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B
asic

exam
ple:the

H
aar
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+
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+
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�

:=
2

j=
2 

(2
j

��
k);

�
=

(j;
k);

j�
j=

j:

M
ore

generalw
avelets

are
constructed

from
sim

ilar
m

ultiscale
approxim

ation
pro

cesses,using
sm

oother
functions

such
as

splines
or

�nite
elem

ents.
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A
ppro

xim
ating

functions
by

w
aveletbases

-
Linear

approxim
ation

at
resolution

levelj
by

taking
the

truncated
sum

f
7!

P
j f

:=
P

j�
j�

j
f

�  
� .

-
N

onlinear
(adaptiv

e)
approxim

ation
obtained

by
thresholding

f
7!

T
�

f
:=

X�
2

�

f
�  

� ;
�

=
�(

�)
=

f�
s:t:
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�g:
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A
daptiv

e
w

aveletapproxim
ation

W
ellestablished

theory
for

adaptive
approxim

ation
of

data
u

by
N

-term
s

com
bination

of
w

avelets
( 

� )�
2r

,
in

som
e

prescribed
norm

ed
spaceX

(e.g.
L

p,
W

s;p,
B

sp;q ).

-
R

ate
of

decay
governed

by
general sm

oothnessconditions
:

if
�

N
:=

f P
�

2
E

c
�  

�
;

#(
E

)
�

N
g,

inf
v

2
�

N

ku
�

vk
X

<�
N

�
s

,
u

2
X

s

T
hese

conditions
are

w
eaker

than
those

governing
non-adaptive

approxim
ation

(sim
ilar

results
for

adaptive
�nite

elem
ents).

-
For

m
ostX

,
nearoptim

al
approxim

ation
is

obtained
by

thresholding
:

if
u

=
P

�
u

�  
� ,

and
u

N
:=

P
N

largest
k

u
�

 
�

k
X

u
�  

� ;
w

e
then

have
ku

�
u

N
k

X
�

C
inf

v
2

�
N

ku
�

vk
X

w
ith

C
independent

of
u

and
N

.
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G
eneralprogram

for
P

D
E

's

-
T

heoretical:
revisit

regularity
theory

for
P

D
E

's.
S

olutions
of

certain
P

D
E

's
m

ight
have

substantially
higher

regularity
in

the
scale

governing
nonlinear

approxim
ation

than
in

the
scale

governing
linear

approxim
ation.

-
N

um
erical:

develop
for

the
unknow

n
u

of
the

P
D

E
F

(u)
=

0
appropriate

adaptive
resolution

strategies
w

hich
p

erform
essentially

as
w

ellas
thresholding

:
pro

duce
~u

N
w

ith
N

term
s

such
that

ku
�

~u
N

k
has

the
sam

e
rate

of
decay

N
�

s
as

ku
�

u
N

k
in

som
e

prescribed
norm

,
if

p
ossible

in
O

(N
)

com
putation.
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T
w

o
approaches

to
w

ard
adaptive

w
aveletm

ethods

-
F

irst
approach:

iterativ
e

spacere�nem
ent

techniques
to

access
appropriate

discretization
sets

f 
� g

�
2

�
n ,

based
on

a
variational

form
ulation

of
the

problem
(B

ertoluzza,
P

errier,
Liandrat,

C
anuto,

D
ahlke,H

ochm
uth,

U
rban,

M
asson,D

ahm
en,D

eV
ore,A

C
).

-
S

econdapproach:
m

ultiresolution
adaptive

p
ost-processing,

i.e.
start

from
a

classicaland
reliable

schem
e

on
a

uniform
grid

and
use

a
discrete

m
ultiresolution

decom
position

in
order

to
com

press
com

putationaltim
e

and
m

em
ory

size,
w

hile
preserving

the
accuracy

of
the

initial
schem

e
(H

arten,
A

bgrall,
A

randiga,
C

hiavassa,D
onat,

D
ahm

en,M
ueller,

G
ottschlich-M

ueller,
K

ab
er,P

ostel,A
C

)
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G
eneralvariational

problem
s

H
H

ilb
ert

space,F
:

H
!

H
0

contin
uous

m
apping,u

nonsingular
solution

of
F

(u)
=

0,i.e.
D

F
(u)

is
an

isom
orphism

from
H

to
H

0.

V
ariational

form
ulation

:
�nd

u
2

H
such

that

hF
(u);vi

=
0

for
all

v
2

H
.

