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Some miscellaneous definitions, theorems and lemmas

Theorem: If u isatempered distribution, in S'(R), and u' =0, then u=c, for some constant c,
inthe sensethat, for all f in S(R), (u, f):cf f(x) dx.

Proof: The proof will show more, namely, that every tempered distribution has a primitive, and that
any two primitives differ by a constant. We begin by constructiong a“ near-primitive,” in S, for

functions f in S. Let
2

X X e—X
Uf(x) = f f(t) dt—(f f(t) dt)f W(t) dt, where W(x) ::W .
The function W is sometimes called the Weierstrass kernel.
d d
Wehave g Uf(x) =f(x) - ff(t) dt] W(x), so gx Uf(x) eS.
Uf(x
Notethat Uf(x) - 0 as |[x| — . For every positiveinteger n, x" Uf(x) :% , for x not O.

We can apply the rule of I’ Hospital; the limit of thisratio isequal to that of
£(%) —(f (t) dt) W(x)

(_n)x—n—l !
incaseit exists. Thelimit doesexist, as |x| - o, anditis 0. It followsthat Uf isin S. Wewill
also need to know that U isacontinuous map on S. Let ustake that for granted for the moment.

Now let u bein S'. Define Pu by (Pu, f) :=—(u, Uf). Thisis, modulo what we are taking for
granted, atempered distribution. Let us calculate the distribution derivative of Pu. By definition, (%
Pu,f):—(Pu,g;):—(u,—ug;):(u,f), because fg; dt=0. Thus ad; Pu=u. Thatis, they
agreefor al f in S. Suppose now that thereisalso aprimitive V for u. Then, with

w:=Pu-V, (% w,f)=0 foral f in S. Inparticular, (% w, Uf)=0 forall f in S. This
impliesthat (w,diX Uf)=0 fordl f in S, or (w,f—(f f(t) dt) W) =0. Therefore

w, ) =(f f(t) dt) (W, W) . But C:=(w, W) isaconstant. Thus, (w,f)=J Cf(t)dt forall

f in S, andthisiswhat we mean by “w=_C."

Now we need alemma: To show that U isacontinuousmap on S. Recall that we must find an
estimate for || Uf ||aﬁ, in terms of afinite number of norms || f ”vé’ for each (o, p) in NxN.
If >0, ||Uf ”aB =||f-cW ||a,ﬁ_1, where ¢ = (f f(t) dt) . Thiscan be estimated in the required

manner, as we have seen before. The estimate will involve estimatesfor || f ||;, and we have seen how
to estimate this: || f [|; < [[ f [lgg + | f [l o- Thus [[ Uf ||, causesno difficulties either. So all we
haveto doisestimate || Uf ||, when n>0. If [x] <1,
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| X"UF(X) [ = |UFGQ) [ = (1 f Iy @+ ITW llp) = Cll f |l If x <-1, we usethe estimates
L FOI < 11 f ey o and (™ W) < | W [l o to seethat

XM UR) | < X )] dt+(f |f(t)|dt) xS W) dt <

—00 —0

N lln+1 0 AW [ln+1 0 I llh+1 0 IW [[n+1 0
|x|”f—|t|n+1’ dt+ | f 11y kS ItI””, dt =— 2 gy, —pl

Thisisasuitable estimate; the lemmafollows, sincethe case x > 1 issmilarly treated.
Hereis an aternate approach to proving the estimate for || Uf ||.,,, when n>0. According to the
Cauchy Mean value theorem, with y either much larger than x, or much smaller than x,

, for some z dtrictly between x and .

x y—n (—n)z_n_l
f(z)—(f (t) dt) W(2)
The right-hand side, being 2™ &) , is |dominated| by

(I lhez,0 + 11l TW .00 nL. Now, with absolute values on the left, let y tend to either
infinity. An estimate of the desired form follows from this one.

Definition: The support, supp u, of adistribution u isthe complement of the largest open set Q
with this property: forevery f in S suchthat suppfcQ, (u,f)=0.

Theorem: If suppu={0}, then u isalinear combination of the Dirac 6-function and its
derivatives.

Reminder: alinear combination is alwaysfinite!

Proof. Because u isatempered distribution, thereexist N in N and constants C,g, for |o| <N,

I8 =N, suchthat foral f in S, |(u,f)| < E Cop ”f”aB' We are going to express an arbitrary
|e]=N, |B]=N
function f in S, near 0, asapolynomial timesa“patch function,” plus aremainder. We will use

Taylor'sTheoremin n variables. Then we'll show that the remainder isin the kernel of u. Thelast
step yields the linear combination, as in the proof of the previous theorem.

the “patch” function

We know that thereisaC™ function p(t) of onereal variablesuchthat O<p(t) < 1 forall t, p(t) =
1 foral t with |t| < 1/2, and p(t) =0 for [t|> 1. We define aone-parameter family of “patch

functions,” p,(x) := p(jxJ/e). Notethat p, is C* and has support contained in the ball of radius e,
and center 0.

