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Abstract

e The Heun equation (including its special case the
Lamé equation) is a Fuchsian equation with four
singular points, containing an accessory parameter
in addition to its characteristic exponent parameters.
The coefficients of its series solutions (Heun series)
satisfy 3-term recurrence relations.

— The Heun equation can sometimes be reduced to
the more familiar hypergeometric equation (three
singular points, 2-term recurrence relations) by a
rational change of its independent variable.

— On the level of series, each of the possible
rational transformations corresponds to a Heun-
to-hypergeometric identity.

e The Heun-to-hypergeometric transformations resemble
the rational morphisms that occur in Klein’s
theory of pullbacks of the hypergeometric equation.
But Klein's theory is specific to hypergeometric
equations with algebraic solutions, and the new
transformations do not require algebraicity.
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The Hypergeometric Equation:
Series Solutions

z z—1
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with a, b, ¢ € C, is the canonical second-order ODE on CP!
with three regular singular points, located at z = 0, 1, cc.

e Any linear second-order ODE on CP! with three regular
singular points can be transformed to this equation.

e It has a 3-dimensional parameter space. The parameters
(a, b; c) specify characteristic exponents.

e A solution regular at z = 0 (the Gauss hypergeometric
function 5 F) is defined by the hypergeometric series

I'(c) f: ['(a+n)I'(b+ n)zn.

2 F1(z) =
I'(a)l'(b) ~— ['(c+n)
e Ifc #A#0,—1,—2,...,this converges in a neighborhood of

z = 0. By analytic continuation around the singular points,
it defines an (in general, infinite-valued) function on CP".
To get single-valuedness, one must introduce branch cuts.




The Heun Equation: Series Solutions
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with o, 8,7, 9, € et a+p —-—~v—-—6d+1,d,q € C,

is the canonical linear second-order ODE on CP! with
four regular singular points, located att = 0, 1, d, oc.

e Any linear second-order ODE on CP' with four regular
singular points can be transformed to this equation.

e It has a 6-dimensional parameter space. Parameters
include four exponent parameters («, 3, v, 6), a singular

point location parameter (d), and an accessory parameter (q).

e A solution regular at ¢ = 0 (the “local Heun function” Hl) is
defined, if v #£ 0, —1, —2, . . ., by the Heun series

oo

HI(d, g; a, B, 7, 8;t) = D et
n=0

where ¢y = 1, ¢; = q/~d, and the later ¢,, satisfy

npa = { [0+ (e Dla+ 5 =0+ (v+6 =Dl + (n+ DX+ D]ent

e+ a)nten ) [dn+2)m+14m).




Heun and Hypergeometric Series

Definition. A series

. def .
may be called a Heun series if the summand A,, = c,t"is a

Heun term, satisfying the 3-term recurrence relation

Py(n)Api2 + Pi(n)Ant1 + P2(n)A, =0,
where Py, P;, P, are nonzero polynomials, each of degree < 2.

A higher Heun series is one where the degrees of the three P;
may be greater than 2. In general, it is the series solution of a
an ODE with four regular singular points, of higher degree.

These definitions of Heun series generalize the definitions of
Gauss hypergeometric series (2 F4) and higher hypergeometric
series (, F};), where the summand satisfies

P()(’I’L)An_|_1 —I— Pl(n)An = O,

and can be expressed in closed form.




Heun Equation Difficulties

Analysis of Heun equation solutions is difficult. Unlike the
hypergeometric equation,

1. The series coefficients can’t be expressed in closed form.
2. No general integral representation for solutions is known.
3. No general solution to the connection problem is known.

So for symbolic and mixed symbolic—numerical analysis of the
Heun equation, one asks:

For which values of the six parameters d, q; o, 8, v, § can
the Heun equation’s solutions be expressed in terms of
simpler functions?

e For certain parameter values, H| is an algebraic, i.e.,
finite-valued, function of its argument. Cf. Schwarz’s
classification of algebraic hypergeometric functions.

e For several families of parameter values, HI can be
expressed in terms of o FY.
— These families correspond to manifolds of dimension
3, 2, and 1 in the 6-dimensional parameter space.
— Heun-to-hypergeometric reductions are analogous to
the hypergeometric transformations systematically
worked out by Goursat, following Riemann and Kummer.




