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We prove that the space of square-integrable functions on PGL,(Z)\PGL,(R)/O(n,R) with all constant
terms vanishing beyond fixed heights has purely discrete spectrum with respect to the Friedrichs extension
of the restriction of the invariant Laplacian to (smooth functions in) this space.

This implies the discrete decomposition of the space of cuspforms, and sets up an instance of H. Jacquet’s
extension of Y. Colin de Verdiere’s proof of meromorphic continuation of Eisenstein series with cuspidal
data. This argument is simpler than the Selberg-Bernstein approach, and gives a stronger conclusion.

The proof will show that the resolvent of (the Friedrichs extension of a restriction of) the invariant Laplacian
is compact. Let L} be the subspace of L? = L?*(PGL.(Z)\PGL.(R)/O(n,R)) with all constant terms
vanishing above given fixed heights (specified by a real-valued function 7 on simple positive roots, described
precisely below). By its construction, the resolvent of the Friedrichs extension maps continuously from L2
to the automorphic Sobolev space H! = H'(PGL,(Z)\PGL.(R)/O(n,R)) with its finer topology. Letting
H% =H'N L% with the topology of H', it suffices to show that the injection H% — L% is compact.

To prove this compactness, we will show that the image of the unit ball of H% is totally bounded in Lfl.

Let A be the standard maximal torus consisting of diagonal elements of G = GL,., Z the center of GG, and
K = 0(n,R). Let AT be the subgroup of Ag with positive diagonal entries, and ZT = Zg N AT. A standard
choice of positive simple roots is

a
o = {a;(a) = af:”l ci=1,...r—1} (with a = )

Qr
Let N™" be the unipotent radical of the standard minimal parabolic P™" consisting of upper-triangular
elements of G. For g € Gg, let g = ngask, be the corresponding Iwasawa decomposition with respect to

Pmin

From basic reduction theory, the quotient ZrG7\Gp is covered by the Siegel set
G = NPn\NDin . Z\AF . K = Z+N£‘i“\{g €G:alay) > L, forallac <1>}

Further, there is an absolute constant so that

/ 5l < / 1 (for all )
& ZRGy\Gp

For a non-negative real-valued function 7 on the set of simple roots, let
X;’ = {9€6 : alag) >n(a)} (for « € @)

and
C, = {9€6 : alay) <n(a) for all « € @}

The latter is compact. Certainly
& = ¢, u |Jxg

acd
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For a € @, let P* be the standard maximal proper parabolic whose unipotent radical N has Lie algebra n®
including the a*" root space. That is, for a(a) = a;/a; 11, the Levi component M< of P is GL; x GL,_;.

The constant term ¢ along a parabolic P of a function f on Gz \Gp is

(P flg) = / f(ng) dn (with N the unipotent radical of P)
Nz \NR

For P = P, write ¢® = ¢”. For a non-negative real-valued function 7 on the set of simple roots, the space
of square-integrable functions with constant terms vanishing above heights 7 is

L} = {f € L*(ZrGz\Gr/K) : " f(g) = 0 for a(ag) > n(a), for all a € O}

Vanishing is meant in a distributional sense. The global automorphic Sobolev space H' is the completion of
Cx(ZrGy\GRr)¥ with respect to the H' Sobolev norm

e = 1-a)f-F
ZRG7\GR

where A is the invariant Laplacian descended from the Casimir operator Q. Put H, = H' N L3

[0.0.1] Theorem: The Friedrichs self-adjoint extension An of the restriction of the symmetric operator A
to (test functions in) L% has compact resolvent, thus has purely discrete spectrum.

Proof: Let

3 : for all o € ¥}

AY = {a€ A : a(a)ET

We grant ourselves that we can control smooth cut-off functions:

[0.0.2] Lemma: Fix a positive simple root . Given p > n(«) + 1, there are smooth functions on fora € @
and ¢}, such that: all these functions are real-valued, taking values between 0 and 1, ¢° is supported in C, 41
and @*p is supported in X, and ¢, + >, ¢f = 1. Further, there is a bound C uniform in p > n(a) + 1,
such that [f - % g1 < C-|f|gr and

If-ohlm < C-|flm (for all p > n(a) +1)
Then the key point is
[0.0.3] Claim: For a € @,
lim ( sup |/l ) =
#=+00 \ feHI and sptfCXg [l

Temporarily grant the claim. To prove total boundedness of H}] — L%, given £ > 0, take u > n(a) + 1 for
all a € @, large enough so that |f - [ < ¢ for all « € ®, for all f € H% with |f|g1 < 1. This covers the
images {f - ¢, : f € H},} with a € ® with card (®) open balls in L? of radius .