S
im

ple
linear

exam
ples:F

(u)
=

A
u

�
f

-
Laplace:A

:=
�

�
and

H
:=

H
10

-
S

tokes:A
(u;p)

:=
(�

�
u

+
r

p;�
D

iv
u)

and
H

:=
(H

10 ) 3
�

L
20 .

-
S

ingle
layer

p
otential

A
u(x)

:=
R

�
u

(y
)

4�
jx

�
y

j dy
and

H
:=

H
�

1=
2.

8
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S
tandard

approach
to

discrerisation

1.
W

ellp
osed

problem
in

in�nite
dim

ension
F

(u)
=

0.

2.
F

inite
dim

ensionaldiscretization
H

!
V

h
by

a
P

etrov-G
alerkin

typ
e

m
ethod

(hF
(u

h );v
h i

=
0

for
all

v
h

2
W

h ).

D
i�culties:

not
alw

ays
w

ell-p
osed

(com
patibilit

y
conditions)

3.
Iterativ

e
solver

u
0h

!
u

1h
���!

u
h .

D
i�culties:

ill-conditionning
and

densem
atrices

4.
A

daptivit
y:

a-posteriorianalysis
of

the
residualF

(u
h )

and
lo

cal
m

esh
re�nem

ent
V

h
=

V
0r

!
V

1r
!

���,
u

h
=

u
0r

!
u

1r
!

���

D
i�culties:

convergenceanalysis
of

such
re�nem

ent
strategies

9
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W
aveletadaptive

discretizations:
new

paradigm

1.
W

ellp
osed

problem
in

in�nite
dim

ension
F

(u)
=

0.

2.
E

quivalent
discrete

problem
in

in�nite
dim

ension
by

w
avelet-G

alerkin:
�nd

U
=

(u
� )�

2r
such

that

F
(U

)
:=

(hF
( X

u
�  

� ); 
� i)�

2r
=

0:

W
ell-p

osed
:

F
:`

2
!

`
2

if
( 

� )�
2r

norm
alized

R
iesz

basis
for

H
.

3.
C

onverging
iteration

in
in�nite

dim
ension

U
0

!
U

1
!

���!
U

.

4.
A

daptiv
e

approxim
ation

of
this

iteration
up

to
prescribed

tolerancesin
�nite

dim
ension:U

n
supported

by
�nite

w
aveletset

�
n

�
r

.

)
allow

s
to

establish
optim

al
accuracy

and
com

plexity
results

in
the

energy
kuk

H
�

kU
k

norm
.

10
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A
daptiv

e
approxim

ation
of

the
in�nite

dim
ensionaliteration

B
ased

on
approxim

ate
application

of
in�nite

dim
ensionaloperators

com
bined

w
ith

thresholding
steps.S

hould
m

aintain
optim

al
com

plexity
and

sparsity
in

the
w

aveletrepresentation
of

the
num

ericalsolution.
T

w
o

equivalent
m

easuresof
sparsity:

(ii)
b

estN
-term

nonlinear
approxim

ation:
kU

�
U

N
k

<�
N

�
s

w
ith

U
N

restriction
to

N
largestcoe�cien

ts,
for

som
e

s
>

0.

(i)
w

eak
spaces:C

ardf�
s:t:ju

� j>
�g

<�
�

�
�

i.e.
U

2
w

`
�

w
ith

s
=

1=
�

�
1=2.

B
asic

questions:

-
D

oes
the

application
of

the
in�nite

dim
ensionaloperator

preserve
sparsity

:
U

2
w

`
�

)
F

(U
)

2
w

`
�

?

-
From

optim
al

adaptive
approxim

ations
of

U
,

how
to

derive
optim

al
adaptive

approxim
ations

of
F

(U
)

?

11
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T
he

linear
case

E
quivalent

problem
A

U
=

F

S
im

plestsetting
:

elliptic
problem

.
For

a
suitable

�
the

iteration,

U
n

+
1

=
U

n
+

�[F
�

A
U

n];

convergesw
ith

�xed
error

reduction
rate

�
<

1.

A
ppro

xim
ate

iteration
w

ith
prescribed

tolerance
"

>
0,

U
n

+
1

=
U

n
+

�[A
P

P
R

O
X

(F
;")

�
A

P
P

R
O

X
(A

U
n;")];

w
ith

kA
P

P
R

O
X

(A
U

n;")�
A

U
k

�
"

and
kA

P
P

R
O

X
(F

;")�
F

k
�

".
convergesw

ith
reduction

rate
�

until
error

is
of

order
".

