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. . ) temperature change ~ energy in — energy out
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short wave energy long wave energy
from the Sun from the Earth

Everything else is detail.
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Stefan-Boltzmann Law

Energy Imbalance

Stefan-Boltzmann Law

F=oT! F=0cT!
— / —
power flux (W/m?) / temperature (K) power flux (W/m?) / temperature (K)
Stefan-Boltzmann constant Stefan-Boltzmann constant
o =5.67x10° Wm’K* o =5.67x10° Wm’K*
Example

surface temperature of the Sun: 5780K
power flux: 5.67x10°8 x (5780)* = 6.33x107 W/m?
total solar power output: 6.33x107x 4n(r)?,
where rg = radius of the sun = 6.96x108 m
total solar output: 3.85x10% W

200 nanoseconds = time it takes for the sun to produce
http://astrononybythecosnos. con/tag/sun/ the equivalent of the annual global electricity
production (7.3x10" Joules
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Insolation Insolation
Solar flux at a distance r from the sun: Solar flux at a distance r from the sun:
o 2 6.33x10" 471 RN
. . 3 2 F=—""———"%=6. 107 =
= 0:33x10 4y 3321024”“ =6.33x107(5] W/m? anr? 633107 °-J Wim
S " rs=6.96x108 m
rg=6.96x108 m r=1.5x10"m
r=1.5x10"m N
* F=1368 Wi
F =1368 W/m’
Power intercepted by the Earth:
Power intercepted by the Earth: Fxar; W, 1, = radius of Earth =6.37x10°m

F=1.74x10" W
Biologically Stored Energy

Fxxr; Watts, 7, = radius of Earth =6.37x10°m

F=174x10" W
total coal reserves: 10%° kg
energy content: 3x107 J/kg

total energy in coal reserves: 3x1022 )

= 2 days of insolation

2
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Insolation

Global Average Insolation

intercepted flux: F=1368 W/m?2
Earth cross-section: 72
surface area: 4mr?
average flux: 1368/4 =342 W/m2=Q

Simple Model
Assume that Earth is a perfectly thermally conducting black body.

Q=oT*
7=(0/0)" = (342/5.67x10*)"
=K =6c=437]

Dynamics

dT "
R—=Q-oT
" / dt e
heat capacity

stable equilibrium
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Albedo

Not all the insolation reaches the surface. Some is
reflected back into space.
The proportion reflected is called the albedo, denoted « .
For Earth, a=0.3 .

Simple Model
Assume that Earth is a perfectly thermally conducting black body,
but only 70% of the insolation is absorbed.

T=(0.7-Ffo)* =(0.7-342/5.67x10%)"
=[255K =—18°C=0'F
Dynamics

dr 4
R=-=0(-a)-oT
2 - Q0-a)-c

Energy Imbalance
Albedo

Not all the insolation reaches the surface. Some is
reflected back into space.
The proportion reflected is called the albedo, denoted « .
For Earth, a=0.3 .

Simple Model
Assume that Earth is a perfectly
thermally conducting black body,
but only 70% of the insolation is

Why isn’t the Earth a snowball?

absorbed. &5 :
7=(0.7-F/o)" =(0.7-342/5.67x10*)" :@ A
~[255K=-18'C=0F

stable equilibrium
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Insolation vs. OLR

OLR

=
Juypiter
Mercury

insolation

0
10 T 1000 10t 10°
Wavenumber (cm™')
infrared

visible
Raymond T. Pierrehumbert, Principles of Planetary Climate, Cambridge University Press, 2010.
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Black Body Radiation

Planck’s Function

Planck’s constant
frequency h 3
2hv 1
flux density HB(V,T) S ey e
2 hv/kT

M
temperature

04

Boltzmann’s constant

|

] v
| wave number = ~
M0

1500

000 2500

Wanvenamber jom™)

Raymond T. Pierrehumbert, Principles of Planetary Climate, Cambridge University Press, 2010.
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Greenhouse Gases

Absorption Spectra

WAVENLMEER (1om)

netary temperature, Physics Today, 2011
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Greenhouse Effect

Energy Imbalance

James Hansen, et al, Earth’s Energy
Imbalance: Confirmation and Implications,
SCIENCE 308 (2005), p. 1431