The remaining part {f-¢j, : f € H%} consists of smooth functions supported on the compact C},. The latter
can be covered by finitely-many coordinate patches 1; : U; — R%. Take smooth cut-off functions ¢; for this
covering. The functions (f - ¢;) o ¥, ! on R? have support strictly inside a Euclidean box, whose opposite
faces can be identified to form a flat d-torus T¢. The flat Laplacian and the Laplacian inherited from G
admit uniform comparison on each v (U;), so the H'(T%)-norm of (f - ¢;) o ;' is uniformly bounded by

the H'-norm. The classical Rellich lemma asserts compactness of H*(T%) — L?(T?). By restriction, this

2



Paul Garrett: Discrete spectrum of pseudo-cuspforms on GL,, (July 28, 2014)

gives the compactness of each H' - ; — L?. A finite sum of compact maps is compact, so H* Py = I?is
compact. In particular, the image of the unit ball from H! admits a cover by finitely-many e-balls for any
e > 0.

Combining these finitely-many e-balls with the card (®) balls covers the image of H, in L* by finitely-many
e-balls, proving that H, — L? is compact.

It remains to prove the claim. Fix a = o; € ®, and f € H,% with support inside X} for > n(a). Let
N = N* P = P% and let M = M* be the standard Levi component of P. Use exponential coordinates

coordinates
n. — 11‘ i
T 0 1r—i

In effect, the coordinate x is in the Lie algebra n of Ng. Let A C n be the lattice which exponentiates to
Nyz. Give n the natural inner product (,) invariant under the (Adjoint) action of Mg N K that makes root
spaces mutually orthogonal. Fix a non-trivial character ¢ on R/Z. We have the Fourier expansion

m) = Z (x, &) fg(m) (with n € Ng and m € My)
EeN

where A’ is the dual lattice to A in n with respect to {,), and

fe(m) = (. &) f(nem) da

n/A

Let A" be the flat Laplacian on n associated to the inner product (, ), normalized so that

An"/}<ma€> = —<f’§>¢<$a§>

Let U = M N N™»  Abbreviating 4, = Adu,

da
72 < / IfI? = / / / |f (unga)|?® de dué—
& ZH\AS JUZ\Ug J AT A\n (a)

with Haar measures dz, du, da, where § is the modular function of Pg. Using the Fourier expansion,

flunga) = f(unyu™'-ua) = Z WAy, €) - fe(ua) Z b, ALE) - fe(ua)

gen’ geN

Then ~
—A" f(unga) = > (ALE ALE) -z, ALE) - fe(ua)

gen’

The compact quotient Uz\Ur has a compact set R of representatives in Uy, so there is a uniform lower
bound for 0 #£ ¢ € A:
0 b < inf inf (AXE A
< b < inf dnf (4.8 A

By Plancherel applied to the Fourier expansion in z, using the hypothesis that fo =0in X},

[ P de = [ (e w)P de = Y ()
Az A\n Az A\n

gEN

=

< b (AL ALE) | fe(ua)? = > —Avfe(ua) - f (ua)

EEN cen
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= / —A"f(ungu™' -ua) - f (ungu=' -ua) de = / —A"f(unga) - f (unga) dz
u~1Au\n A;lA\n

Thus, for f with f(0) = 0 on a(g) >

— d
Ifl3: < / / / —A"f(unga) - f (unga) dz du 57@
ZH\AY JUZ\UR J Ay A\n (a)

Next, we compare A" to the invariant Laplacian A. Let g be the Lie algebra of G, with non-degenerate
invariant pairing (u,v) = tr(uv). The Cartan involution v — v? = —vT has +1 eigenspace the Lie algebra ¢
of K, and —1 eigenspace s, the space of symmetric matrices.

