
TABLEAU COMPLEXES

ALLEN KNUTSON, EZRA MILLER, AND ALEXANDER YONG

A BSTRA CT. Let X, Y be �nite sets and T a set of functions from X ! Y which we will
call “tableaux”. We de�ne a simplicial complex whose facets,all of the same dimension,
correspond to these tableaux. Such tableaucomplexeshave many nice properties, and are
frequently homeomorphic to balls, which we prove using vertex decompositions [BP79].

In our motivating example, the facetsare labeled by semistandard Young tableaux, and
the more general interior faces are labeled by Buch's set-valued semistandard tableaux.
One vertex decomposition of this “Young tableau complex” parallels Lascoux's transition
formula for vexillary double Grothendieck polynomials [La01, La03]. Consequently, we
obtain formulae (both old and new) for these polynomials. In particular , we present a
common generalization of the formulae of Wachs [Wa85] and Buch [Bu02], eachof which
implies the classicaltableau formula for Schur polynomials.
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1. IN TRODUCTION

1.1. Statement of results. Let X and Y be two �nite sets. We will call functions from X
to Y tableaux; we think of each tableau f : X ! Y as a labeling of the points of X by
elements of Y. Formally, we identify a tableau f with its corresponding set f(x 7! y) :
f (x) = yg� X � Y of ordered pairs, whose projection to X is bijective.

We specify a subsetT of “special” tableaux. Also, let E � X � Y be a relation containing
every f 2 T. There are obvious minimal and maximal choicesof E, namely

S
T :=

S
f 2 T f

and X � Y, but it will be convenient to not restrict E.

Our motivating example is when X is the set of boxesin partition � and Y = f1,. . . , ng,
so a tableau f : X ! Y is a Young tableau of shape� and with entries bounded above by n
(without any other demands on the labeling), and T is the special subsetof semistandard
Young tableaux. In a moment (Section1.2),we will describe this casein detail.

De�ne the simplicial complex � E(X T-! Y), which we call a tableau complex, asfollows.
Consider the collection of subsets of E as a simplex under reverse inclusion; thus the
vertices are the complements (x X7! y) := E n f(x 7! y)grather than the elements (x 7!
y) 2 E. We view the facesof this simplex asset-valued tableaux, thought of as relations
F : X ) Y, in which every element x 2 X is labeled by a set of elements F(x) � Y. A
set-valued tableau F0 is a faceof F whenever F0 � F, meaning that F0(x) � F(x) for all x 2
X. (This set-theoretic containment is always intended when we say that one set-valued
tableau contains another, even when both are being considered as facesof a simplicial
complex, where containment among facesgoes the opposite way.) The tableau complex
is de�ned by its facets (maximal faces),which we declare to be the tableaux f 2 T. (In
this paper, the terms “function” and “tableau”, when unadorned by “set-valued”, mean
single-valued functions in the usual sense.)The face with no vertices, which we call the
empty face, is the set-valued tableau E.

Example.Consider the tableau complex in which X = f1,2,3,4gand Y is the English al-
phabet, and where T consistsof all the English words in [dh]e[al][dl]. In detail, E = f(1 7!
d), (1 7! h), (2 7! e), (3 7! a), (3 7! l ), (4 7! d), (4 7! l )g. For simplicity , in the following
�gur e,at the vertices we indicate the unusedletters of E. For example, the vertex common

--a- ---l

deal

hell head

deaddell
heal

---d --l-

d---
held

h---

to “hell”, “heal”, “head” and “held” is (1 X7! d) = E n f(1 7! d)g. This complex is a 2-ball,
but if “deld” were a word, it would label the outer face, and this complex would be a
2-sphere.

Theorem A. Thefollowingholdfor an arbitrary tableaucomplex� = � E(X T-! Y).

1. � is pure, meaningthat its facets(thetableauxf 2 T) all havethesamedimension.
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2. Thecodimensionofa faceF in � is thenumber
P

x 2 X (jF(x)j - 1) of its “extra” values.For
example,facesof codimension1, which wecall ridges, areset-valuedtableauxtaking two
valuesfor preciselyonex 2 X andtakingonevalueat all otherpointsofX.

3. Eachridgeis afaceofat mosttwo facets.In particular, if a tableaucomplexis shellablethen
it is homeomorphicto aball or sphere.

4. Thelink ofa facein a tableaucomplexis againa tableaucomplex.

All of theseresults are proved in Section2.1except the last (the statement about links),
which is Proposition 2.3.

We shall seethat abstractly, a tableau complex is a (multicone on a) top-dimensional
subcomplex of a join of boundaries of simplices. Tableaucomplexescanalso becharacter-
ized, among pure complexes,by the extremal property given toward the end of Section3.

Although tableau complexes are not generally (shellable) balls or spheres,we can give
conditions that guarantee this conclusion. The next theorem thus de�nes the main class
of tableau complexes of interest in this paper. Except for the claim about interior faces,
which is Proposition 2.2,it is a simpler -to-state special caseof Theorem 2.8.

Theorem B. Let X bea poset,and Y totally ordered. Let 	 bea setof pairs (x1, x2) in X with
x1 < x2. LetT bethesetof tableauxf : X ! Y suchthat

� if x1 6 x2, thenf (x1) 6 f (x2), and
� if (x1, x2) 2 	 , thenf (x1) < f (x2);

thus T consistsof theorder-preservingtableauxfromX to Y that arestrictly order-preservingon
thepairsin 	 . LetE �

S
T. Thenthetableaucomplex� E(X T-! Y) is

1. homeomorphicto aball or sphere;
2. vertex-decomposable,asde�nedin [BP79], andhenceshellable;and
3. a manifoldwith (possiblyempty)boundarywhoseinterior facesare thoseset-valuedtab-

leauxF suchthat everytableauf � F liesin T.

If Y is taken to be a set of natural numbers, then the tableaux in Theorem B are P-
partitions [St98], where X = P. In our context, however, this point of view is misleading
for a couple of reasons. First, the condition that Y be totally ordered can be relaxed in a
natural way, aswe will seeduring the proof. Second,P-partitions naturally form a setthat
is in�nite and possessesadditive structure; both of these properties are unnatural from
the point of view of tableau complexes. More deeply, P-partitions correspond naturally to
the basiselements of the Stanley-Reisnerring of a certain simplicial complex (a Gröbner
degeneration of the coneof P-partitions) rather than to the facets.