T
his

pro
cedure

is
m

ade
p

ossible
by

m
atrix

com
pression:

one
can

build
A

N
w

ith
N

coe�cien
ts

p
er

row
s

and
colum

s
such

that
kA

�
A

N
k

<�
N

�
r.

12
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T
he

role
of

thresholding

Lem
m

a
:

if
U

is
in

w
`

�
i.e.

such
that

kU
�

U
N

k
�

C
N

�
s

and
V

is
such

that
kV

�
U

k
�

",
then

for
W

obtained
by

thresholding
V

such
that

kV
�

W
k

�
4",

w
e

have

kU
�

W
k

�
5"

and
#(

W
)

�
C

"
�

1=
s;

i:e:kU
�

W
k

�
C

[#(
W

)] �
s

T
hresholding

ensures

optim
ality

lo
g

(e
rro

r)

L
 ))

n
lo

g
(N

), lo
g

(#
(

 ||U
-U

n || 
||U

-U
L

lo
g

( )
e

|| 
n

L

||U
-U

   || o
p

tim
a

l
N

P
roblem

:
in

term
ediate

m
em

ory
size

and
com

putational
tim

e
should

also
b

e
optim

al,
i.e.

O
("

�
1=

s).

13
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G
eom

etric
tolerances

Idea:
decrease

tolerances
"

0
=

1;

"
1

=
12 ;���

;"
j

=
2

�
j

lo
g

(e
rro

r)

L
 ))

n
lo

g
(N

), lo
g

(#
(

 
L

 o
p

tim
a

l
||U

-U
   ||n

-2-3-5-6 -4 -1

F
ixed

num
b

er
of

iteration
at

each
step

j
!

�+
1

in
volving

sparse
m

atrix-v
ector

pro
duct:

W
=

A
P

P
R

O
X

(A
V

;")
obtained

by
decom

posing
V

=
V

1
+

[V
2

�
V

1 ]+
[V

4
�

V
2 ]+

���,
and

taking

W
:=

A
2

JV
1

+
A

2
J

�
1[V

2
�

V
1 ]+

���+
A

1 [V
2

J
�

V
2

J
�

1]

w
ith

J
large

enough
such

that
kW

�
A

V
k

�
kA

kkV
�

V
2

Jk
+

P
Jj=

1
kA

�
A

2
J

�
jkkV

2
j

�
V

2
j

�
1k

�
".
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R
esults

T
heorem

(D
ahm

en,D
eV

ore,A
C

-
M

ath
C

om
p.

2000):.
If

V
2

w
`

�,
and

r
>

s
w

ith
1=

�
=

1=2
+

s,
then

jS
upp(W

)j
<�

"
�

1=
s

and
therefore

kW
�

A
U

k
<�

jS
upp(W

)j �
s.

In
particular

A
is

a
contin

uous
m

apping
in

w
`

�.

T
heorem

(D
ahm

en,D
eV

ore,A
C

-
FoC

M
2002):

T
he

general
strategy

for
linear

operator
equations

based
on

the
above

ingredients
(thresholding,

adaptive
m

atrix
vector

m
ultiplication)

achieves
the

ultim
ate

goal,nam
ely

pro
duction

of
U

n
such

that
if

U
2

w
`

�,
then

kU
�

U
nk

<�
#(�

n ) �
s;

w
ith

O
(#(�

n ))
com

putational
cost.

15
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N
onlinear

operators

E
xam

ples:u
7!

u
p,

u
7!

u:r
u,

etc.

C
om

position
operators:

u
7!

F
(u),

u
7!

F
(u;D

u;���
;D

nu).

T
ypical

situation:
nonlinear

P
D

E
's

of
the

typ
e

A
u

+
F

(u)
=

f
on



�

IR
d

w
ith

A
:H

tB
C

!
H

�
t

=
(H

tB
C

) 0.

R
estrictions

on
F

are
neededso

that
F

:H
tB

C
!

H
�

t
i.e.

F
:`

2
!

`
2.

E
xam

ple:
F

(u)
=

u
p

has
m

apping
prop

erties
if

and
only

if
p

�
p

�
:=

d
+

2
t

d
�

2t
if

t
<

d=2
and

for
all

p
otherw

ise
(j R

u
pvj�

kuk
pL

q kvk
L

q
w

ith
q

=
p

+
1

and
H

t
�

L
q

if
p

�
p

�).
S

am
e

result
if

F
(u)

<�
(1

+
juj) p.

