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Budyko’s Model

Budyko’s Equation

lemperature / sin(latitude)
oT

R—=0s(»)(1-a()-(4+B1)+C(T =T)

T=[70)dy

s

insolation albedo OLR heat transport

Let X be the space of functions where T lives. (e.g. L'([0,1]))
Let

L:X > X:LT=CT-(B+C)T,
S =0s(n(1-a(y)-4

Budyko’s equation can be written as a linear vector field on X .

R _ypipr
dt

Budyko’s Model
Budyko’s Equation
Rﬂ

t

=f+LT
7 /

LT(y):Cj.(: T(&)dé~(B+C)T(y)

If X is a decent space (e.g. L'([0,1])), then L isa
continuous linear operator on X.
Equilibrium solution:

T =-L'f
if L isinvertible.

Stability depends on the spectrum of L.

Budyko’s Model

Linear Operator
1
LT(y)=C|, T(&)d&~(B+OT(y)
Let
X, = {T eX: ﬂ T(y)dy = 0}. X, ={T e X:T is constant}
Then
X=X,0X,
LT=—(B+QO)T, forT e X,
LT =-BT, forT € X,

L is invertible.

Spectrum
—Bisanei lue, with ei X, (di ion 1)
—(B+C)isanei lue, with ei X, (codi ion 1)

The equilibrium solution is stable.
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Budyko’s Equation
dar .
RO =/ LT

Choose coordinates
uelX, and TeX,

T=T+u, f:j(jT(y)dy. u=T-T

_ _ o _

f=T+p. T=[fdv. o=r-7
The equation becomes

R%(TMA): J+o+L(T +u)
it




Budyko’s Model

Solution
Rd—T: 7-BT
dr

R o—(B+Cu
dt
Equilibrium solution:

T =T +u', where T = /B, u' =¢/(B+C)

u
Solution:
T =T +(T(O)-T )e ™™
u(p,0) =1’ (p)+ (u(3,0) ' () P %

(T*,u%)

N~

Budyko’s Model

Equilibrium
(=T +u',
where 7' =f/B, u' =¢p/(B+C)
Recall: £(y)=0s(y)(1-a(y))-4, so
T=0(1-@)~ 4, where @=] a(»)s(y)dy, so
T'=(0(1-a)-4)/B

Also, 9= [~ [=0(s(n)~1-a(»)+a)
0'(1)=(Q(s(n)~1-a(»)+&))[(B+C)

r'o)= o *l;i)* 4, 0(s) *Bl;g(yﬂﬁ)
/

approached with
exponential rate -B/R

approached with
exponential rate -(B+C)/R

Budyko’s Model

Ice Albedo Feedback

So far, we have assumed that the albedo function a(y) is a fixed function.
What if the albedo changes as the temperature changes?

Standard assumption: Permanent ice forms if the annual average
temperature is below 7,=-10 °C and melts if the annual average
temperature is above 7.

Possible albedo function:

a if T(y)>T,
a:[0,1]x X —>[0,1]: a(y,T)= .
@ if T()<T,

Ra‘%:Qx(y)(l7a(y,T))7(A+BT)+C(TfT)
0

Big Problem: This equation is no longer linear.
Bigger Problem: Without additional assumptions, the solutions are
ridiculous.

Budyko’s Model

Ridiculous Solutions

ar _
R =05((1=a(y, 1)~ (4+BT)+ C(T =T)
a if T(y)>T,

a:[0,1]x X >[0,1]: a(y,T):{a it Ty T
s .

30
There exits a large set of 20
equilibrium solutions with the 10
property: .
T(y)<T, for yeE o 10
T(y)>T, for yeE* 0
30
Exercise: Can you construct 40
such a solution with a totally 50
disconnected E ? 0 01 02 03 04 05 06 07 08 03 1

sineatitude)

Budyko’s Model

Ice Albedo Feedback

What if the albedo changes as the temperature changes?
Better assumption: There is a single ice line at y=7 between the equator
and the pole. The albedois a, below theice line and a, above it.
@ y<n

a(y,n) = {a [
3

or =
RE =0s(y)(1-a(y,m)-(4+BT)+C(T -T)
For fixed 7, this is just the linear equation we already analyzed.

How do we determine 7 ?

Budyko’s Model

Ice Albedo Feedback
e

RTI;:QS(,V)(lfa(,v,n))*(A+BT)+C(77"*T)
o

30
—_
20 + L |
For each fixed 7, 0 | ‘ . T

there is a stable \
equilibrium for o
Budyko’s equation. 10 3.5° 45° 6.5° ] T
o - I\ ¢

How to pick #? 20 ¢

40 4 | | I
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sine(latitude)




Budyko’s Model

Ice Albedo Feedback

or =
RE =0s(y)(1-a(y,m)-(4+BT)+C(T -T)
For each fixed 7, there is a stable equilibrium for Budyko’s equation.

Additional condition: The average temperature across the ice
boundary is the critical temperature 7.

S+ T o) =1 =10

looks okay not good looks okay
30 | 30 | 30 —
20 20 20
10 10 T— 10
I ) y )
E -10 I3 -10 2 -10
-20 -20 -20 |
0| T 30 N 30
-40 -40 -40
-50 -50 -50
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v y v

Two equilibria (zeros

additional condition.

