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 heat capacity of Earth's surface (J/m / C).

Heat capacity of water 4 J/g/ C.

Mass of  1 cm  of  H O 1 g.

Assumption:  Earth's surface consists of 100 m of  H O.

Each square meter of Earth's surface co
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

3 8 3 8
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8 2

nsists of  

100 m  = 10  cm  of  H O,  or about 10  g,  so

 4 10  J/m / C .R   
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Time Scale

A Watt is a Joule per second, but all quantities are annual
averages.

One year is approximately κ = 3.16x107 seconds.
If we measure time in years instead of seconds, the equation 

becomes
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Dynamics of the Ice Line
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What about  ε ?

The parameter  ε should be determined from climate data.
(good project!)

Best current guess:
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Heat of Fusion

 b c

d
T T

dt

  

To move the ice line, we must melt or freeze water.
Heat of fusion of water:  334 J/g ,  or  3.34x108 J/m3

Assumption: Average thickness of ice is 450 m

( σ = surface area of Earth.)

2  Joules,  or    J/m    

2  J/yr/m
d

dt




Assumption:  Average thickness of ice is 450 m.
Energy to melt 1 m2 of ice:  Ω = 1.5x1011 Joules
Energy to move ice line from  η to  η + Δη : 

Energy needed to move the ice line:
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Energy to raise surface temperature: 
2  J/yr/m
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Altogether: 
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State Space
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η lives in  [0,1].
T lives in a space of functions on  [0,1].

State Space

What space of functions?

Relative Insolation Function

green = quadratic 
approximation (Tung 
and North) 1.1

1.2

1.3  
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equilibrium temperature profiles
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Two equilibrium solutions:

Ice-Albedo Feedback

If  s is assumed to be quadratic, then the equilibrium 
solutions are piecewise quadratic with a discontinuity at 

the ice boundary.
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large cap: unstable 

Not equilbria:

ice free
snowball
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State Space
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Assume that  T lives in the space of functions on  [0,1] which 
are piecewise quadratic with a discontinuity at the ice boundary.

What space of functions?
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where  U and  V are quadratic on  [0,1] .
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Since  s is even, we assume that  U and  V are even, and 
expand using the first two even Legendre polynomials:
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becomes
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Equate coefficients:
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Global Mean Temperature

     
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     
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   
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3 1
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Ice Line Temperature
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 
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Summary
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Quadratic Modes

    

    

2 2 1 2

2 2 2 2

1

1

u Qs B C u
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 

 

   

   



     2 2 2 2Q
R

The dynamics of  u2 and  v2 are independent of each other and of 
the other variables (including  η ).

These variables decay exponentially to

Exercise:  All higher order modes behave the same way.
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 

2 1 2 2* *
2 2
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u v

B C B C
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 
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Globally Attracting 3D Subspace
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Globally Attracting 3D Subspace
Summary
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