Hypergeometric Transformations

Gauss, considerably preceding Kummer, derived

oF1 (a, by &L 2) = o Fy (&, & atbtls 42(1 — 2))
which is based on a change of variables: a quadratic
transformation w = 4z(1 — z) of the independent variable z.

N.B.: The possible parameter values on the LHS make up a
2-D submanifold of the 3-D parameter space.

Such identities may be verified either on the level of series, via
hypergeometric summation, or on the level of ODEs.

— The hypergeometric equation can be mapped to itself
(with different parameters!) by such changes of variable.

Riemann’s view: The solutions of the hypergeometric
equation are determined by their behavior at the singular
points z = 0,1,c0. So, corresponding to w = R(z),
any rational change of variable which maps {0, 1, co} into
{0, 1, co}, there may be a transformation of the form

2F1(a, byc;z) = [Hi(z — ai)@'] 21 (a, b5 s R(2))

where o', b, ¢/, and the prefactor if any, are determined by
the RHS having the same power-law behavior as the LHS
atz = 0, 1, oo, and by its not having any other singularity.




Goursat’s Classification

Goursat showed that

e There exist noncomposite hypergeometric transformations
with at least one free parameter, in which w = R(z) is
rational of degree 2, 3, and 4.

These include the cubic and quartic transformations

2a+1., 4a+2,
2F1(a> 3 7 3 ’Z)

—(1— 3z/4)_a2F1(%, atl, datb, Rg(z)),

4qg 4a+1, 4a+1,
21 (3, 455 4555 2)

= (1-82/9) “2F1 (%, =% 4555 Ra(2)),

where
— Ri(z) ¥ 27221 — 2)/(4 — 32)°,
— Ra(z) ¥ 6423(1 — 2)/(9 — 82)°.

e There exist noncomposite hypergeometric transformations
with no free parameter, in which w = R(z) is rational of
arbitrarily high degree.

— With a handful of exceptions (Vidunas 2002), these
special ones are simply rational transformations of
algebraic hypergeometric functions.




The Riemann P-symbol

e Let Lu = 0 be a 2nd-order Fuchsian ODE on CP!

with reqgular singular points a4,...,a,-1,a, = co. Its
2-D space of solutions (comprising [multivalued] analytic
functionson C \ {a1,...,a,—1,00}) is symbolized by
al cee Qp—1 o0 | z
1 1 1
P >\§23 A%%l A%2§ ,
Aj D TR

with AY, Al?) the characteristic exponents at z = a.

— 1f A", A are distinct, then in a nbd. of z = a;, there

: ()
are local solutions uf;”) ~(z—a)h ,n=1,2.

Covariance under homographic / F-homotopic transformations:
for any homography z — M (z) = (Az+ B)/(Cz + D),
and any scalar o € C, the above equals

M(a1) ... M(ap_1) M(oc0) | M(z)
pd AP AW NS ,
A2 B AR
and
al . e (0 7oy | o0 | z
(z—a)) P M1 0 A N,

AP o AR @,
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Hypergeometric Equation Automorphisms

e The Gauss hypergeometric equation has P-symbol

0 1 oo|z
P 0 0 a ,
1—c c—a-—2»> b

with o F (a, b; ¢; z) being the local solution ~ 2° at z = 0.
e It has

— A (Z3)? group of F-homotopic automorphisms.

— An S5 group of homographic automorphisms, induced
by the homographies that map {0, 1, oo} onto {0, 1, co}.
(Note: If the homography moves oo, an F-homotopy
must be included.)

— A full isomorphism group (the Kummer group)
isomorphic to (Z3)* x Ss, of order 22 - 3! = 24.
(Cf. Kummer’s 24 series solutions.)

e Each automorphism in the order-4 subgroup that fixes
z = 0, and performs no F-homotopy at z = 0, yields an
equivalent expression for 2 Fy (a, b; c; z):

— oFi(a, b; c; z) itself,

- (1 —=2)"%F(¢c—a,c—b;c;2),

— (1 =2)"%Fi(a,c—b;c;2z/(z — 1)),

- (1 —2)"%Fi(c—a,bjc;2/(z — 1)).

(Kummer’s 24 solutions split into 6 such equivalent sets.)

11



Heun Equation Automorphisms

e The Heun equation has P-symbol

0 1 d oo |t
P 0 0 0 a :
1—v 1—-6 1—€¢ P

with HI(d, q; o, B, 7, 6; t) being the ~ t° soln. at t = 0.
e It has

— A (Z)® group of F-homotopic automorphisms.