We give three formulae for the Hilbert seriesof the Stanley-Reisnerring, the thir d one
based on an explicit shelling of tableau complexes. For proofs, seeSection 4, where the
statementsbreak the products over v � F and v 6� F further into products over x 2 X.

Theorem C. Let � = � E(X T-! Y) bea tableaucomplex,and recall that the verticesof � are
set-valuedtableaux(x X7! y) � E.

1. TheHilbert series,in variablesft v : v is a vertexof � g, equalsK� =
Q

(1 - t v ), wherethe
denominatorproductis overall verticesv of � , andthenumeratoris theK-polynomial

K� =
X

F

Y

v � F

t v

Y

v6�F

(1 - t v ),
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thesumbeingoverall set-valuedtableauxF � E suchthat f � F for somef 2 T.
2. If � is homeomorphicto a ball or a sphere, thenwriting jFj =

P
x 2 X jF(x)j and jXj for the

sizeofX, theK-polynomialcanbeexpressedanalternatingsum

K� =
X

F

(- 1) jFj- jX j
Y

v6�F

(1 - t v )

overtheset-valuedtableauxF � E suchthat everytableauf � F satis�esf 2 T.
3. AssumefurthermorethehypothesesofTheoremB,andsetE =

S
T. Thenthereis ashelling

for � suchthat theminimal newfacewhenthefacetf 2 T is addedduring theshellingis
anexplicitly describedset-valuedtableauN(f ) � f . Consequently,

K� =
X

f 2 T

Y

v6�f

(1 - t v )
Y

v � N ( f )

t v .

As a result of Theorem C.3,we get apositive combinatorial rule to compute the h-vector
(h0, h1, . . . ) of � : if � (f ) = jEnN(f )j - 1, then h j counts the number of f 2 T with � (f ) = j .

1.2. Young tableau complexes. We now describe the prototypical example of a tableau
complex, and an application to computing vexillary Grothendieck polynomials, or equiv-
alently, Hilbert seriesformulae for vexillary determinantal varieties.

Let � � N2 be an English partition, or equivalently , a Young shapewith its origin at its
upper-left corner. A set-valued Young tableau [Bu02] is a �lling of the boxes of � , each
with a nonempty �nite set of natural numbers. The set in eachbox is typically expressed
as a strictly increasing list. When the set in every box is a singleton, what results is an
(ordinary) Young tableaux. If j� j denotes the number of entries in a set-valued tableau � ,
and j� j is the number of boxes in the partition, then j� j > j� j. Moreover, j� j = j� j only for
tableaux. (Tableaux are assumedordinary unless the term “set-valued” is written.)

A set-valued tableau � is called semistandard if for every pair b1, b2 of boxesof � ,

� eachentry of b1 is weakly lessthan eachentry of b2 whenever b1 lies left of b2, and
� eachentry of b1 is strictly lessthan eachentry of b2 whenever b1 lies above b2.

One can speak of one set-valued tableau containing another (of the sameshape � ) if for
each box of � , the set of numbers in one set-valued tableau contains the corresponding
set in the other. In these terms, for � to be semistandard, one needs that every tableau
contained in � is semistandard in the usual sense.More generally, we de�ne a set-valued
tableau to be limit semistandard if sometableau it contains is semistandard. For example,
the �rst of the following set-valued tableaux is semistandard, the second is limit semis-
tandard, and the thir d is neither:

1,3 3

4,5 5 9

8

1,4 2,3 3

2 4,5 4

4

2,3

2,4

3,5

3,4

4

3

6

3,6

Hereafter, we will not bother to write the commas in our examples; no confusion will
result becausewe only use numbers that are at most 9.

The union of two set-valued tableaux of the sameshape� simply assignsto eachbox of
� the union of the two setsassociatedto it. Moreover, if either set-valued tableau is limit
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FIGURE 1. A Young tableau complex. At left is the empty-face tableau.

semistandard, so is the union. The intersection is not always de�ned, however, because
of the requirement that every box of � be nonempty.

In addition to the partition � , �x a maximum entry value n 2 N+ = f1,2,3, . . .g. De�ne
the empty-face tableau E� ,n associatedto � and n as the union of all the semistandard
tableaux with shape� and all entries at most n.

Consider the partition � as a poset in which (i , j ) 6 (i 0, j 0) whenever i 6 i 0 and j 6 j 0;
thus each box is less than the boxes southeast of it. Writing [n] = f1, . . . , ng, we get a
tableau complex � E � ,n (� T-! [n ]), in the senseof Theorem B: take 	 to be the set of pairs
(upper box, lower box) in which one box sits atop another in � , so T is the set of semi-
standard Young tableaux on � with maximum value n. Observing that � E � ,n (� T-! [n ])
depends only on � and n, we denote this Young tableau complex by � (� , n). SeeFigure 1
for an example. The special caseof Theorem B for Young tableau complexes is asfollows.

Corollary . TheYoungtableaucomplex� (� , n) is homeomorphicto ashellableball or sphere,and
its interior facesarelabeledby Buch'ssemistandardset-valuedYoungtableaux[Bu02].

Example1.1. Let � = (2,1) and n = 3. Then � � ,3 is a 3-dimensional ball. It hasone interior
vertex, missing the 2 in the upper left box. We draw the boundary 2-sphere in Figure 2.
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FIGURE 2. A triangulated 2-sphereof properly limit semistandard tableaux.
The two edgeswith arrows meet around the back side of the sphere.
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When vertex-decomposing a Young tableau complex—that is, writing it as the union
of the star and the deletion of a single vertex—the two subcomplexesare �agged Young
tableau complexes, in which a vector ~n bounds the sizes of the entries in the rows of � .
This suggeststhat we ought to work in that level of generality; seeFigure 3.
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12 1
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FIGURE 3. The empty-face tableau and simplicial complex for � = (2,1)
and ~n = (2,3).

Flagged Young tableaux are used to compute the Schubert polynomials for vexillary
permutations [Wa85], and one choice of vertex decomposition parallels the “transition
formula” for their double Grothendieck polynomials [La01, La03]. Hence we are able to
give set-valued-tableaux-basedformulae for double Grothendieck polynomials of vexil-
lary permutations, via Theorem C. The secondformula in the following corollary, which
appeared already in [KMY05], is a common generalization of Buch's and Wachs'sformu-
lae, each of which specializes to the usual tableau formula for Schur polynomials. The
other two parts give new formulae for thesepolynomials. SeeSection5 for proofs.

Corollary . Let � 2 Sn bea vexillary permutationwith associatedpartition � and �agging ~n.
Eachof thefollowing is a formulafor thedoubleGrothendieckpolynomialG� (x, y).