Iteration
to

b
e

approxim
ated:

relaxation,
exactor

inexact
N

ew
ton...

require
in

all
casesthe

approxim
ate

application
of

F
.

16
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A
m

odi�ed
m

easureof
sparsity

N
otation;

S
�

:=
S

upp( 
� ),

jS
� j�

2
�j

�
j

w
ith

j�
j

the
scale

level.
A

n
index

setT
�

r
has

tree
structure

if

�
2

T
and

S
�

�
S

�
)

�
2

T
:

If
U

=
(u

� ),
w

e
de�ne

the
residuals

~u
�

:=
[ P

S
�

�
S

�
ju

� j 2] 1=
2

and
~U

:=
(~u

� ).

T
ree-structured

w
eak

spaces:U
2

w
`

�t
if

and
only

if
~U

2
w

`
�.

T
ree

structured
N

-term
approxim

ation:
If

U
2

w
`

�
and

T
�

:=
f�

;
j~u

� j>
�g,

then
T

�
is

a
tree

w
ith

#(
T

� )
<�

�
�

�.

M
oreover

if
U

�
:=

U
jT

�
then

kU
�

U
� k

<�
�

1�
�

=
2

<�
[#(

T
� )] �

s

w
ith

1=
�

=
1=2

+
s.

R
equires

a
( arbitrarily

)
little

extra
sm

oothnessassum
ption

on
u

in
com

parison
to

U
2

w
`

�.

17
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G
eneralassum

ptions

A
ssum

ption
1:

stability
of

F

kF
(U

)
�

F
(V

)k
�

C
kU

�
V

k;
w

ith
C

=
C

(supfk
U

k;kV
kg):

Lo
calversion

(if
F

(u)
is

lo
cal,e.g.com

position
operators);

kF
(U

)
�

F
(V

)k
`

2(f
�

:S
�

�
D

g
)

�
C

kU
�

V
k

`
2(f

�
:S

�
\

D
6=

;g
) :

H
olds

if
jF

(u)j
<�

(1
+

juj) p
and

jF
0(u)j

<�
(1

+
juj) (p

�
1)

+
w

ith
p

�
p

�
if

t
<

d=2
and

all
p

else,by
S

obolev
em

b
edding

argum
ents.

A
ssum

ption
2:

lo
calscale-spaceaction

of
F

For
any

�nitely
supported

U
and

W
=

F
(U

),

jw
� j�

C
sup

�
:

S
�

\
S

�
6=

; ju
� j2

�



(j�
j�j

�
j)

w
ith

C
=

C
(kU

k)

T
he

param
eter


typically
depends

on
the

w
aveletsystem

:



=
r

+
t

+
d=2

>
d=2

if
 

�
2

C
r

and
h 

� ;gi
=

0
for

all
g

2
�

r�
1 .
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T
he

m
ain

result

For
U

2
`

2,
�x

�
>

0
and

de�ne
the

tree
T

�
:=

f�
;

j~u
� j>

�g,
and

for
all

�
2

r
the

num
b

er
n

(�
)

satisfying

�2



n
(�

)
�

j~u
� j<

�2



(n
(�

)+
1)

:

D
e�ne

the
in
uence

(tree
structured)

set
�

�
;�

:=
f�

;
S

�
\

S
�

6=
;

and
j�

j�
j�

j+
[n

(�
)]+

g,
and

the
predicted

tree
�

�
:=

[
�

2T
� �

�
;� .

T
heorem

:
if

W
=

F
(u),

then

j~w
� j

<�
�

if
�

=2
�

�

w
here

the
~w

�
are

the
residuals

for
W

.
If

in
addition

U
2

w
`

�t
for

som
e

d=



<
�

<
2,then

w
e

have
the

cardinality
estim

ate

#(�
� )

<�
�

�
�:

T
herefore

it
follow

s
that

W
2

w
`

�t .19
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Idea
of

pro
of

1.
D

e�ne
U

�
=

U
jT

�
and

W
�

=
F

(U
� )

=
(w

�
;� ).

B
y

assum
ption

2
w

e
obtain

that
if

�
=2

�
�

then
jw

�
;� j�

�.
W

e
can

also
prove

j~w
�

;� j
<�

�.

2.
U

se
the

lo
calstability

to
prove

that
j~w

� j�
j~w

�
;� j+

C
�

if
�

=2
T

� ,
and

therefore
j~w

� j
<�

�
if

�
=2

�
� .

3.
In

order
to

estim
ate

#(�
� ),

in
tro

duce
the

trees
T

j
=

T
2



j� .

