Ice-Albedo Feedback

Acknowledgements

These slides are based on lab notes prepared by
Richard McGehee and Esther Widiasih for the
NCAR/MSRI summer school in Boulder, Colorado,
July 2010.

Ice-Albedo Feedback

Budyko-Sellers Model

Et\ﬁ_/ S Y N S|

insolation albedo re-radiation  transport

T= T(y,t): annual mean surface temperature
y=sin(latitude)  ye[0,1]
Q: global annual mean insolation

s(7): relative annual mean insolation _[{: s(y)dy=1

y=mn: iceboundary

a(,v.rn:{

@ Y lbedo

a,, y>1.

T(r) :’[:T(y,l)dy : global annual mean temperature
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insolation albedo re-radiation  transport

0=343 W/m* A=202 W/m*
B=19 Wm’/°C C=3.04 Wm’/°C
o, =0.32: (water and land)

a,=0.62: (ice)

y = proportion of Earth's surface between latitude —arcsin (y) and +arcsin(y),
1 = proportion of Earth's surface that is ice-free.

If o= surface area of Earth (= 5.1x10'*m?), then

ol 71]) = surface area of ice in square meters.
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= :Qs(y)(l—a(y‘ry))—(A+BT)+C(T—T)
R el e

insolation albedo re-radiation  transport

Heat Capacity

R = heat capacity of Earth's surface (J/m*/°C).
Heat capacity of water ~4 J/g/°C.
Mass of 1 cm’ of H,0~1g.
Assumption: Earth's surface consists of 100 m of H,0.
Each square meter of Earth's surface consists of

100 m* = 10° em”® of H,O, orabout 10* g, so

R=~ 4x10° J/m’/°C|
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R%:Q.s'(y)(l—a(y,r]))—(A+BT)+C(T—T)
R i i e A

insolation albedo re-radiation  transport

Time Scale

A Wattis a Joule per second, but all quantities are annual
averages.
One year is approximately x = 3.16x107 seconds.
If we measure time in years instead of seconds, the equation
becomes

‘;—f :%(Qs(y)(l—a(y,l]))—(A+BT)+C'(f—T))‘
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= E(Qs(y)(l—a(y,ry))—(A+BT)+C(f—T))‘

Dynamics of the Ice Line

Widiasih equation:

Dee(r,-1)
where
P s L U TS
b 2 » e
D ox(1,-1.)
Z—f:%(Qx(y)(l—a(y,r]))—(A+BT)+C(T—T))
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E’SK(E’T()
’Z —%(Qx(y)(l—a(y,q))—(A+BT)+C(T—T))

T(n-)+T(n+)
2

T=T(0)=[.T(»n0)dy

T,

What about &?

The parameter ¢ should be determined from climate data.
(good project!)

Best current guess:

e~107"
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Heat of Fusion
D ox(1,-1.)

To move the ice line, we must melt or freeze water.
Heat of fusion of water: 334 J/g, or 3.34x108 J/m3

Assumption: Average thickness of ice is 450 m.
Energy to melt 1 m2 of ice: Q = 1.5x10"" Joules
Energy to move ice line from n to n+Ay :

QoAn Joules, or QA7 J/m?
(o = surface area of Earth.)

Energy needed to move the ice line:

dn >
Q—+ J/yr/m
a0
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d,
77; =ex(I,-T)
T (T
E:E(Qs(y)(l—a(y,r]))—(A+BT)+(,(T—T))
ar
Energy to raise surface temperature: R— Jyr/m’

ot

Energy to move ice line: Q% J/yr/m®

R%+Q%:K(Qs(y)(l—a(y,r]))—(A+BT)+C(f—T))
Altogether:
D~ ox(1, 1)
X {os(v)(1-a(vn))-(4+ BT)+C(T-T)-e2(7; -1,))
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==(0s(r)(1-a(yn)~(4+BT)+C(T-T)-20(7,-T,))
State Space

n livesin [0,1].
T lives in a space of functions on [0,1].

What space of functions?
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Relative Insolation Function

green = quadratic
approximation (Tung
and North)

mauve = formula using
obliquity of 23.5°

relative insolation

sineflatitude)
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If s is assumed to be quadratic, then the equilibrium
solutions are piecewise quadratic with a discontinuity at
the ice boundary.

equilibrium temperature profiles

30

Two equilibrium solutiV
- 10

small cap: stable ~
5 f—
large cap: unstable — %0 1 \
I — B~
g -10 L
Not equilbria: £ 20
ice free ~ 30
- Y%=
snowball 40
-50
0.0 0.2 04 06 08 10
sin(latitude)
===icefree ===snowball ===smallcap ====big cap

Ice-Albedo Feedback

Budyko-Sellers-Widiasih Model

o= (s (1= () ~(4+BT)+ C(T-T)-e0(7, -T.))