1. As asumoverthesetLSVT (� , ~n) of limit semistandardtableauassociatedto (� , ~n),

G� (x, y) =
X

� 2 LSVT ( � ,~n )

Y

b 2 �

Y

i 2 � ( b )

(1 - xi y - 1
i + j ( b ) )

Y

h 2 E � ,~n ( b ) n� ( b )

xh y - 1
h + j ( b ) ,

whereE� ,~n =
S

T is theunion of all semistandardtableaux� 2 SSYT(� , ~n), andj (b) =
c(b) - r(b) is thedifferenceof therowandcolumnindicesof theboxb 2 � .

2. As asumoverthesetSVT (� , ~n) of semistandardset-valuedtableauassociatedto (� , ~n),

G� (x, y) =
X

� 2 SVT ( � ,~n )

(- 1) j � j- j � j
Y

b 2 �

Y

i 2 � ( b )

(1 - xi y - 1
i + j ( b ) ).
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3. As asumoverthesetSSYT(� , ~n) ofsemistandardYoungtableauxofshape� �aggedby~n,

G� (x, y) =
X

� 2 SSYT ( � ,~n )

Y

b 2 �

Y

i 2 � ( b )

(1 - xi y - 1
i + j ( b ) )

Y

h 2 E � ,~n ( b ) nN � ( b )

xh y - 1
h + j ( b ) ,

where N � is the tableauobtainedby addingto eachboxb all numbersin E� ,~n (b) either
smallerthan theentry of � (b), or larger than that entry providedthat replacingtheentry
with thelargernumberwouldnot givea tableauin SSYT(� , ~n).

Thesecondof theseformulae for vexillary double Grothendieck polynomials was based
on the algebraicgeometry of matrix Schubertvarieties [KMY05]. It was that geometry that
�rst motivated us to �t Young tableaux into a simplicial complex.

2. PROPERTIES OF TA BLEA U COM PLEXES

2.1. Generalities and boundary faces. Recall that the vertices of a tableau complex con-
sist of the complements (x X7! y) of single elementsof E.

Proposition 2.1. Let � = � E(X T-! Y) bea tableaucomplex,andassumethat (x 7! y) 2 E.

1. � is pure,andits facetsarelabeledby thetableauxin T.
2. Writing jFj =

P
x 2 X jF(x)j, thecodimensionofa faceF in � E(X T-! Y) equalsjFj - jXj.

3. Eachridgeis containedin at mosttwo facets.In particular, if � E(X T-! Y) is shellablethen
it is homeomorphicto aball or sphere.

4. (x X7! y) is a conevertex (meaningit lies in everyfacet)if andonly if f (x) 6= y for every
f 2 T. In particular, E =

S
T exactlywhen� E(X T-! Y) hasnoconevertices.

5. (x X7! y) is aphantom vertex, meaning(x X7! y) =2 � , preciselyif f (x) = y for all f 2 T.

Proof. Only statement 3 is not immediate from the de�nitions. A ridge is a set-valued
tableau taking one extra value. By the pigeonhole principle, since every x 2 X gets at
least one y 2 Y, there exists exactly one x with two values from Y, all others being 1. Such
a set-valued tableau can contain at most two tableaux from T. The statement about being
a ball or sphere now follows from [BLSWZ99,Proposition 4.7.22]. �

Cone vertices are in some senseuninter esting: a simplicial complex can be canonically
reconstructed from its set of conevertices and its core, which is the subcomplex with the
cone vertices removed. In particular , the whole complex is a ball or sphere if and only
if its core is a ball or sphere. It is convenient for inductive purposes not to assumethat
E =

S
T, although we will generally assumeE =

S
T in examples.

Proposition 2.2. Assumethat � E(X T-! Y) is homeomorphicto a ball or sphere. A faceF of
� E(X T-! Y) liesontheboundaryof � E(X T-! Y) if andonly if thereexistsatableaug : X ! Y such
that g � Fbut g =2 T.

Proof. By de�nition, a face of a simplicial ball lies in the boundary if and only if it is a
face of a boundary ridge. A ridge itself lies in the boundary if and only if it is a face of
precisely one facet. Of the two tableaux contained in a given ridge, at least one must lie
in T, becausea ridge is a faceof � E(X T-! Y). Hence a ridge is a boundary face if and only
if the unique other tableau it contains doesnot lie in T.

Now let Fbe an arbitrary faceof � E(X T-! Y). If every function f � F lies in T, then every
ridge with Fasa faceis a union of two tableaux from T, soFis interior . On the other hand,
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suppose that g � F for some tableau g =2 T, and let f 2 T be a facet having F as a face,so
f � F. Then f [ g � F is a set-valued tableau that has F as a face. Someof the elements
x 2 X are assignedtwo distinct Y-values by f [ g. If deleting the value f (x) from (f [ g)(x)
yields a face G of � E(X T-! Y), then induction on the codimension implies that G lies on
the boundary, and henceF � G does,aswell. If no such x exists,sodeleting the value f (x)
from f [ g always results in a set-valued tableau that is not a faceof � E(X T-! Y), then f is
the unique tableau in T with f [ g asa face;thus f [ g is a faceof only one facet (namely f ),
and hencef [ g is a boundary facewith F asa subface. �

2.2. Safe vertices in tableau complexes. Given a simplicial complex � with a vertex v,
de�ne the star and deletion of v to be

starv � = fC 2 � : C [ v 2 � g and delv � = fC 2 � : v =2 Cg.

Then � = starv � [ delv � . The star has an obvious cone vertex, namely v itself, and its
deletion from the star is called the link of v in � . More generally, the link of a faceC in a
simplicial complex � is de�ned as

linkC � = fD 2 � : D \ C = ? , D [ C 2 � g.

By convention, the vertex setof this link doesnot include the (now phantom) vertices of C.

Proposition 2.3. LetFbeafaceof � = � E(X T-! Y). LetTlink = ff 2 T : f � Fgbethesetof facets
of � havingF asasubface.Thenthelink ofF in � is isomorphicto � F(X Tlink- - ! Y).

Proof. It follows from the de�nitions that the facesof both link F� and � F(X Tlink- - ! Y) are the
set-valued tableaux contained in Fand containing a tableau from T. �

Proposition 2.4. Let � E(X T-! Y) bea tableaucomplex.Let Tstar = ff 2 T : f (x) 6= yg. Then
star( x X7! y ) � E(X T-! Y) = � E(X Tstar- - ! Y).