Average Insolation: 342 Watts per square meter

Principles of Current Heat Imbalance:

How to learn more. P LA N ETA RY 0.85+0.15 Wm?
CLlMATE Unit of energy: Watt-year (W yr)

1 W yr=3.15x107J
=8761 W hr =8.761 kWh
Yearly Insolation:

342 W yrm2=1.08 x 101°)

https://en.wikipedia.org/wiki/James_Hansen
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Table 81. Planetary Heat Storage: Ocean, Ioe, Alr and Land.
Erserys tesprnes) $o el s el e the air, Do) atil ocwan by specefied anous Assume all insolation goes toward warming.

Dcean -mwm 1% through 1 ko depih of wcean. Hhent stompe is 1°C = 10" gem’ | cal'g < 4.19 poudes cal

Energy to warm air 12C: 0.32 W yr m?
aven Earth » 0.7 - 15 « 107 joules - 93 W yr'm”" P i 1342 -2
foe sheer melting 1o ralse sea fevel | meter. Aswne boe starts at -1 0°C smd ends ot mean ocean suface temperatune ower from Sun: 342 Wm
14T}, Esengy requived is 100 cal g (30.cal g for mebting). Energy for | nseter of sea level: 100g/cur’ « 100cal'y Time: 0.32/342 = 0.00094 yr = 8.2 hr
419 joubevical » area Earth « 0.7 1.5+ 107 joales - 9.3 W yr/m’

wkrMNh"!rl"wkvmme‘w Awsime e skt at - 10°C and
h clzess

s e o smfictsompermut

A a global heat imbalance of 0.85 W m™2,
y reged s 240 g e « 100
244« 10k~ 1 Wy Energy to warm air 12C: 0.32 W yr m?2

Thie Esatly's atusospheric mss ts - 1 mof water Heat capacaty of a2 - 0,24 eal g°C N
Enesyy 0 s i einpesature 1°C 1°C 1000 gemn’ = 034 calg™C « 419 oadesical « aea Exeth - 026 +10° Heat imbalance: 0.85 Wm2
jokes. — 082 W yrm'. Time: 0.32/0.85 = 0.376 yr = 4.5 months
e suefece warmieg by 15 The depl of peostiation of o el wave 1o the Eth's éqwt i 10 year.
weighsed by AT, is 1. With dematy ', heat capascity - 0.2 cal g “C. and 0.9 fiactionsl band soverage
land best storape is 10" cm »3 giem’ « 02 al g°C = 1°C #4019 youlen'cal = area Earth = .29 - 0.1 10 pomden.

A1 Wy, |I|| a \(Illlll\ e depth of pratration in -3 s inons thats i a docade, w0 beat ssougpe i 3 cetury due

%+ 10", agea Earth ~ £ 110" em’. | W yr over full Eaeth - 161+ 107
1 calonie ~ 4,19 joules

: Confirmation and Implications, SCiEnce 308 (2005), p. 1431
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Table 81. Planetary Heat Storage: Ocean, Ioe, Alr and Land.
Erserys tesprnes) $o el s el e the air, Do) atil ocwan by specefied anous Assume all insolation goes toward warming.

Dcean -mwm 1% through 1 ko depih of wcean. Hhewt stonnpe is 1°C = 10" gem” | calig = 4.19 poudevcal

Energy to warm land surface 12C: 0.7 W yr m?2
aven Earth = 07~ 15 = 107 joules - 95 W yrim’ P f Sun: 342 Wm?
Boe sheet melting 1o raise sew bevel [ meter. Assiune sce starts at -1 0°C ssd ends af mean ocean vnface temperanie ower from sun: m
A+14C) Energy required is 100 cal'g 80 cal g for med cur’ i

219 joubesical » area Earth « 0.7 1.5« 107 jonles

e meling foll s e plamet)

Time: 0.7/342 = 0.0020 yr = 18 hr

a global heat imbalance of 0.85 W m™2,

f Energy to warm land surface 12C: 0.7 W yr m2
s 45~ 10 of water Heat capacaty of ax - 0,24 N
1000 gem’ = 0.24 k57 = 4,19 joabewcal = ares Eaeth - 11,26 Heat imbalance: 0.85 Wm?

