4.5. Resuméhe notation and hypothesesf Theoem?2.8, and setE = > T. Givena
tableauf 2 T, de neU; asthesetofelementy 2 Y suchthatf(x) 6 y andmovingthelabelonx
fromf(x) uptoy yieldsatableaun T. Then
XY Y
K(S=I ;t) = 1- tixxtxy) tixxy)
f2T x2X y2U¢(x)

P
Finally, if (f) = - Xj+ ,,x JU:(X)], thenh; isthenumberoftableauxf 2 T with (f) = j.

Proof. The proof will bedone oncewe produce ashelling of for which N; = E(x) nUs (x)
is the minimal new face at the stage when we add the facetf. Pick a linear extension "
of X and take the shelling order of the facetsf,,f,,...of asin Theorem 2.13.Forf := f;
we show that Ny is the minimal new faceof f.

First, N¢ is a set-valued tableau in  that is a face of f, since it contains f. Second,
to seethat N¢ is not a face of any previous facet, we must show that f does not contain
f1,...,fi. 1. Note that by construction, any other g 2 T contained in N; must assign to
eachx 2 X either f(x) or somey < f(x). Suchafacettableau g must appear later than f in
the facetordering. The maximality of Ny  E containing f and not containing f,...,fi_
is also clear from the construction. Hence N; is the minimal new faceof f, asclaimed. For
the K-polynomial formula, apply Lemma 4.4.
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Example4.6. For the tableau complex in Figure 3 (after Example 1.1),listing the facetsin
the order

22| [1]2] 1] [1]2] [1]1]

1
30 3 3 2 |2

yields the shelling in the proof of Theorem 4.5. For the rst of thesetableaux, all of the sets
U(x) are singletons: there is no way to increasethe number in any box while respecting
the agging, which requiresthat the entries in the top row are at most 2 and the lower
entry is at most 3. For the secondtableau above, U(x) = f1,2gfor the upper-left corner x,
becausemoving the 1 up to a 2 keepsthe tableau semistandard. Similarly, all of the sets
U(x) for the third and fourth tableaux are singletons except for upper-right box and the
bottom box, respectively, whose setsU(x) are f1,2gand f2,3g In the last tableau above,
only the two lower-right corners have non-singleton sets U(x), and these are f1,2gand
f2,3g For the above ve tableau, the function atthe end of Theorem 4.5takesthe values
0,1,1,1, and 2, respectively. Thus the simplicial complex in Figure 3 hash-vector (1,3,1).

Our nal K-polynomial formula in this sectionwill arise again after Corollary 5.3.
Proposition 4.7.If (x X! y) is asafevertexof = E(XJ.T Y), then
K(S=1 ;1) = txxy)K(S=lgeis 1) + (1- txxy)) K(S=lstar; 1),

where |l 4o and g, are the Stanley-Reisneidealsfor the deletiontableaucomplex E(X-T-‘F' Y)
andthestartableaucomplex g(X-% Y) fromPropositions2.4and2.5, respectively

Proof. Any vertex decomposition = del, [ star, gives aninductive formula
K(S=I ;t) = tVK(Szlder 1)+ (1- tv)K(S:IStarV ;1)

for the K-polynomial.

5. APPLICATIONS TO VEXILLARY DOUBLE GROTHENDIECK POLYNOMIALS

In this section, we apply Section 4 to obtain formulae for double Grothendieck poly-
nomials for vexillary permutations. This gives formulae for the Hilbert seriesand K-
polynomials of vexillary matrix Schubertvarieties (also known as(one-sided) ladder de-
terminantal varieties). See[KMYO05] for a treatment of the related algebraic geometry.

5.1. Vexillary permutations and aggings of partitions. Identify a permutation 2 S,
with the square array having blank boxesin all locations exceptat (i, (i))fori=1,...,n,
where we place dots. This de nes the dot-matrix of . We associatethe diagram

D()= (p,q)2fl,...,ng fl,...,ng: (p)>qgand ~(q)>p

to . Pictorially, if we draw a “hook” consisting of lines going eastand south from each
dot, then D( ) consistsof the squaresnot in the hook of any dot.
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Examples.1 Let =

bined below:

. Its dot-matrix and diagram are com-

Q0
~N N
= W
[e2JF N
N O1
[(e¥e)]
o~
w
O

S
[

In what follows, we will assumeour permutations are vexillary , also known as2143
avoiding : thereexistnoindices16 a<b<c<d6 nwith (b)< (a)< (d)< (c).
We need some facts about vexillary permutations; further details consistent with the ter-
minology and notation used here may be found in [KMYO05] and the referencestherein.

Throughout we will identify a partition with its Young diagram. There is a partition

associatedto : let the kth diagonal of (those boxesf(i,k + i)g have as many boxes
asthe kth diagonal of D( ), for eachk. Indeed, this setsup a natural bijection between
the boxesof and the boxesof D( ), taking the jth box down in the kth diagonal to the
jth box down in the kth diagonal. (The differenceis that in D( ) there may be spacesin
between the boxes.) This bijection also de nes a agging r on the rows of . Namely,
n; 2 N; equalsthe row of D( ) containing the box corresponding to the rightmost box of
thei™™ row of . Wewill thus speakinterchangeably about and the pair ( ,R).