Proof. Since� E(X T-! Y) is pure, the star of (x X7! y) is the union of the (closures of) facets
that have (x X7! y) asa vertex. Thesefacetsare exactly the tableaux f 2 Tstar . �

Call a vertex (x X7! y) of � E(X T-! Y) safe if for every f 2 T, changing the label on x from
f (x) to y yields a tableau that is again in T. While the star of a vertex in a pure complex is
always pure, the deletion might not be.

Proposition 2.5. Thedeletiondel( x X7! y ) � of thevertex(x X7! y) fromthesimplicialcomplex� =
� E(X T-! Y) is pureif andonly if either(x X7! y) is a conevertexor (x X7! y) is safe.

Proof. If (x X7! y) is a conevertex then � is the coneover del( x X7! y ) � . A simplicial complex
is pure if and only if the coneover it is, so we assumethat (x X7! y) is not a conevertex.

Given a set-valued tableau F, let del( x X7! y ) F denote the set-valued tableau that sends
a 7! F(a) for a 6= x and sendsx 7! F(x) [ fyg. In particular , del( x X7! y ) F = Fif and only if y 2
F(x). The de�nitions imply that del( x X7! y ) � consists of the set-valued tableaux del( x X7! y ) F
for F 2 � , and the facets of del( x X7! y ) F have the form del( x X7! y ) f for tableaux f 2 T. Since
(x X7! y) is not a conevertex, at least one facet of � sendsx to y. Thus the deletion is pure
if and only if, for all tableaux f 2 T, the set-valued tableau del( x X7! y ) f contains a tableau
g 2 T satisfying g(x) = y. The desired result follows becausewhen f (x) does not already
equal y, the only possibility for g is obtained by changing f (x) to y. �
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Corollary 2.6. Let (x X7! y) bea safevertexof the tableaucomplex� = � E(X T-! Y). If Tdel =
ff 2 T : f (x) = yg, thendel( x X7! y ) � = � E(X Tdel--! Y). �

2.3. Tableau complexes on posets. At this point we make some additional assumptions
to guarantee a ready supply of safevertices. The following theorem is stated much more
generally than our motivating examples require; we hope that this Bourbakiesque level
of generality helps to indicate which assumptions are leading to which conclusions.

The key to our geometric conclusions (shellable ball or sphere) is the notion of vertex-
decomposable simplicial complex in the senseof [BP79]. By de�nition, every simplex is
vertex-decomposable,and an arbitrary simplicial complex is vertex-decomposable if and
only if it is pure and has a vertex whose deletion and link are both vertex-decomposable.

Lemma 2.7 ([BP79]). A simplicial complex� is shellableif boththedeletiondelv � andthestar
starv � ofavertexv areshellable.Henceall vertex-decomposablesimplicialcomplexesareshellable.

Proof. ([BP79]) Construct a shelling of � by concatenating shellings of the deletion and
star of v (in that order), the latter being the coneover a shelling of the link. �

Theorem 2.8. Let X and Y be�nite partially orderedsets. For eachx 2 X, let Yx bea totally
orderedsubsetof Y. Fix a set 	 of pairs (x1, x2) from X suchthat x1 < x2. Let T bethe setof
tableauxf : X ! Y suchthat

� f (x) 2 Yx for all x 2 X;
� f is weaklyorder-preserving,i.e.x1 6 x2 impliesthat f (x1) 6 f (x2); and
� if (x1, x2) 2 	 thenf (x1) < f (x2).

Let E � X � Y contain
S

T. Then � E(X T-! Y) is homeomorphicto a ball or sphere, and it is
vertex-decomposable.

Proof. We need only prove vertex-decomposability, for then the ball or sphere conclusion
is a consequenceof Proposition 2.1.3and Lemma 2.7.To demonstrate vertex-decomposa-
bility , we need only �nd, for eachtableau complex satisfying the hypotheses of the theo-
rem, a vertex whose deletion and link both satisfy the hypotheses.

Suppose that � E(X T-! Y) has a cone vertex (x X7! y). Viewing (x X7! y) as a subset of
X � Y, we �nd that (x X7! y) already contains

S
T by Proposition 2.1.4,so � ( x X7! y ) (X

T-! Y)
satis�es the conditions of the theorem. This simplicial complex is the link by Proposi-
tion 2.3,and it equals the deletion because(x X7! y) is a conevertex.

Now assume that � E(X T-! Y) has no cone vertices. If all of the vertices of � E(X T-! Y)
are phantom, then there is only one facet and we are done. Otherwise, there exists a
non-phantom vertex (m X7! y). Chooseone with maximal possible m, and let ym be the
maximum element of Ym . Since there are no cone points, the values of all tableaux in T
are �xed at elements x > m: for each x > m and all f 2 T there is some y x 2 Y such
that f (x) = yx . Therefore, as (m X7! ym ) is itself not a cone vertex, we get ym 6 yx for all
x > m, and ym < yx if (m, x) 2 	 . It follows that the vertex (m X7! ym ) is safe: we can
safely change the label on m from f (m) to ym to get another tableau satisfying the three
conditions to be in T becauseym > f (m) for all f 2 T.

(We used that Ym hasa maximum element for this, but not that it is totally ordered.)

Most of the work has now been done in Section 2.2: if Tstar = ff 2 T : f (m) 6= ym g
and Tdel = ff 2 T : f (m) = ym g, then the star and deletion of (m X7! ym ) are � E(X Tstar- - ! Y)
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and � E(X Tdel--! Y), respectively, by Proposition 2.4and Corollary 2.6.The star and deletion
satisfy the threeconditions from the statement of the theorem, with the sameX, Y, and 	 ,
but with Ym changed either to Ym n fym gor elseto fym g, respectively. Given that the star
satis�es the hypotheses of the theorem, arguing as in the second paragraph of the proof
shows that the link does,aswell.

(To work inductively , we need Ym nfym gto again have a maximum element; this is why
we required Ym to be totally ordered. In addition, our new choice of m for the link must
have a maximum element in its Ym ; this is why we needeveryYx to have a maximum.) �

Before this theorem, we never needed to compare f (x1) and f (x2) for x1 6= x2; in some
sense,it would have been more natural for the tableaux to take values in separate sets
Yx . Now that we used a partial order on Y to de�ne our set T of tableaux, we have �nally
made such comparisons.