Time: 0.7/0.85 = 0.376 yr = 9.9 months
e o peseration ofu heruial wave o the EMTICy 1wt i 10 yean.
|| heat capacity - 0.2 cal g €, and .29 fractionsl
cm' * 02 ¢alp 1°C =419 uabev'cal = area Eseth = 0.29 - 0.1 abes
L8 o e COpth o ka3 et 1kt s 3 oo, o0 Wk AR 1 8 HOHAY B
g is - 07 W yrim’ |

"ote that | W sec = | jouibe, ® secyear - 2+ 10", agea Earth — £1+10" em’. | W yr over full Eaeth - 161+ 107
omles, ocean fraction of Eah - 07, 1 calonie — 419 joules
James Hansen, et al, Earth’s Energy : Confirmation and Science 308 (2005), p. 1431
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Table 81. Planetary Heat Storage: Ocean, Ioe, Alr and Land.
Assume all insolation goes toward warming.

Enengs tequued 30 el ice and wanm the air. land and ocean by specafied anwms |
Ocean warming by 1€ throwgh | km dopih af scean. Hest stomge s 1°C + 10" glan’ « | calig « 419 joubes val Energy to melt all the sea ice: 1.3 W yr m2
aven Earith = 0.7 - 15 = 107 joules ~ 93 W yrim’ 2
Power from Sun: 342 Wm

Tee sloeet metning 1o raive sea fevel | meter, Assime bce starts at -10°C sl end
15°C). Emergy tequired is 100 cal'g (30 cal g for mebting). Enetgy for | nseser

wiean ocean sarface tempertie
sea level: 100gicnr’ = 100cal'y Time: 1.3/342 =0.0038 yr =33 hr

19 joubes:cal » avea Earth = 0.7 1.5« 107 jondes - 9.3 W yrim’
e e mebing (i e e o phineth, Avsic i s ot ~10°C s b st s e wafac imperatte A a global heat imbalance of 0.85 W m™2.
), s that sea s carvers 4% of the planet wirh sean thicksess 2.5, Energy pered 1 230 gewt’ * 100
I cal g for melnmng) = 4.19 |-|IIr\ al = 004 = area Em 2140 107 joudes - B3 W yrim .
- - Energy to melt all the sea ice: 1.3 W yr m2

of water Feat capacety of sz
calg™C = 419 jomdenical « ares Eae

i Heat imbalance: 0.85 Wm2
Time: 1.3/0.85 = 1.53 yr = 18 months

R sefiace warmieg by 1° The el of pesstiansn of s

el wave o the Eath's enest e 10 years
weigheed by AT, is - Ly ¥ ity - 3 ¢ \||| heat capacity ~ 0,3 cal g “C, and .29 fractions! b
|||.I |.p.| storage is 10 em D2calp 1°C #4.19 poabev/cal = area Esqth = 0.29 - 0.37
War |I|| a oentury the |q'l|| of r\nﬂulnl i =3 rames. more than in & decade. w0 beat ssoragpe in @ century due
atnsing 15 - 0.7 W ¥
\Mr Illa‘ 1 W= 1 wuk secyear - %+ 107, smea Earth - S 1=10™ em’. | W yr over full Easth - 161+ 107
oo, oeant Eraction of Earth - 0.7, 1 salonie 419 joules
James Hansen, et al, Earth’s Energy Confir ion and ications, Science 308 (2005), p. 1431
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Table S1.
Eineri toquined %0 muelt e aned wasti the air, bad atud oceati by spcafied amonts

Planetary Heat Storage: Ocean, loe, Air amd Land.
Assume all insolation goes toward warming.