Budyko’s Model

Ice Albedo Feedback
R%— =0s(»)(1-a(y,m)—(4+BT)+C(T -T)
The additional condition: %(T,;(WH T,;(TI—)) =1,=-10
can be written:

h(q)zL

B+C[S(ﬂ)(l—a,,)Jr%(l—oz2 +(a, —a,)j’:s(y)dy))fﬁfrz =0

B

of h) satisfy the

V4
/

0 01 02 03 04 05 06 07 08 09 1
n

()
bbb onN s o

1S

Budyko’s Model

Ice Albedo Feedback

or _
R =0s(A-aly,m) - (4+BT)+C(T'-T)

30
Interesting 204
Solutions: o
small cap — \

large cap ——=5——1

tempsratufe (°C)
&
5| o

0)

X  —
ice free 20 I\
snowball -

-40

50

00 02 04 06 08 10
sin(latitude)
——icefree ===snowball ===smallcap ===big cap

Budyko’s Model
Dynamics of the Ice Line

R%:QS(}’)(I —a(y,m)~(4+BT)+C(T-T)

Idea:
If the average temperature across the ice line is above the critical
temperature, some ice will melt, moving the ice line toward the pole. Ifit
is below the critical temperature, the ice will advance toward the equator.

stationary ice melts
I 30 I 30

20 | za_\
L 15_\‘*2 »13 l

-20 -20 b
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stationary
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dn
Widiasih’s equation: @ :5(7(’7)_7:)

Budyko’s Model

Dynamics of the Ice Line

dn _ _
o~ erm-1)

R%Z-=QS(,V)(1-'Z(y»ri))-(A+BT)+C(7—T)

State space: [0,1]x X

unstable stable
Widiasih’s Theorem. For sufficiently

small &, the system has an attractin| 6

invariant curveygiven by the graph ofga 4 \ T /\
function @, :[0,1] — X. On this curve, 2 N, T T

the dynamics are approximated by the o

equation s 2

4 S

n_ 6

& &h(17) .

-10
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n
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dn
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Temperature profiles




Budyko’s Model
Summary

s;Jrface temperature / sin(latitude) T= (: T(y)dy
or ,
R—=0s(y)(1-a(y)-(4+BT)+C(I -T)
P

heat capacity insolation albedo OLR heat transport
reduces to
dn ‘/
—=c¢h
" ()
Next Week:

An approximation yielding a simplified proof of Widiasih’s Theorem.

But First:
Fun with Budyko!

Budyko’s Model
Budyko-Widiasih Model

%:sh(v):s[ 0 (s(n)(l-am%(paz+(az-al)j"”s(_v)dy)j-%-z)

What about the greenhouse effect?

A+BT is the outgoing long wave radiation. This term
decreases if the greenhouse gases increase.
We view A4 as a parameter.

dn
Z1— eh(n. 4
¢ (1,4)

Budyko’s Model
Budyko-Widiasih Model

dn
dt

1 -3 /
09

=¢h(n.4) isocline  h(7,4)=0

Budyko’s Model
Budyko-Widiasih Model

What if 4 is a dynamical variable?
Simple equation:

a

dt

O<é<exl

New system:

A .
=&(n-n.) <—____ MCRN Paleocarbon
equation

Budyko’s Model
Budyko-Widiasih-Paleocarbon Model

dn dA .
Lo eh(n,A), ==&(n-
a " (). dt 2(n=n) What if 7,
were here?
0s L \ r /
.
. /

stable rest point

sos J 9

75 1m0 18 e 185 200 205 210 215 220

high co, A low CO,

Budyko’s Model
Budyko-Widiasih-Paleocarbon Model

dn 4
L0~ eh(n, 4), L=F(n-
o - o), Ze=é(n-n)

! ,

unstable rest point \

S B ,

75 e 18 10 15 20 205 210 215 20

A

What if 7,
were here?




Budyko’s Model
Budyko-Widiasih-Paleocarbon Model

Budyko’s Model

Water Belt Model

The snowball Earth hypothesis is not universally accepted.

Complex ocean-dwelling photosynthetic organisms appear to have
survived through the time when the snowball would have occurred.

07, Perhaps the equator never fully froze over, leaving a belt of open water
04| covering the equator.

o5 Hence “water belt” planet, aka “Jormungand”.

D.S. Abbot, A. Voigt, and D. Koll (2011), The Jormungand global climate state and

75 w0 185 1w 195 2000 25 <210 215 220 implications for Neoproterozoic glaciations, J. Geophys. Res. 116.
high CO, A low CO,
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Water Belt Model

Budyko’s Model
Water Belt Model

What if 7,
were here?

Stable Small Icecap
h is modified, so the isocline looks like this:

' 0.9 \ 7.
0.9
08 08 stable rest point /
0.7
dn 07| dn
—=¢gh(n,4), —=¢h(n,4),
2 - ) o o ) 06
dd . dd . 05
e T Y wn-
2~ En=n.) 0 o~ E=n.) .
0.4 .
03
0.3
02
02
01
o1
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Budyko’s Model Budyko’s Model
Water Belt Model Water Belt Model
Stable Water Belt
Large Ice Ages
P
1
09 - N\ What if 7,
08 0o were here?
: 08 unstable rest point
0.7 \
dn What if dn 7
—L=zh(n,A), 06 e —L=ch(n,4), 7.
dt (-4) o were here? () 06
dA ad _ . 05
—=&(n-n —=&ln-
2~ E-n) o @ = fmn=n) .
«— «—
0.3 \ 7,
© 0.3
02 stable rest point / 02
0.1
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Budyko’s Model Budyko’s Model
Water Belt Model Budyko’s Equation
Banded Iron Formations? surface temperature sin(latitude) T= J‘u T(y)dy
1 \ / /
09 8T T
R= =W -a()~ 4+ BT)+C(T -T)
- AT
0.7 ) . )
% _ L‘h(r],A}, - heat capacity insolation albedo OLR heat transport
dd _ - 05
a e o Whatif 7, ]
— were here? Next Time
03 \ An approximation yielding a simplified proof of Widiasih’s
02 / Theorem.
01 |
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