Example2.9. More generally than in Section1.2, let X be the set of boxes in a skew-shape
�=� , and eachYx = Y = f1,. . . , ng. Partially order X by asking that eachbox is less than
the boxes southeast of it. Let 	 be the set of pairs f(upper box, lower box)gwhere one
box is atop another. Then T is the set of semistandard Young tableaux of shape �=� with
maximum value n, and � S

f 2 T f (X T-! Y) is the Young skew tableau complex.

The facesof this complex are labeled with set-valuedYoung skewtableaux, which were
also intr oduced in [Bu02]. Buch's de�nition of “semistandard” set-valued Young tableaux
exactly matchesour criterion, Proposition 2.2,for a faceto be interior .

(In fact the 	 machinery was unnecessary to model semistandardness; we could just
take 	 = ? , subtract r - 1 from the values in the rth row, and adjust the setsYx to get a set
combinatorially equivalent to semistandard Young tableaux. But the formulation with 	
is clearer, more general, and no more dif �cult.)

Example2.10. Let X be a poset, 	 = ? , and Y = f0,1g. Then the tableaux correspond to
partitioning X into a lower and an upper order ideal (the 0 and 1 parts), or equivalently to
antichains in X (the maximum elements labeled 0). By Theorem 2.8,this tableau complex
is homeomorphic to a ball (or sphere, if X is totally unordered).

Remark2.11. Other classesof vertex-decomposablecomplexes include the greedoid com-
plexes[BKL85] and subword complexes[KM03]; see[KM03, Remark 2.6] for an extended
discussion. Tableau complexes are dif ferent from eachof these. For example, the Young
tableau complex for the vertical domino with entries at most 5 is not a greedoid complex if
the ground set is taken to be the vertex set. To show the dif ferencebetween subword and
tableau complexes, consider the Young tableau complex for the 2 � 2 square shape with
entries at most 3; it hasdimension 3 and eight vertices, none of which is a conevertex. On
the other hand, deleting all conepoints from the subword complex in [KMY05] having the
sametableaux for facetsyields a simplicial complex of dimension 2 with sevenvertices.

It is worth noting that the phrase “ball or sphere” essentially always really means
“ball”. To get a sphere, there must be no cone vertices, so E =

S
T. But even then,

every ridge lies in two facets,so every vertex must be safe; in other words, the possible
T-tableau values at eachx 2 X are independent. We spell this out further in Section3. For
now, here is a characterization of the interior faces,which includes all of the facesin the
caseof a sphere. As a matter of notation, if Y1 and Y2 are two subsetsof a poset Y, write
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Y1 6 Y2 if y1 6 y2 for all y1 2 Y1 and y2 2 Y2. Similarly , write Y1 < Y2 if strict inequality
holds. The following is an immediate consequenceof the de�nitions and Proposition 2.2.

Corollary 2.12. Assumethe notation and hypothesesof Theorem 2.8. A faceF is interior to
� E(X T-! Y) if andonly if

� F(x1) 6 F(x2) wheneverx1 < x2; and
� F(x1) < F(x2) whenever(x1 < x2) 2 	 .

2.4. Shelling poset tableau complexes. The next theorem will help us describe the h-
vectors and Hilbert seriesof poset tableau complexesand their Stanley-Reisnerrings.

Theorem 2.13.AssumethenotationandhypothesesofTheorem2.8,andchoosealinearextension
" of thepartial orderingon X. LexicographicallyorderT by comparingf 1, f 2 2 T at the" -largest
elementm 2 X where they differ. Placingthe onewith the larger labelon m �rst yieldsa total
orderon thefacetsof � E(X T-! Y) that is ashelling.

Proof. Rememberthat f 1(m) and f 2(m) arecomparable, sinceYm is totally ordered. There-
fore the procedure in the statement of the theorem yields a total order on the facets. We
will show that this total order is the shelling produced by applying Lemma 2.7recursively
as in the proof of Theorem 2.8. At eachstage in that proof, we either vertex decompose
at a cone vertex or we choosea maximal element m 2 X among those supporting non-
phantom vertices (m X7! y). Vertex decomposing at a conevertex doesnot alter the setT of
facet tableaux, so it doesnot matter in which order we deleteconevertices. Only the order
in which we choosethe maximal elements m matters. Use the " -order: since Lemma 2.7
puts the deletion (f (m) = ym ) �rst before the star (f (m) 6= ym , which is equivalent to
f (m) < ym becauseym is maximum in Ym ), the resulting shelling is asdesired. �

3. CH A RA CTERIZATION S OF TA BLEA U COM PLEXES

Let � be a pure simplicial complex on a vertex set V. Declare that W � V is a pure
factor of � if the number jf \ Wj of vertices in the intersection of f with W is the samefor
all facetsf 2 � . For example, a singleton fvgis a pure factor if and only if v is a phantom
or conevertex, with jf \ fvgj= 0 or jf \ fvgj= 1, respectively. If W is a pure factor, then its
complement V n W is a pure factor, too. For any set W � V of vertices, write � jW for the
full subcomplex delV nW � supported on W.

Proposition 3.1. Let � bea puresimplicial complexon thevertexsetV, andsupposethat V =
V1 [ � � � [ Vk is partitionedinto adisjoint union ofpurefactorsV1, . . . , Vk . Then� jV i is purefor
each1 6 i 6 k, and� is a top-dimensionalsubcomplexof their join

fF1 [ � � � [ Fk : Fi is a faceof � jV i for each1 6 i 6 kg.

Proof. Since� is pure, it follows from the de�nitions that � jV i is pure. On the other hand,
it also follows by de�nition that a subset f � V1 [ � � � [ Vk is a facet of the join of the
complexes� jV i if and only if f \ Vi is a facetof the individual complex � jV i for eachi . Since
the vertex set V is the disjoint union V1 [ � � � [ Vk , every facet of � has this property. �

Lemma 3.2. Let � bea tableaucomplex� S
T (X T-! Y). For eachx 2 X, de�ne thesubsetVx =

f(x X7! y) : (x 7! y) 2
S

Tgof thevertexsetof � . Then

1. thesubsetsfVx : x 2 Xgpartition thevertexsetof � ;
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2. eachsubsetVx is apurefactor;in fact,jf \ Vx j = jVx j - 1 for everyfacettableauf ; and
3. eachinducedcomplex� jV x is theboundaryof thesimplexon Vx .