%€ through [ ko depih af woeun. Hest stomnge is 1°C + 10 giem’ + 1 callg « 419 poabes/cal Energy to raise sea level 1 meter by melting ice sheets: 9.3 W yr m?

avea Eanth = 07 - 15 = 10" joules - 93 W yrm’ . >
Tee sheet meiting io relse se level [ meter. Asuune ice ssarts at -10°C sl ends at wiean ocean smfice iemperanie . Power from Sun: 342 Wm
). Eaergy required is 100 cal'g (30 cal s for mebting). Energy for | meser of sea level: 100gicnr = 100cal'y Time: 9.3/342 = 0.027 yr = 9.9 days
3 joulexcal » area Eart + 0.7 1.5 + 107 joudes - 9.3 W yrm!
Joe moelkireg. (ol se fow o phareeth, 178 a1 — [0°C and cosds m1 mesn coran srBior tesperaie Assume a global heat imbalance of 0.85 W m2.
C), sl that ses ice covers 4% pscal thickness 2.4, Energy regmsed i 230 gen’ + 100
l g for melnng) - 4. ontles cal » 004 - area F T - 10 joules - 13 W . . .
. i I . - e Energy to raise sea level 1 meter by melting ice sheets: 9.3 W yr m?
Al warsing by 1°C, The Essi's atmsoiphesic mass 45 - 10 mof water Heat eapacety of s - 0,24 eal g™C. N >
Fuieryy semperstuge 1°C- 1°C + 1000 gieny’ * 0 24 cabg™C 19 jombewical « mres Exeth - .26 +10 Heat imbalance: 0.85 Wm
s 082 W yrm'. Time: 9.3/0.85=10.9 yr
L swefivce warmimg by J5C The depih of pesstration of a thernial wave uno the Esth's crs s 10 years
weigheed by AT, is - 3 g, heat capcity - .2 cal g “C, aad .29 fractional bund cov
nd beat storape is 10° cm »3 giem' « 2 cal p°C = 1°C <419 pabev'cal = arca Eagth - 0.29 - 037 = 10%

iy [Ina century the 4 |q'l|| of penctration s -3 tanes mote than in & docade, w0 beat ssosape 1n 3 century due
1°C wamsing is - 0,7 W n

.\Mr Illa‘- I Weec=1 wuk. secyear - 2+ 107, agea Earth — 5 1+10" e’ | W yr over full Easth - 1 61107
omles, ocean fraction of Eah - 07, 1 calonie — 419 joules
James Hansen, et al, Earth’s Energy : Confirmation and Implications, SCIENCE 308 (2005), p. 1431
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Table 81. Planetary Heat Storage: Ocean, Ioe, Alr and Land.
Assume all insolation goes toward warming.

Enengs tequunesd 30 melt soe and waem the air. Lo and ocean by specefind amons |
Ohceu warming by 1€ throwgh | m dopih af scean. Hest somnpe is 1°C + 10" g’ « 1 galg « 419 joules cal Energy to warm ocean 12C to depth 1 km: 93 W yr m2
aven Earth = 6.7~ 15 » 107 joules ~ 93 W yrim® P f Sun: 342 Wm?
J'.’nmmmnjwwkwlrm Asuinme boe saarts at -1 0°C s ends ot mean ocean wmfice temperahine ower from sun: m
(+13°C). Frergy requived is 100 calg (4 cal for webing). Enetgy for | niser ofsen level: 100 cur » 100kcal’y Time: 93/342 = 0.27 yr = 3.3 months
219 joulexcal » area Earth + 0.7-1 % » 107 jostes - 9.3 W yrim’
e iee mielting fall veo foe om plamet), Assitiie ie sEarts af —10°C sl el o nim ocemn wrfice fes A a global heat imbalance of 0.85 W m2,
C), sl that ses ice covers 4% P et 2.4 1, Euergy pegused i 350 genr + 100
cal g for melnng) < 4 poutles 'cal poutles - 13 W
o Ly - E Energy to warm ocean 12C to depth 1 km: 93 W yr m2
vy °C, The Esal's atumsosphiensc mass i~ 10w of water. Heat capocaty of a - 0.24 eal g°C N
¥ it et 1°C 1°C + 1000 giens’ * 034 eabig™C + 419 poalewical « aren Exh - .36 +10° Heat imbalance: 0.85 Wm?
joues. -~ 082 W yrm'. Time: 93/0.85 = 109 years

e el of pesstranc al wve 1o the Eanl's et &
. heat capacity - 0.2 cal g “C. and 0.3 fractionsl
1°C 2419 poubencal ||ni ath = 029 - 037

Land swrfice warwing by 1°C. T

%+ 10", agea Earth ~ £ 110" em’. | W yr over full Eaeth - 161+ 107
calone ~ 419 poubes

'Note that | W\« 1 Mlk
pomdes. ocean fiacthion of Earth u‘

James Hansen, et al, Earth’s Energy : Confirmation and Implications, SCiEnce 308 (2005), p. 1431
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What if we melt all the ice sheets?