Now, foral f in S, andal «>0, h(x):=p.(x)f(x) isasoin S, and (u, h,) = (u,f). Thisistrue
because the support of f—h, doesnot contain 0. We can also use thisideato show that, if f and ¢
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arein S, and f(x) =g(x) for |x|<e, then (u,f) =(u,g). TaylorsTheoremin n variablesgivesus
the representation, near 0, of f in S asthe sum of apolynomial T(x) of degreeat most N, say,
and aremainder R(x) such that R(B)(x) :O(|x|N+1‘"5|) for each p with |g| = N. Moreover, R(B)(x)
isthe remainder for f(B)(x) near O, for each p with || = N.

Taylor's Theorem in n variables is derived from the one-dimensional theorem by way of the

chain rule and a counting argument. We define g(t) := f(x + ty). Then it can be shown by

|
induction that g(m)(t) = E rﬁn_l Dﬁf(x + ty)yﬁ. The induction step is a little tricky. For each |j

I81=m
!
such that ﬁj >0, We write [3:[3—ej +ej. Then we multiply and divide the term 0 é)' by ﬁj.
~e))!

M- (m)

When we a ’ = g © m isi

pply Taylor's Theorem to g, we get g(t) = E = o+ Rpg(t), where M isin N.

m=0

The remainder, Ry,(t), is usually expressed in one of the two forms

oM s) m .
Rm(® —W t', where s is strictly between 0 and t,

f =M
or R = S S=2— o™M* ) as.
0

Finally, we set t=1, and express g(m)(O) in terms of f. This gives Taylor's Theorem for
functions of n variables, in L. Schwartz’'(?) notation:

pPs
f(x+y) = E % y[3 + Rp(y), where the remainder, Ry,(y), is usually expressed in one of
1BlI=M

the two forms

p
RpmO») = E Dix+ty) yB, where 0<t<1,

B!
I1B|=M+1
f pPf(x + sy)

or Ry® = J (M+1) (t-9) M D B—Iy yP ds.
0 IBl=M+1

We now write f(x) =T(x) + R(x), where T isthe Taylor polynomial involving al the partia
derivativesof f of order <N, and R istheremainder, and welet f (x) := p;(x) T(x) + p,(X) R(X).

Since f (x) =f(x) foral x with |x]<e, (u,f,)=(u,f). Letusexamine (u, p,R), and show it must
be 0. Now it istime to use the continuity of u:
PRI > Cap I PR llys-
lee|<N, [B|=N
If p=0, Df p.R is, by Leibniz’ Rule, asum of terms of the form

(Dﬁ -y p,) (D'R) = 1Bl (Dﬁ ~Vp,)(x/e) o(|X|N+1—|Y|)
< Ce BN+ — o N+1HB] _
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Here, C can betaken to be the larger of: the largest of the constants involved in the estimates
O(xN* My for R(x), and the largest of the quantities | p; ly,, for y=p. If a=0, theestimate
isonly improved. Aswe have argued before, (u, p,R) isindependent of positive ¢, so (u, p,R) is
indeed O, asdesired.

D'f(0) (u, prlT) :

Bl

Now we have (u, f) = (u, p;T) + (u, p,R) = (u, p;T) = E
IBI<N

Some abuse of notation has taken place; xP really “should” be replaced by a symbol that does not
involve the variable x. But it would be cumbersome to introduce notation, or, worse yet, represent

xP in terms of the multiplication operator P,

Definition: Suppose ueS’. Then, for any he R", wedefinethetransateof u by h by the
equation (T, f) = (u, tf), foral f in S

Definition: Suppose ueS’, and pe R". Then u isperiodic, of period p, if TpU = U,
Theorem: If ue S’ isperiodic of period pe R", then the support of U iscontainedin ?

Proof: Wehave (U, f) = (u )= (rju. T) = (u t_f) = (u (€P™(x))") = (0, €P™F(x)).
That is, (ﬁ,f) = (G , eip'xf(x)). The sameistruefor —p. This meansthat

@, @PX =2+ & PXf) =4 (0, sind((px)/2) f) = 0. Thefunction sin%((p+x)/2) is O whenever
pex = 2nn for some n in Z. Thisoccursintheunion IT of afamily of paralel hyperplanes. We

will actually show that, if f isin S, and f(x) and all f(ﬁ)(x) are 0 whenever x isin II, then (G,
f) = 0. Thiswill be done by showing that, if f isan S-function of this sort (said to vanish to all

f(x) . . : :
— px  isin S. Theratioisdefinedtobe 0 in TI.

orderson II), then o
2

sn?