Proof. The �rst two numbered claims are immediate from the de�nitions. For the thir d,
it follows from the second that � jV x is a union of some subset of the facets (eachof size
jVx j - 1) in the boundary of the simplex on Vx . Each facet of � jV x avoids using some
(unique) vertex of Vx . If any vertex of Vx does not occur this way, then it lies in every
facetof � jV x ; in other words, it is a conevertex of � jV x . Sinceeachfacetof � survives after
deleting V nVx to give a facet of � jV x , we conclude that � hasa conevertex, contradicting
Proposition 2.1.4.Therefore every faceof size jVx j - 1 occurs in � jV x . �

Theorem 3.3. A purecomplexis (isomorphicto) a tableaucomplex� S
T (X T-! Y) if andonly if it

canbeexpressedasa top-dimensionalsubcomplexofa join ofboundariesof simplices.

Proof. That � S
T (X T-! Y) can be expressedin the desired manner is an immediate conse-

quence of Proposition 3.1 and Lemma 3.2. Now suppose that that � is a pure complex
expressibleas a top-dimensional subcomplex of the join of boundaries of simplices with
vertex setsV1, . . . , Vk . Then the vertex set V of � is the disjoint union V1 [ � � � [ Vk . Let
X = f1,. . . , kgand set Y = V. Each facet f of � de�nes a function X ! Y taking i to the
element Vi n f . Using theseasthe set T of tableaux, we �nd that � = � S

T (X T-! Y). �

Remark3.4. In particular , if a tableau complex has no boundary ridges (ridges contained
in just one facet), then it is the join of a bunch of boundaries of simplices, and in particular
it is a sphere. This, plus Proposition 2.3,gives another proof of Proposition 2.2.

Let the codimension of a pure complex � be the number of vertices outside any facet.
The only way for the codimension to equal 0 is if V consistsonly of conevertices (so V is
a simplex). If V breaksup as a union V1 [ � � � [ Vk of pure factors, then the codimension
of � is the sum of the codimensions of the full subcomplexessupported on the Vi .

This suggestsa characterization of tableau complexes by the following extremal prop-
erty. Given a pure complex � with the coneand phantom vertices deleted, look for a pure
factor W. Splitting into W and V nW, the codimension of eachfull subcomplex can be no
larger than that of � . By the theorem, � is a tableau complex if and only if we can split
enough to whittle the codimensions of all of the full subcomplexesdown to 1.

The situation is somewhat dual to order complexes of ranked posets. If P is a ranked
poset, its order complex has vertex set P, and Q � P de�nes a face if and only if Q is
totally ordered. If Pr denotes the set of elements with a given rank r, then the induced
complex on Pr is pure of dimension 0, rather than codimension 1 like a tableau complex.
(If it seemsunsatisfying for “codimension 1” to be dual to “dimension 0”, then consider
the latter more honestly as“af �ne-dimension 1”.) Very few simplicial complexesare both
order complexesand tableau complexes;we leave their characterization asan exercisefor
the reader.

Remark3.5. Tableau complexesbear super�cial similarities to matroid complexes. A sim-
plicial complex is a matroid if and only if every subcomplex induced on a subset of the
vertex set is pure. Theorem 3.3saysthat a simplicial complex is a tableau complex if and
only if the vertex setcanbepartitioned into subsetsthat arepure factors of codimension 1.
In reality, therearematroid complexesthat arenot tableau complexes,and conversely. For
example, we have already seenin Remark 2.11that tableau complexescan fail to be gree-
doid complexes,of which matroid complexesare special cases.For an example the other
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way, the matroid for the complete graph K4 on four vertices is the union of threesegments
joined at a point. If this were a tableau complex, then so would be the result of deleting
the cone point, by Proposition 2.3. But a set of three points is not a tableau complex by
Remark 3.4,and henceneither is the matroid for K4.

4. H ILBERT SERIES A N D K-POLYN OM IA LS

In this section we collect some formulae for the Hilbert series of the Stanley-Reisner
rings of tableau complexes. Our main referencefor generalities on Betti numbers, Hilbert
series, and K-polynomials (which are numerators of Hilbert series) is [MS04]. For no-
tation, let | be a �eld, and set S = | [V], the polynomial ring in variables v 2 V in-
dexed by a �nite set V. This is the ambient ring for objectslike the Stanley-Reisner ideal
I� = h

Q
v2 F v : F is not a face of � i of a simplicial complex � with vertex set V, and the

Stanley-Reisner ring S=I� . We shall use the alphabet t = ft v : v 2 Vgfor �nely graded
Hilbert seriesand K-polynomials. When � is a tableau complex � E(X T-! Y), recall that V
is the set f(x X7! y) : (x 7! y) 2 Egof complements of single elementsof E.

Proposition 4.1. TheK-polynomialassociatedto thetableaucomplex� = � E(X T-! Y) is

K(S=I� ; t ) =
X

F

Y

x 2 X

 
Y

y 2 E( x ) nF( x )

t ( x X7! y )

Y

y 2 F( x )

(1 - t ( x X7! y ) )

!

,

thesumbeingoverall set-valuedtableauxF � E eachcontainingsometableauf 2 T.

Proof. This formula is [MS04, Theorem 1.13]applied to tableau complexes,since the con-
dition y 2 E(x) nF(x) meansthat (x X7! y) is a vertex of Fand the condition y 2 F(x) means
that (x X7! y) is not a vertex of F. �

Our second formula uses the ball-or-sphere hypothesis; it therefore holds for (among
other things) all poset tableau complexes. It will be simpler to prove the formula for
general balls and spheres�rst.

Proposition 4.2. If � is asimplicialball or spherewith vertexsetV, then

K(S=I� ; t ) =
X

F

(- 1)codim ( F)
Y

v2 V nF

(1 - t v ),

wherethesumis overall interior facesof � . (All facesareinterior if � is asphere.)

Proof. Consider the Alexander dual ideal I ?
� = h

Q
v2 V nF v : F is a face of � i , and start by

calculating the K-polynomial of I ?
� . The coef�cient on the monomial

Q
v2 V nF t v in K(I ?

� ; t )
is the alternating sum of the Betti numbers of I ?

� in degree
Q

v2 V nF v [MS04, Proposi-
tion 8.23].By Hochster's formula [MS04,Corollary 1.40],the i th such Betti number equals
the dimension dim|

eH i - 1(linkF� ; | ) of the reduced homology of the link of F in � , and it
comeswith a sign (- 1) i . If F is a boundary face, then the link of F is contractible; but if
F is an interior face, then the link of F is a sphere of dimension codim(F) - 1. Therefore
K(I ?