Allice sheets will raise the sea level 70 m.

Suppose that all the heat imbalance

sea level rise (meters)

Will take 9.3 W yr m2 x 70 =650 W yr m™2 went to melting the glaciers. 30 :::5
Assume all insolation goes toward warming. It takes 9.3 Wyr/m? to turn glaciers into :: -
1 meter of ocean. If the heat /
i i . -2 —
Energy to melting all ice sheets: 652 Wyrm imbalance is w W/m?, the sea level S
P?wer from Sun: 342 Wm would rise at the rate of w/9.3 meters " conturies
Time: 650/342 = 1.9 years per year. At the current imbalance of
N -
Assume a global heat imbalance of 0.85 W m™2. 0.85 W/m?, the rate is about 0.109 1
meters per year, or 10.9 meters per
Energy to melting all ice sheets: 650 W yr m2 century. — o1

Heat imbalance: 0.85 Wm

Melting all the glaciers would cause a
Time: 650/0.85 = 765 years

sea level rise (meters)

/ // ::js
=

sea level rise of about 70 meters and I
would take about 765 years at the . ] N I
current imbalance. 0 0102 03 04 05 06 07 08 09 1
centuries
= Mathematics of Climate 10/06/2015 SR Mathematics of Climate 10/06/2015
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Suppose now that all the heat
imbalance first goes to raising the top
kilometer of ocean by 0.5 °C, and then

goes to melting the glaciers.

Suppose instead that all the heat
—o01 imbalance first goes to raising the top
o8 kilometer of ocean by 1 °C, and then
goes to melting the glaciers.

/ —o1
/ —oss

—17

sea level rise (meters)

x
\

|

|

|

It takes 46.5 Wyr/m? to raise the It takes 93 Wyr/m? to raise the o
il o0 1 2 3 4 5 6 7 8 9 10 4 0 1 2 3 4 5 6 7 8 510
temperature of a kilometer of ocean by centures temperature of a kilometer of ocean by centuries
0.5 °C. If the heat imbalance is 2 1°C. If the heat imbalance is w W/m?, 20
w W/m?, the increase would be the increase would be achieved in 93/w
achieved in 46.5/w vyears, after which Els years, after which the sea level would T
the sea level would rise at w/9.3 ? A1 rise at w/9.3 meters per year. H
o —o1 o —o1
meters per year. H —o8s At the current imbalance of 0.85 W/m2, H A —oss
At the current imbalance of 0.85 W/m?, g / > — the ocean temperature increase would §s —17
the ocean temperature increase would / LT delay the sea level rise by about 109 g
delay the sea level rise by about 55 o o1 02 03 04 05 05 07 08 08 1 years. O T 07 05 03 05 s 07 95 05 1
years. centuries

centuries
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Summary Questions about the Coming Centuries
Currently, it appears that the heat imbalance is mostly going to How will the heat imbalance be divided between heating the
heating the ocean, not to melting ice. If this pattern continues, the ocean and melting the glaciers?

danger for this century is more likely to come from weather

. How will the heat imbalance be affected by increasing atmospheric
changes than from sea level rise.

greenhouse gases?
The current heat imbalance has the potential to raise the sea level

. . H ill the heat imbal be affected by i i
by almost a meter per decade, a major threat to coastal cities ow will the heat imbalance be atiected by increasing ocean

?
worldwide. temperatures?
What happens to the weather as the ocean temperature rises and
the ice caps melt?
What should we do about coastal cities?
MGR? Mathematics of Climate 10/06/2015 MIGRY Mathematics of Climate 10/06/2015
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What can mathematicians do?

Models
Minimal complexity, aka “conceptual”, “simple”, “toy”
Intermediate complexity
Maximal complexity, aka “GCM”

Data
Parameter estimation (statistics)
Data assimilation

Quantification
Uncertainty
Resilience

Join MCRN
mathclimate.org
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