State Space

What space of functions?
Assume that T lives in the space of functions on [0,1] which
are piecewise quadratic with a discontinuity at the ice boundary.

U(y). y<n,
T(y)=1V(»)- >,
(U(n)+ r]))/Z‘ y=1,

where U and V are quadratic on [0,1] .
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D o (1,-1,)
i—ltj:E(Qs(y)(l—a,)—(A+BU)+C(T—U)—&Q(T,,—Z)), y<n
o (QY(J’)(1 @,)=(4+BV)+C(T-V)-e(T,~T)). »y>n

Ice boundary temperature:
r Um+rn)
=T
2
Global mean temperature:

f:J‘: .t dy+j‘ dy
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Legendre Polynomials

Since s is even, we assume that U and V are even, and
expand using the first two even Legendre polynomials:

po(y)=1

pz(y):%(b"fl)
o) =y (1) po () s (1) Py (v) =000 (1) +20,(1) P2 (),
2:0)=v0(1) 2o () + 3 () 2 (9) = v (1) +2: (1) P2 ().

s(3)=5,py (7) + 5,2, (¥) =145, (7).

U
Vv

ou

= =iy +i,p, (), (1) du)

.
o =t (v):
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U (0s(3)(1-a)~(4+ BU)+ C(T-U)-e0(7, -1,

o R
& X (0s(»)(1-a)~(4+BY)+C(T-7)-e2(7; -1,))

becomes
iy +u'zpz(y):%(Q(lﬂzpz(y))(l—a,)—A+Cf—(B+C)(uu +u,p, (1)) -eQ(T, - T.))
By, (J”)Z%(Q(sz (9))(1=,)= A+ CT (B +C) (v, +v,: () -2(T, - T.))

Equate coefficients:

iy ==(0(1-a,) - A+ CT —(B+C)u, - (T, - T))

0s,(1-a)~(B+C)u,)

g 0(1-a)-4+CT ~(B+C)y - (7, -T)

2l
=
(
=g (o

s (1-a,) = (B+C)v,)

Ice-Albedo Feedback
Budyko-Sellers-Widiasih Model

Global Mean Temperature

T[T 0= [JUG)ar+ [ 1 ()ay
= [ (o +12p, (Y))dy’fj;(”‘u +v.p (v))dy
=1, *(1”7) Yo “‘Z.[nqu (y)dy+ V:Jn] P2 (y)dy

Recall: pz(y)%(gyz,l)

Hence:

0

[[p)tr =300 =n)=R.(). [ p.()v=-Ri(n)

‘T:nuo +(1=n7)v, + P, (1) (u, —vz)‘
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Ice Line Temperature
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Summary
h=ex(1,~T,)

:f(Q(l—al)—AJrCT—(BJrC)u‘,—Al(]},—]j))

(Q(1 @,)=A+CT —(B+C)v,—Q(T, - T.))
R(Qs 1-a,)~(B+C)u,)
7£(Qs l-a,)- B+C)v2)
1=t B ()

T =nuy+(1=1)v, + P, () (1, = v,)
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Quadratic Modes

iy = (05, (1-a)~(B+C)us)
=2 (0s.(1-a;)~(B+C)v,)

The dynamics of u, and v, are independent of each other and of
the other variables (including 7 ).
These variables decay exponentially to

Os,(1-a,) V._Qsz(l—az)
(B+C) T (B+C)

uy =

Exercise: All higher order modes behave the same way.
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Globally Attracting 3D Subspace

n=ex(T,-T.)
i, :%(Q(l—a,)—A+Cf—(B+C)u(, -Q(1,-T.))

%(Q(l—az)—AJrCT—(BJrC)VO—eQ(T,,—T))

vy =

uﬂ+»0+u ;v, (n)= L‘“;v“er (I])Qsz(lfaﬂ) %Zo(ﬁrcz2

where

B+C

T =nuy+(1-1)v, +Pz(77](’4; 7v;)

= (1 - R () 2L
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Globally Attracting 3D Subspace
Summary

i=ex(T,-T,)
iy :%(Q(l—a,)—AJrCf—(BJrC)ua—sQ(T,,—T())

}(Q(l’az)’AJrCf’(B*C)Va"“Q(Th*7:))

Vo=
Ice Boundary Temperature

2 Ds, (1-
et (i)

B+C
Global Mean Temperature

Feg(1-ny, + () 220 0)