— An Sy group of homographic automorphisms, induced
by the homographies that map {0, 1, d, co} onto some
{0,1,d’, 0o}. (Note: If the homography moves oo, an
F-homotopy must be included.)

— A full isomorphism group (the Heun group) isomorphic
to (Z2)® x Sy, of order 2° - 4! = 192,

(Cf. Heun’s 192 series solutions.)
e Each automorphism in the order-24 subgroup that fixes

t = 0, and performs no F-homotopy at ¢ = 0, yields an
equivalent expression for Hi(d, q; o, B, 7, d; t):

- Hl(d7 q; &, 67 > 5) t) itself’

- Hl(l/daQ/d;a75373a+B_7_5"'1;t/d)a
— ... and 22 others.

(Heun’s 192 solutions split into 8 such equivalent sets.)
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Heun-to-hypergeometric Transformations

Theorem. If the Heun equation parameter values
(d, q; a, B, 7, d) are such that the Heun equation is nontrivial
(g #0oraB # 0),and all four of t = 0, 1, d, oo are singular
points, then there are only five noncomposite no-prefactor
Heun-to-hypergeometric transformations, up to isomorphism.

These five transformations involve polynomial maps of
degrees 2, 3, 3, 4, 5. The first three are:

HI(2, aB; a, B, v, a+ [ — 2y + 1; t)
=oFi(g, &y 1 — (1 —1)%),

Hi(4, af; o, B, 3, X0 1)
o 2
=oFi(2, 5, 51— (1 —)%(1 —t/4)),
H(L 4L, aB( +i%); a, B, 2HEHL atbtl, 4)

=2Fi($ % = 11—t/ (3 + D)),

The remaining two transformations (of degrees 4, 5) are more
complicated, and have only one free parameter.

13



More Complicated H.-to-h. Transformations

The two remaining prefactor-free Heun-to-hypergeometric
transformations (of degrees 4, 5) are:

1— [ —t/(G+aD)1 -/ (5 +22))),

HI(3+ i3, a@ — o)+ i) o, 2—a, 4, 4 1)

— 2F1(%7

&,
— )

wNd

Y

[ I

P 228 (¢ — )t — (3 + D))

Like the second of the two degree-3 transformations, these
two transformations rely on computations in C, not just R.
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Some Implications

Software for symbolic manipulation of special functions
should recognize parameter values for which solutions
of Heun equations reduce to more familiar higher
transcendental functions, or even to elementary functions.

Example #1. Since 2 Fy (4, 1; 1; ) equals (2/7) K (z), where

K (-) is the first complete elliptic integral,
H (2,1;1,1,1,1; t) = (2/m)K (1 — (1 —t)°)

is a corollary of the quadratic Heun-to-hypergeometric
transformation.

N.B.: The function Hi(-) on the LHS, like K(-) on the RHS,
has zero exponent difference at each singular point.

Example #2. Since 2 Fi(a, a + 2 53 2, z) equals the elementary

function 1[(1 + v/2) 7% + (1 — vz) 7%,
H (4, a(a+2); a, a4+ 3, 1, 4a/3 + 1; t)
=3[+ Ve - VR

where z = R(t) - (1—t)*(1—t/4),is a corollary of the

first of the two cubic Heun-to-hypergeometric transformations.
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Heun-to-Hypergeometric Issues

e How widely applicable are these five transformations?

— The possible parameter values on the LHS of these
transformations make up, respectively a 3-D, a 2-D,
a 2-D, a 1-D, and a 1-D submanifold of the 6-D Heun
equation parameter space.

e How can they be generalized?

— If the ‘up to isomorphism’ restriction is dropped, there
are many more possible transformations (cosmetically
different), since the quadruple of singular points
0,1,d, oo can typically be mapped by homographic
transformations to a total of six quadruples 0, 1, d’, co.

— If the ‘nontriviality’ restriction is dropped, there are many
more (now, substantially different), since trivial Heun
equations (¢ = 0, a8 = 0) are highly symmetric.

— If the ‘four genuine singular points’ restriction is
dropped, there is a Heun—hypergeometric degeneracy:
and Goursat’s classification applies.

e What if the ‘no prefactor’ restriction is dropped?

— To be explained. .. In that case, z = R(t) may be a
non-polynomial rational function.
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How Were the Transformations Derived?

