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Agenda

1. Motiv ation: adaptive wavelet methods for discretizing PDE's

2. A generalapproad for operator equations

3. The linear case

4. The nonlinear case




Basic example: the Haar system

N t<f,epe, e
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More generalwavelets are constructed from similar multiscale

approximation processesusing smoother functions sud as splines
or nite elemerts.
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Approximating functions by wavelet bases

- Linear mccqox_:._w:o: at resolution level j by taking the truncated

sumf 7! Pjf :=

j

 f

- Nonlinear (adaptive) approximation obtained by thresholding

1

09 r
0.8
0.7 -
0.6 -
05
04
0.3 -
0.2 r
0.1

0

X
f71Tf =

0O 01 02 03 04 05 06 07 08 09 1

= ()=t

0O 01 02 03 04 05 06 07 08 09 1

Sit

1

09 r
0.8
0.7 -
0.6 -
05
04
0.3 -
0.2 r
0.1

0

A L B

0O 01 02 03 04 05 06 07 08 09 1

%



&

Adaptiv e wavelet approximation

Well establishedtheory for adaptive approximation of data u by
N -terms combination of wavelets( ) o , In someprescribed
normed spaceX (e.g. LP, WP, Bg..).

- Rate own_mo@\ governed by generalsmoothnessconditions : if
N =F SgcC  #(E) Ng,
inf ku vky < N °, u2X?3

<NZ

These conditions are weaker than those governing non-adaptive
approximation (similar results for adaptive nite elemens).

- For most X, near om:Bm_ approximation _._um obtained by
thresholding : if u = U ,andun =  jargest ku kg Y
we then have

ku UN _AX C Iinf ku <_AX

<NZ

with C independert of u and N.
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General program for PDE's

- Theoretical: revisit regularity theory for PDE's. Solutions of
certain PDE's might have substartially higher regularity in the
scalegoverning nonlinear approximation than in the scale
governing linear approximation.

- Numerical: develop for the unknown u of the PDE F(u) = 0
appropriate adaptive resolution strategieswhich perform essemtially
as well asthresholding : producety with N terms sud that

ku tn k hasthe samerate of decay N ° asku uynk in some
prescribed norm, if possiblein O(N) computation.
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Two approadiestoward adaptive wavelet methods

- First approad: iterativ e spacere nement techniquesto access
appropriate discretization setsf g » ., basedon a variational
formulation of the problem (Bertoluzza, Perrier, Liandrat, Canuto,
Dahlke, Hochmuth, Urban, Masson,Dahmen, DeVore, AC).

- Secondapproad: multiresolution adaptive post-processing i.e.
start from a classicaland reliable sthemeon a uniform grid and use
a discrete multiresolution decomposition in order to compress
computational time and memory size while preservingthe accuracy
of the initial scheme (Harten, Abgrall, Arandiga, Chiavassa,Donat,
Dahmen, Mueller, Gottschlich-Mueller, Kaber, Postel, AC)
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General variational problems

H Hilbert space,F : H! HPcontinuous mapping, u nonsingular

solution of F (u) = 0, i.e. DF (u) is an isomorphism from H to H®

Variational formulation : nd u 2 H sud that
hF(u);vi =0

for all v2 H.

Simple linear examples:F (u) = Au f

- Laplace: A = and H := Hj

- Stokes: A(u;p) ;= ( u+rp; Divu)andH := (H})® L3.
R

- Single layer potential Au(x) := Y _dyandH = H 12

4 jx yj
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Standard approad to discrerisation
1. Well posedproblem in in nite dimensionF (u) = 0.

2. Finite dimensional discretization H! V, by a Petrov-Galerkin
type method (hF(up);vhi = O for all v, 2 Wy).

Di culties: not always well-posed(compatibilit y conditions)
3. lterative solverup ! ut ! u.
Di culties: ill-conditionning and densematrices

4. Adaptivit y: a-posteriori analysis of the residual F (u,) and local
meshre nement V, = Vo1 vl ,up = u?!l ul!

Di culties: convergenceanalysis of sudh re nement strategies
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Wavelet adaptive discretizations: new paradigm

1. Well posedproblem in in nite dimensionF (u) = O.

2. Equivalent discrete problem in in nite dimension by

wavelet-Galerkin: nd U = (u ) o, sud that

X
FU):=(FC u ) 1)a =0

Well-posed: F :*21 “2if () 5 normalized Rieszbasisfor H.