� ; t ) =
P

F(- 1)codim ( F)
Q

v2 V nF t v , where the sum is over all interior facesF of � . The
Alexander inversion formula [MS04,Theorem 5.14]now implies the desired result. �
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Theorem 4.3. If thetableaucomplex� = � E(X T-! Y) is homeomorphicto aball or sphere,then

K(S=I� ; t ) =
X

F

(- 1) jFj- jX j
Y

x 2 X

Y

y 2 F( x )

(1 - t ( x X7! y ) ),

thesumbeingoverall set-valuedtableauxF � E suchthat everytableauf � F liesin T.

Proof. The factor (- 1) jFj- jX j is the codimension of F. The condition y 2 F(x) means that
(x X7! y) lies in the vertex set of � but not F. The sum is over all interior facesby Proposi-
tion 2.2.Therefore the result is simply Proposition 4.2for tableau complexes. �

A shelling of a pure d-dimensional simplicial complex � is an ordering of the facets
F1, . . . , Fk such that Fi \ (F1 [ � � � [ Fi - 1) haspure dimension d - 1 for each1 6 i 6 k. This
guarantees that for each i , there is a unique minimal new face N i 2 � that is a face of Fi

but not of F1, . . . , Fi - 1. By convention, N 1 is the empty face.

Lemma 4.4. Givenashellingofa simplicialcomplex� with newfacesN 1, . . . , N k asabove,

K(S=I� ; t ) =
kX

i = 1

Y

v62Fi

(1 - t v )
Y

v2 N i

t v .

Proof. Use induction on the number k of facetsof � . �

The Z-graded coarsening of the Hilbert seriesto one variable t gives

H(S=I� , t ) =
dX

j = 0

h j t j

(1 - t )d
.

When � is shellable, the h-vector (h0, h1, . . . , hd ) consistsof nonnegative integers. More-
over, the shelling gives a manifestly positive way to compute these numbers: h j counts
the number of dimension j facesamong N 1, . . . , N k .

Theorem 4.5. Resumethe notation andhypothesesof Theorem2.8, and setE =
S

T. Given a
tableauf 2 T, de�neU f asthesetofelementsy 2 Y suchthat f (x) 6 y andmovingthelabelonx
fromf (x) up to y yieldsa tableauin T. Then

K(S=I� ; t ) =
X

f 2 T

Y

x 2 X

�
�
1 - t ( x X7! f ( x ))

� Y

y 2 U f ( x )

t ( x X7! y )

�
.

Finally, if � (f ) = - jXj +
P

x 2 X jUf (x)j, thenh j is thenumberof tableauxf 2 T with � (f ) = j .

Proof. The proof will bedone oncewe produce a shelling of � for which N f = E(x) nUf (x)
is the minimal new face at the stage when we add the facet f . Pick a linear extension "
of X and take the shelling order of the facetsf 1, f 2, . . . of � as in Theorem 2.13.For f := f i

we show that N f is the minimal new faceof f .

First, N f is a set-valued tableau in � that is a face of f , since it contains f . Second,
to seethat N f is not a face of any previous facet, we must show that f does not contain
f 1, . . . , f i - 1. Note that by construction, any other g 2 T contained in N f must assign to
eachx 2 X either f (x) or somey < f (x). Sucha facet tableau g must appear later than f in
the facet ordering. The maximality of N f � E containing f and not containing f 1, . . . , f i - 1

is also clear from the construction. Hence N f is the minimal new faceof f , asclaimed. For
the K-polynomial formula, apply Lemma 4.4. �
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Example4.6. For the tableau complex in Figure 3 (after Example 1.1), listing the facets in
the order

2 2
3

, 1 2
3

, 1 1
3

, 1 2
2

, 1 1
2

yields the shelling in the proof of Theorem 4.5.For the �rst of thesetableaux, all of the sets
U(x) are singletons: there is no way to increasethe number in any box while respecting
the �agging, which requires that the entries in the top row are at most 2 and the lower
entry is at most 3. For the secondtableau above, U(x) = f1,2gfor the upper-left corner x,
becausemoving the 1 up to a 2 keeps the tableau semistandard. Similarly , all of the sets
U(x) for the thir d and fourth tableaux are singletons except for upper-right box and the
bottom box, respectively, whose setsU(x) are f1,2gand f2,3g. In the last tableau above,
only the two lower -right corners have non-singleton sets U(x), and these are f1,2gand
f2,3g. For the above �ve tableau, the function � at the end of Theorem 4.5takes the values
0, 1, 1, 1, and 2, respectively. Thus the simplicial complex in Figure 3 hash-vector (1,3,1).

Our �nal K-polynomial formula in this section will arise again after Corollary 5.3.

Proposition 4.7. If (x X7! y) is asafevertexof � = � E(X T-! Y), then

K(S=I� ; t ) = t ( x X7! y ) K(S=Idel; t ) + (1 - t ( x X7! y ) )K(S=Istar ; t ),

where I del and I star are the Stanley-Reisneridealsfor the deletiontableaucomplex� E(X Tdel--! Y)
andthestar tableaucomplex� E(X Tstar- - ! Y) fromPropositions2.4and2.5,respectively.

Proof. Any vertex decomposition � = delv � [ starv � gives an inductive formula

K(S=I� ; t ) = t v K(S=Idelv � ; t ) + (1 - t v )K(S=Istarv � ; t )

for the K-polynomial. �

5. A PPLICATION S TO VEXILLA RY DOUBLE GROTH EN DIECK POLYN OM IA LS

In this section, we apply Section 4 to obtain formulae for double Grothendieck poly-
nomials for vexillary permutations. This gives formulae for the Hilbert series and K-
polynomials of vexillary matrix Schubert varieties (also known as(one-sided) ladder de-
terminantal varieties). See[KMY05] for a treatment of the related algebraic geometry.

5.1. Vexillary permutations and �aggings of partitions. Identify a permutation � 2 Sn

with the squarearray having blank boxesin all locations exceptat (i , � (i )) for i = 1,. . . , n ,
where we place dots. This de�nes the dot-matrix of � . We associatethe diagram

D(� ) =
�

(p, q) 2 f1, . . . , ng� f1, . . . , ng: � (p) > q and � - 1(q) > p
	

to � . Pictorially , if we draw a “hook” consisting of lines going eastand south from each
dot, then D(� ) consistsof the squaresnot in the hook of any dot.
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Example5.1. Let � =
�

1 2 3 4 5 6 7 8 9
8 7 1 6 2 9 5 3 4

�
. Its dot-matrix and diagram are com-

bined below:
s

s
s

s
s

s
s

s
s

In what follows, we will assumeour permutations � are vexillary , also known as2143-
avoiding : there exist no indices 1 6 a < b < c < d 6 n with � (b) < � (a) < � (d) < � (c).
We need some facts about vexillary permutations; further details consistent with the ter-
minology and notation used here may be found in [KMY05] and the referencestherein.