Lemma. If a Fuchsian ODE L£'v = 0 on the z-sphere is
pulled back to a Fuchsian ODE Lv+ = 0 on the t-sphere by
the rational map z = R(t), i.e., by a substitution of the form

2

u(t) = [H(t - a»%] v (R(t).,

then the exponent difference of £ at any t, € CP!, times
the multiplicity of to — R(to), equals the exponent difference
of L' at z = R(tg).

N.B.: Each nonsingular point has exponents {0,1} and
exponent difference 1.

Each of the new Heun-to-hypergeometric transformations
contains a rational map z = R(t) that maps {0, 1, d, oo}
into {0, 1, co} and is unramified above CP' \ {0, 1, co}.
The map R is specified by its branching: an unordered
set of three partitions of N = deg R.

Example. A possible degree-6 branching is
{2, 2, 2], 3,1, 1, 1], [6]}, where

e the multiplicities of {0, 1, d, co} are non-italicized, and
e there are N + 2 = 8 points in all, by Riemann—Hurwitz.

This maps exponent differences thus: (3, £, 3, A) — (3,1, 2).
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The Possible Branchings and Rational Maps

N.B.: ‘No prefactor’ corresponds to R™*(oco) = {co},
l.e., to there being total branching over z = oo,
l.e., to one of the three partitions of N being [N].

e {[2],[1,1],[2]}, with N = 2;

(A, iy, V) (2,u,2)
R(t) =1—(1—1t)%

o {[2,1],[2,1],[3]}, with N' = 3;
(3220 A, 1) = (3, A\, 5
R(t) =1— (1 —t)*(1 —t/4).

-%%UJJLMLMmNZ&
(AAAN)'_)(;,a 3
m@—1—u—u(+%4ﬁ

o {[3,1],[2,1,1], [4]}, with N = 4;

335N (302):

1—[1—t/(3+22)°0 —t/ (% +22)).

e {[9,1,1],[2, 2, 1], [5]}, with N = 5

(37372)A) — (\:}7_27? \/_ 5
R(t) = =422 ¢(¢ — 1)[t — (3 + i%2)]"

For each branching, the pair (d, q) is fixed up to isomorphism.
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More Implications

For numerous values of the parameters (d, q; «, 3, v, 9),
the local Heun function Hi(-), and in fact, all solutions of
the Heun ODE, are now seen to be algebraic functions.

Reason: Schwarz classified the parameters (a,b;c) for
which sFi(a,b;c;z), and in fact, all solutions of the
hypergeometric equation are algebraic.

[The unordered triple (1 — ¢c,¢c — a — b, b — a) of exponent
differences, normalized if necessary, must be one of the
15 triples in the celebrated Schwarz list.]

—> Many such ‘algebraic’ triples of hypergeometric
exponents are pulled back to quadruples of Heun exponents
by the rational transformation maps z = R(t).

In many such ‘algebraic’ cases, the projective monodromy
group of the Heun equation, which is finite, can be
determined.
[Possibilities:  cyclic, dihedral, tetrahedral, octahedral,
icosahedral.]

—> An ‘algebraic’ Fuchsian ODE can always be pulled back
from an ‘algebraic’ hypergeometric ODE, and the projective
monodromy group of the pullback must be a normal subgroup
of the group of the hypergeometric ODE. [Klein, modernized
by Baldassarri-Dwork.]
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Future Directions

A classification of all Heun-to-hypergeometric transformations

(not merely those with no prefactor)?

— Even up to isomorphism, there exist dozens of
transformations with one or more free parameters, and
transformations with none. (Plus, an infinite number of
the latter that may be applied to algebraic Heun series.)

A classification of Heun-to-Heun transformations?

— A few such are known to exist (Erdélyi 1940s). They
could be useful in numerical work: they could extend
the domain of convergence of Heun series.

A general classification of transformations among Fuchsian
ODEs on CP!, with an arbitrary number of singular points
(3,4,5,...)?

Implications for hypergeometric summation theory?

— Certain Heun series are transformed to hypergeometric
series by a rational substitution of their variable: can the
family of such transformations be explored algebraically,
rather than analytically?

Extensions to generalized Heun series (satisfying third and
higher-order Fuchsian ODEs), using higher ,F,(-)?

Extensions to ODEs that are non-Fuchsian (with irregular
singular points), using confluent hypergeometric functions?

g-analogues?
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