Let ®V be the set of positive roots 3 whose root-space gs appears in n. For each 8 € &V, take x5 € gs such
that x —i—x% €s,x3— x% €t and (xﬁ,x%> = 1: for f(a) = a;/a; with ¢ < j, 2 has a single non-zero entry,
at the ij*" place. Let

Q= Z (zga:% + zgz@) (in the universal enveloping algebra Ug)
peonN

Let Q” € Ug be the Casimir element for the Lie algebra m of My, normalized so that Casimir 2 for g is the
sum Q = Q' 4+ Q”. We rewrite Q' to fit the Iwasawa coordinates: for each 3,

xgx% + x%xg = 2x5:5g + [x%,:cg] = Qx% —2zg(xp — x%) + [mg,xg] € Qx% + [x%, xg| + ¢

Thus,

Z 23:?3 + [x%, zg] (modulo €)
BedN

The commutators [:z:%, xg) are in m. In the coordinates ungza with Ug acting on the right, 25 € n is acted on
by a before translating x, by

unga - €8 = un, - etP@ s g = UNg 4 B(a)as

That is, x3 acts by S(a) - %.

For two symmetric operators S, T on a not-necessarily-complete inner product space V, write S < T when
(Sv,v) < (Tw,v) (for all v e V)

Say a symmetric operator T' is non-negative when 0 < T'. Since a € A, there is an absolute constant so
that a(a) > p implies 8(a) > p. Thus,

n 62 1 oo a\K

—A" = — Z 5‘? el ( Z xﬁ) (operators on C2°(X)™)

B BedN

where C2°(X %) has the L? inner product. We claim that

- Z (2%, 25] — Q" > 0 (operators on C2°(X7)K))
BeEPN
From this, it would follow that
n 1 2 1 " 1
-A <<*2'(—Zfﬁ>—* ( > k- Zmﬁ,xg]—ﬁ):ﬁ-(—A)
" pedN pedN
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Then for f € H, ! with support in X, we would have
_ 1
o< [-arr T [-arFagf AT < ol
ZRpGy\GR H

Taking p large makes this small. Since we can do the smooth cutting-off to affect the H' norm only up to
a uniform constant, this would complete the proof of total boundedness of the image in L? of the unit ball
from H!.

n

To prove the claimed non-negativity of T'= — BedN [x%, xzg] — Q" exploit the Fourier expansion along N
and the fact that £ € n does not appear in T: noting that the order of coordinates n,u differs from that

above,
da

Tf(nzua) f(ngua) de du —
/z+\A+ /UZ\UR /A\n ( ) é(a)

da
/Z+\A+/IJZ\UR//\\n ;l[}xffgua)zwl’f fg(ua)dxdué()

Only the diagonal summands survive the integration in x € n, and the exponentials cancel, so this is

da

/Z+\Aj /UZ\UR ;Tfs(ua)  e(ua) du T

Let F¢ be a left- Ngp-invariant function taking the same values as fg on Ur AT K, defined by

Fe(nguak) = ]?g(uak) (forny e NyueU,a€e AT, k € K)
Since T" does not involve n, and since F¢ is left Ng-invariant,
Tﬁ(ua) = TF¢(ngua) = —AF¢(ngzua)
and then
da
Tf ua) ua) du — / / —AFe(ua) - Fe(ua) du ———
/z+\AO+ /UZ\UR zs: ¢ 5 ze\ay Juy\ug zg: ¢ : (a)

The individual summands are not left-Uy-invariant. Since fg('yg) = ]?Ajlg(g) for v normalizing n, we can
group £ € A’ by Uy orbits to obtain Uy, subsums, and then unwind. Pick a representative w for each orbit
[w], and let U, be the isotropy subgroup of w in Uy, so

/ Z —AF¢(ua) - Fe(ua) du = Z/ Z —AF¢(ua) - Fe(ua) du
Uz\UR "¢ W] “VZ\UR gelw]

Z/ —AFy,(ua) - FA* Z/ ~AF,(ua) - F,,(ua) du
UzZ\UR ~eu., \UZ U \UR
Then

da
—AF:(ua F ua) / / —AF,(ua du —
/z+\A+ /UZ\UR %: elua) - Fel Z ZH\AY JULN\UR )+ Folua) 6(a)

Since —A is a non-negative operator on functions on every quotient Z+NrU,\Ggr/K of Gr/K, each double
integral is non-negative, proving 7' is non-negative.

This completes the proof that H% — L? is compact, and, thus, that the Friedrichs extension of the restriction

of A to (test functions in) L2 has purely discrete spectrum. ///
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