Throughout we will identify a partition � with its Young diagram. There is a partition
� associatedto � : let the kth diagonal of � (those boxes f(i , k + i )g) have as many boxes
as the kth diagonal of D(� ), for eachk. Indeed, this setsup a natural bijection between
the boxes of � and the boxesof D(� ), taking the j th box down in the kth diagonal to the
j th box down in the kth diagonal. (The dif ferenceis that in D(� ) there may be spacesin
between the boxes.) This bijection also de�nes a �agging ~n on the rows of � . Namely,
n i 2 N+ equals the row of D(� ) containing the box corresponding to the rightmost box of
the i th row of � . We will thus speak interchangeably about � and the pair (� , ~n).

In Example 5.1,the permutation � is vexillary , � = (7,6,4,3,2), and ~n = (1,2,4,6,7).

We remark that ~n need not be a weakly increasing sequence. For instance, if � =�
1 2 3 4 5 6 7 8
2 7 4 5 8 1 3 6

�
, then � = (5,3,2,2,1) and ~n = (2,5,4,4,5).

Call a set-valued tableau � with shape � ~n-�agged if the maximum (so, the last) entry
in eachrow is bounded above by the corresponding entry of ~n.

Extend the de�nition of the empty-face tableau in the obvious way: it is the union of all
the ~n-�agged semistandard tableau on the shape� . Let this set-valued tableau bedenoted
by E� ,~n . (Note that E� ,~n (b) is an interval in the natural numbers N: the smallest entry is
the row position of b 2 � while the largest entry is the position of the corresponding box
of D(� ), under the bijection between � and D(� ) described above.) This gives rise to a
tableau complex � (� , ~n) generalizing that described in Section1.2:

Corollary 5.2. Forapartition � anda�agging ~n associatedto avexillary permutation� , � (� , ~n)
is asimplicialball,andits interior facesarethe�aggedsemistandardset-valuedYoungtableaux.

5.2. Formulae for vexillary Grothendieck polynomials. For each permutation � 2 Sn

there is a (double) Grothendieck polynomial

G� (x1, . . . , xn , y1, . . . yn ) 2 Z[x� 1
1 , . . . , x� 1

n , y � 1
1 , . . . , y � 1

n ]

of Lascoux and Schützenberger [LS82]. The casethat � is vexillary has been of speci�c
interest;see[Fu92, KM01, KMY05]. We give tableau formulae in this setting.
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Let SVT (� , ~n) denote the semistandard set-valued tableaux of shape � and �agging ~n.
Similarly , denote by SSYT(� , ~n) and LSVT (� , ~n) the corresponding set of semistandard
and limit semistandard tableaux, respectively. For a set-valued tableau � , let � (b) denote
the set of entries in box b.

Corollary 5.3. Let � 2 Sn bea vexillary permutationand(� , ~n) betheassociatedpartition and
�agging. Eachof thefollowing is a formulafor thedoubleGrothendieckpolynomialG� (x, y).

X

� 2 LSVT ( � ,~n )

Y

b 2 �

Y

i 2 � ( b )

(1 - xi y - 1
i + j ( b ) )

Y

i 2 E � ,~n ( b ) n� ( b )

xi y - 1
i + j ( b )

X

� 2 SVT ( � ,~n )

(- 1) j � j- j � j
Y

b 2 �

Y

i 2 � ( b )

(1 - xi y - 1
i + j ( b ) )

X

� 2 SSYT ( � ,~n )

Y

b 2 �

Y

i 2 � ( b )

(1 - xi y - 1
i + j ( b ) )

Y

i 2 E � ,~n ( b ) nN � ( b )

xi y - 1
i + j ( b )

Here,j (b) = c(b)- r(b) is thedifferenceofthecolumnandrowindicesoftheboxb 2 � . Moreover,
in the last formula,N � is the tableauobtainedby addingto eachboxb all entriesof E(b) either
smallerthan theentry of � (b), or largerthan theentry of � (b) but suchthat replacing� (b) with
this largernumberwouldnot givea tableauin SVT (� , ~n).

Proof. Formally, the second formula in the corollary is obtained as follows. Compute the
K-polynomial of � � ,~n via Theorem 4.3,using � , b, and i here in place of X, x, and y there.
Then, for each�xed b and i , substitute the expressionxi y - 1

i + j ( b ) for the variable t ( b X7! i ) .

It was shown in [KMY05] that the second formula equals the desired double Grothen-
dieck polynomial. Therefore, applying the samesubstitution procedure to the results of
Proposition 4.1 and Theorem 4.5 yields two more formulae for the same Grothendieck
polynomial. Theseformulae are, respectively, the �rst and thir d formulae here. �

In the above proof we appealed to [KMY05] to con�rm that our K-polynomials are in
fact Grothendieck polynomials. Let us brie�y sketch how this can be proved dir ectly; we
refer the reader to [KMY05] for terminology . To eachvexillary permutation � there is an
accessibleboxof � . From this one can de�ne two vexillary permutations � P and � C. We
obtain a safevertex of the �agged Young tableau complex by removing the largest entry
of E� ,~n that appears in the accessiblebox. The resulting deletion and star subcomplexes
are naturally isomorphic to (multicones over) the �agged Young tableau complexes for
� P and � C respectively. The recursion from Proposition 4.7 is precisely Lascoux's transi-
tion formula for vexillary Grothendieck polynomials [La01, La03] (after the substitution
t ( x X7! y ) 7! xi y - 1

i + j ( b ) ). Thus, since both polynomials satisfy the samerecursion (and initial
conditions), they are equal.

Specializations of these formulae are of interest. Supposewe set y j = 1 for each j and
replacexi with 1- xi for eachi . If we assumefurthermor e that � is Grassmannian,then we
obtain Buch's formula [Bu02] for the single Grothendieck polynomial G� (1 - x) [Bu02].
If instead we take the lowest degreeterms of the polynomial, we obtain Wachs'sformula
for a �agged Schur polynomial [Wa85]. Making both of these specializations gives the
classicaltableau formula for an ordinary Schur polynomial.

We remark that it is also possible to usesimilar methods to extend theseresults to give
set-valued skew tableau formulae for “ 321-avoiding permutations” (seeExample 2.9).
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