3. Converging iteration in in nite dimensionU®! U?!! I U.

4. Adaptiv e approximation of this iteration up to prescribed
tolerancesin nite dimension: U" supported by nite wavelet set
no .

) allowsto establish optimal accuracy and complexity results in
the energykuky  kUk norm.
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Adaptiv e approximation of the in nite dimensional iteration

Basedon approximate application of in nite dimensional operators
combined with thresholding steps. Should maintain optimal
complexity and sparsity in the wavelet represenation of the
numerical solution. Two equivalent measuresof sparsity:

(i) best N -term nonlinear approximation: kU Uxk < N ° with
Uy restriction to N largest coe cien ts, for somes > 0.

() weak spaces:Cardf st:ju j> g < l.e. U 2w with
s=1= 1=2.

Basic questions:

- Doesthe application of the in nite dimensional operator presene
sparsity : U2w ) FU)2w ?

- From optimal adaptive approximations of U, how to derive
optimal adaptive approximations of F(U) ?

11
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The linear case

Equivalent problem
AU = F

Simplest setting : elliptic problem. For a suitable the iteration,
unt =u"+ [F AU"
corvergeswith xed error reduction rate < 1.

Approximate iteration with prescribed tolerance" > 0,

untt = U"+ [APPROX(F;") APPROX(AU";");

with KAPPROX(AU™:") AUk " and KAPPROX(F;") Fk .

corvergeswith reduction rate until error is of order ".

This procedureis made possibleby matrix compression one can
build Ay with N coe cien ts per rows and colums sudh that
KA Ank < N T,

12
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The role of thresholding

Lemma: if Uisinw ie.suchthat kU Uyk CN ®andV is
such that kv Uk ", then for W obtained by thresholding V
sudh that KV Wk 4", we have

kU Wk 5'and#(W) C" ¥S:i:ekU Wk C[#(W)] °

log(N), log(#( 1))
Thresholding

ensures

optimalit y IU-U ]

log(error) [JU-U (I optima

\%4

Problem : intermediate memory sizeand computational time
should also be optimal, i.e. O(" *5).
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Geometric tolerances

1 log(N), log(#L 1))
|dea: decrease 22
1 -w .....................
tolerances "o = 1;
A D
1 — H . . I — i
1 — M. ’ ._ - N _ T N
T8 lU-U |}, optimal
N2 log(error)

Fixed number of iteration at eadr stepj ! + 1 involving sparse
matrix-v ector product: W = APPROX(AV;") obtained by
decomposingV = Vi + [V Vi]+ [Vu Vol + , and taking

W = Ax Vi + Ay 1[Vo Vi) + + A[Vos Vo 1]

with J large enoughsud that P
J

KW AVK  KAKKV  Vok+ J_ KA Ay iKkVa Vo ik ™.
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Results

Theorem (Dahmen, DeVore, AC - Math Comp. 2000):. If
V2w ,andr > swith 1= = 1=2+ s, then jSupp(W)j < " 18
and therefore kW AUk < jSupp(W)j °. In particular A is a
corntin uous mapping in w-

Theorem (Dahmen, DeVore, AC - FOCM 2002): The general
strategy for linear operator equations basedon the above
Ingredients (thresholding, adaptive matrix vector multiplication)
adhievesthe ultimate goal, namely production of U" sud that if
U2w |, then

KU UK < #( ) S

with O(#( 1)) computational cost.
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Nonlinear operators
Examples: u 7! uP, u 7! u:r u, etc.
Composition operators: u 7! F(u), u7! F(u;Du; ;D"u).
Typical situation: nonlinear PDE's of the type Au+ F(u) = f on
R? with A :HL.! H t= (HL.)C
Restrictions on F are neededsothat F :H;-! H !'i.e.
F: 21 2
Example: F (u) = uP has mapping properties if and only if
PP = 2L if t < d=2 and for all p otherwise

2t
(j uPvj kukP.kvk o« with g= p+l1andH! L%ifp p).

Sameresult if F(u) < (1+ ju))P.
Iteration to be approximated: relaxation, exact or inexact
Newton... require in all casesthe approximate application of F.
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A modi ed measureof sparsity

Notation; S := Supp( ), jSj 2! ! with j jthe scalelevel. An
index setT r hastree structure if

2T and S S ) 2 T:

_U
If U= (u ), wedene the residualse = [ ¢ < ju j]*** and

U= (o).
Tree-structured weak spaces:U 2 w, if and only if O 2 w

Tree structured N -term approximation: If U 2 w and

T :=f ;jg]> g,thenT isatreewith #( T ) <
Moreoverif U = Ugr thenkU Uk < 1 =2 < [#(T) *®
with 1= = 1=2+ s.