W
e

have
T

�
=

[
j�

0 T
j

n
T

j+
1

so
that

#(�
� )

�
Xj�

0

#(
[

�
2T

j nT
j

+
1

�
�

;� )
<�

Xj�
0 [2

dj#(
T

j
n

T
j+

1
)

+
#(

T
j )]

since
n

(�
)

=
j

if
�

2
T

j
n

T
j+

1
.

N
ow

#(
T

j )
<�

�
�

�2
�



�

j
so

that

#(�
� )

<�
�

�
�

Xj�
0

2
(d

�



�
)j

<�
�

�
�:

20
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A
lgorithm

for
approxim

ate
evaluation

G
oal:

construct
an

approxim
ation

of
W

=
F

(U
)

w
ith

prescribed
tolerance

".

For
j

=
0;1;���,

de�ne
the

threshold
�

j
=

2
�

j
and

com
pute

�
j

:=
�

�
j

according
as

in
the

m
ain

theorem
.

D
e�ne

L
j

as
the

leaves
of

�
j .

W
e

have
kW

�
W

j�
j k

2
<�

#(
L

j )�
2

:=
"

2j .
S

top
for

the
sm

allestj
such

that
"

j
�

"
and

de�ne
�

"
=

�
j .

D
e�ne

the
corresponding

approxim
ation

A
P

P
R

O
X

(F
(U

);")
=

W
j�

" .

N
ote:

this
requires

the
com

putation
of

hF
(u); 

� i
for

�
2

�
"

exactly
or

by
appropriate

quadratures
(piecew

isep
olynom

ial
w

avelets
help).

21
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T
he

lo
calaction

prop
erty

T
heorem

:
assum

ethat
the

w
avelets

b
elong

to
C

r
and

are
orthogonalto

�
r�

1 .
If

F
satis�es

for
som

e
n

�
>

0,

jF
(n

)(u)j�
C

(1
+

juj) [p
�

n
]+

;
n

<
n

�;

then
A

ssum
ption

2
holds

for



=
r

+
t

+
d=2

w
ith

r
<

n
�

provided
that

p
<

p
�

w
hen

t
<

d=2,and
for

all
in

tegers
p

�
0

w
hen

t
�

d=2.

Lim
itation

on



by
r

and
the

num
b

er
of

safe
di�eren

tiation
in

F
.
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Idea
of

pro
of

1.
U

sing
the

vanishing
m

om
ent

prop
erties,w

rite

jw
� j=

jhw
; 

� ij
�

jw
jW

r1
(S

�
) 2

�
rj�

j2
�

(d=
2+

t)j�
j=

jF
(u)jW

r1
(S

�
) 2

�



j�
j:

2.
U

se
the

chain
rule

to
estim

ate
the

r-th
derivativ

e
of

F
(u)

in
term

s
of

those
of

u
and

of
F

,
and

use
w

aveletcharacterization
of

H
•older

spaces( C
r

sm
ooth

w
avelets

needed)to
obtain

that
for

any
"

>
0jF

(u)jW
r1

(S
�

)
�

C
(kU

k)
sup

�
:S

�
\

S
�

6=
; ju

� j2
(r+

p")j�
j2

p
(d=

2�
t)j�

j:

3.
If

p
<

p
�,

choose
"

>
0

such
that

p"
+

p(d=2
�

t)
�

(d=2
+

t),
so

that

jF
(u)jW

r1
(S

�
)

�
C

(kU
k)

sup
�

:S
�

\
S

�
6=

; ju
� j2



j�

j:
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C
onclusions

-
S

im
ilar

results
as

for
linear

operators,w
ith

the
additional

constraint
of

the
tree

structure
(speci�c

coarseningstrategy
developped

by
B

inev,
D

ahm
en

and
D

eV
ore).

-
E

xploits
norm

equivalencesfor
S

obolev
spaces.

-
S

m
oothnessand

vanishing
m

om
ents

of
w

avelets
are

b
oth

needed.

-
E

xtension
to

F
(u;r

u;���)
feasible.

-
Im

p
ortan

t
practical

issue:fast
exactor

approxim
ate

evaluation
of

inner
pro

ducts
hF

(u); 
� i

(existing
w

ork
by

D
ahm

en,S
chneider,

C
anuto,

B
ertoluzza,U

rban,...)

-
P

roblem
dependent

tuning
seem

sunavoidable
in

order
to

optim
ize

this
typ

e
of

algorithm
s.
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