In Example 5.1,the permutation is vexillary, = (7,6,4,3,2),andn = (1,2,4,6,7).
We remark that r need not be a weakly increasing sequence. For instance, if =

12345678 ~ )
27 458136 ,then = (5,3,2,2,1) andr = (2,5,4,4,5).

Call a set-valued tableau with shape nr-agged if the maximum (so, the last) entry
in eachrow is bounded above by the corresponding entry of r.

Extend the de nition of the empty-face tableau in the obvious way: it is the union of all
the r- agged semistandard tableau on the shape . Let this set-valued tableau be denoted
by E .. (Note that E ,(b) is aninterval in the natural numbers N: the smallest entry is
the row position of b 2  while the largestentry is the position of the corresponding box
of D( ), under the bijection between and D( ) described above.) This gives rise to a
tableau complex ( ,r) generalizing that described in Section1.2:

Corollary 5.2. Forapartition anda agging r associatetb avexillary permutation , ( ,R)
is asimplicial ball, andits interior facesarethe aggedsemistandardet-valuedroungtableaux.

5.2. Formulae for vexillary Grothendieck polynomials. For eachpermutation 2 S,
thereis a (double) Grothendieck polynomial

G (Xl;---uxnayla---yn) 2 Z[Xlla"'!an!ylli"'lynl]

of Lascoux and Schitzenberger [LS82]. The casethat is vexillary has been of specic
interest; see[Fu92, KM01, KMYO05]. We give tableau formulae in this setting.
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Let SVT ( ,r) denote the semistandard set-valued tableaux of shape and agging f.
Similarly, denote by SSYT( ,r) and LSVT ( ,r) the corresponding set of semistandard
and limit semistandard tableaux, respectively. For a set-valued tableau , let (b) denote
the setof entries in box b.

Corollary 5.3.Let 2 S, beavexillary permutationand( ,r) betheassociate@artition and
agging. Eachofthefollowingis aformulafor the doubleGrothendieclkolynomialG (x,y).
Y

X Y Y L L
(1- Xi¥Yisim) Xi¥i+j(n)
2LSVT ( ) b2 i2 (b) i2E . (b)n (b)
X .Y Y .
- (1- XiYisimy)
2SVT ( ,R) b2 i2 (b)
X 1 1
(1- XiYisib)) XiYivi()
2SSYT( ,m)b2 i2 (b) i2E ,(b)nN (b)

Here,j(b) = c(b)- r(b) isthedifferencenfthecolumnandrowindicesoftheboxb 2 . Moreover
in thelastformula,N is thetableauobtainedby addingto eachboxb all entriesof E(b) either
smallerthantheentry of (b), orlargerthantheentry of (b) but suchthat replacing (b) with
this largernumberwould not giveatableauin SVT ( ,r).

Proof. Formally, the secondformula in the corollary is obtained asfollows. Compute the
K-polynomial of  via Theorem 4.3,using , b, andi herein place of X, x, and y there.
Then, for each xed b and i, substitute the expression xiyi'+1j(b) for the variable tyx ).

It was shown in [KMYO05] that the secondformula equals the desired double Grothen-
dieck polynomial. Therefore, applying the same substitution procedure to the results of
Proposition 4.1 and Theorem 4.5yields two more formulae for the same Grothendieck
polynomial. Theseformulae are,respectively, the rst and third formulae here.

In the above proof we appealed to [KMYO05] to con rm that our K-polynomials are in
fact Grothendieck polynomials. Let us briey sketch how this canbe proved dir ectly; we
refer the readerto [KMYO05] for terminology. To eachvexillary permutation thereis an
accessiblboxof . From this one can de ne two vexillary permutations p and . We
obtain a safevertex of the agged Young tableau complex by removing the largestentry
of E , that appearsin the accessiblebox. The resulting deletion and star subcomplexes
are naturally isomorphic to (multicones over) the agged Young tableau complexes for

p and ¢ respectively. The recursion from Proposition 4.7is precisely Lascoux's transi-
tion formula for vexillary Grothendieck polynomials [LaO1l, La03] (after the substitution
tixxy) 7! Xiy{+1,-(b))- Thus, since both polynomials satisfy the samerecursion (and initial
conditions), they are equal.

Specializations of these formulae are of interest. Supposewe sety; = 1for eachj and
replacex; with 1- x; for eachi. If we assumefurthermor ethat is Grassmannian,then we
obtain Buch's formula [Bu02] for the single Grothendieck polynomial G (1- x) [Bu02].
If instead we take the lowest degreeterms of the polynomial, we obtain Wachs'sformula
for a agged Schur polynomial [Wa85. Making both of these specializations gives the
classicaltableau formula for an ordinary Schur polynomial.

We remark that it is also possible to use similar methods to extend theseresults to give
set-valued skew tableau formulae for “32l-avoiding permutations” (seeExample 2.9).
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