Requiresa (arbitrarily ) little extra smoothnessassumptionon u in
comparisonto U 2 w*
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General assumptions

Assumption 1: stability of F
kF(U) F(V)k CkU VKk; with C = C(supfk Uk; kVkQ):
Local version (if F (u) is local, e.g. composition operators);
kF(U) F(V)kzt s pg CkU Vkz¢ :s\psig):
Holds if jF (u)j < (1+ juj)? andjF qu)j < @+ jup)®® D+ with

p p ift< d=2andall pelse,by Sobolevembedding argumerts.

Assumption 2: local scale-spacection of F

For any nitely supported U and W = F (U),

jiwj C sup juij2 Ul D with C= C(kUk)
S \'S 6;

The parameter typically dependson the wavelet system:

=r+t+d=2>d=2if 2C'andh ;gi=0forallg2 , ;.

18
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The main result

ForU2 2, x >0anddenethetreeT :=f ;juj> g, and
forall 2 r the numbern( ) satisfying

200) g j< 2 MM,

De ne the in uence (tree structured) set
.=f ;S \S 6;andjj jj+ [n()]+9 andthe
predicted tree = o7

Theorem: if W = F(u), then
jwij < if 2
wherethe w are the residualsfor W. If in addition U 2 w", for
somed= < < 2, then we have the cardinality estimate
#) <

Therefore it followsthat W 2 w', .

19
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|dea of proof

1. Dene U = Uy andW = F(U )= (w . ). By assumption?2
we obtain that if Z  then jw . | . We can also prove
w. | <

2. Usethe local stability to provethat jw | jw.|j+C if 2T,

and thereforejw | < if 2

3. In order to estimate #( ), introducethe treesT;, = T, ; . We
have T =1[; oTj nTj+1 sothat

X [ X .
#( ) #( ) S [V#(T nTja) + #(T;)]
] 0 2T nTj+1 ] 0

sincen( )=jif 2TjnT.. Now#(T;) < 2 | sothat

X .
# ) < old )] <

20
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Algorithm for approximate evaluation

Goal: construct an approximation of W = F (U) with prescribed
tolerance".

Forj = 0;1; , dene the threshold ; = 2 I and compute

j == , accordingasin the main theorem.

De ne L; asthe leavesof ;. We have
kW W, k* < #(Lj) ?:= "¢ Stop for the smallestj sud that
"i "anddene -= ;.

De ne the corresponding approximation
APPROX(F(U);") = W; ..

Note: this requiresthe computation of hF(u); 1 for 2
exactly or by appropriate quadratures (piecewisepolynomial
wavelets help).
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The local action property

Theorem: assumethat the wavelets belongto C' and are
orthogonalto | ;. If F satis es for somen > 0O,

FMWj c@+jup® "5 n<ng

then Assumption 2 holdsfor =r+ t+ d=2with r < n provided
that p< p whent < d=2, and for all integersp Owhent d=2.

Limitation on by r and the number of safedi eren tiation in F.
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|dea of proof

1. Using the vanishing momert properties, write

woj=gw; i jwiwg s )2 T2 O =R ()jw, s )2 T

2. Usethe chain rule to estimate the r-th derivative of F (u) in
terms of those of u and of F, and usewavelet characterization of

Helder spaces(C" smooth wavelets needed)to obtain that for any
[} ] V O

JF(Wiwy sy C(kUk) sup Ju j2r+ P igp(d=2 1) j.
S \S 6:

3. If p< p, choose" > 0 sud that p"+ p(d=2 t) (d=2+1t), so
that

iF (Wiws sy C(kUK) sup ju j2! i
S \'S 6;
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Conclusions

- Similar results asfor linear operators, with the additional
constraint of the tree structure (speci ¢ coarseningstrategy
dewvelopped by Binev, Dahmen and DeVore).

Exploits norm equivalencesfor Sobolev spaces.

Smoothnessand vanishing momerts of wavelets are both needed.

Extensionto F (u;r u; ) feasible.

Important practical issue: fast exact or approximate evaluation of
Inner products hF(u); 1 (existing work by Dahmen, Sdneider,
Canuto, Bertoluzza, Urban,...)

- Problem dependert tuning seemsunavoidable in order to optimize
this type of algorithms.
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