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What are Box Models?
Stommel’s Box Model
Cessi’s Model

Roberts and Saha’s Model
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What are Box Models?

(And why do we use them?)

What is the simplest model which can accurately describe
ocean phenomena?

A box model divides the ocean into large “boxes”, and makes
the assumption that the water in each box is well mixed.

This allows the mathematician to write down low dimensional
differential equations governing the behavior of the water,
which can then be studied with dynamical systems
techniques.

The point is to look at large scale, long term behavior, as
opposed to detailed behavior, but can still give insight into
the real system.
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Vessel |

Stommel’s Two Box Model

Vessel 2
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kq=p1—p2

q > 0 if the flow goes from
tank 1 to tank 2, and
q < 0 otherwise.

p=po(l—al +pBS)
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Stommel’s Two Box Model

= oT —T1) — |g|Ty + |q|T>
= (=T —Tz) + |q|T\ — |q|T>
= d(S—51)— lq|S1 + |q|S2

= d(=8— S2) + |q|S1 — [q]S2
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The symmetry of the system suggests we should look at solutions
where Ty = —T5, and S; = —55.
Let z = T1 + T2.

dz
== T —cT —e(T1+ 1) — |g(Th + To) + |g|(Th + Ts) = —cz

So, the T7 = —T5 is invariant and attracting.
Doing this dimensional reduction we get

& = «T—-T)—2qT

@ d(S — 8) —2|q|S
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Nondimensionalize!
d T s
Let 7=ct,0=%,y=7F,and z = 3.

c’

The system becomes:

= 1—y—|fly
dr = §(1—a)—|flx

where f is the nondimensionalized flow:

_ _5S
Af = —y+ Rz, R_aT

_2q _ ck
fﬁc’ /\74p0a7_
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Stommel’s Two Box Model

Equilibrium solutions occur at

1

1+
_ 1
Yy 7]

x =

So, we have

1 R

AMf=—-y+ Rx=— + - =
T+[fl 144

o(f, R, 0)

The existence of multiple equilibria depend on A, R, and §. For
certain R and ¢, it is possible to have three equilibrium solutions.
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Stommel’s Two Box Model

Temperoiure

Q 7 T
Salinity
Fig, 7. The three equilibeia a, b, and ¢ for the two vesse]
cOMYecnon experfinent with R =2, 4§ = 1/d, A—1/s
A few sample intogral curves aze skeeched co show the
stable mode &, the saddle b, and the st=pie spial c.

— — _ 1
R=2,6=2% =1L
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e Can changes in external forcing can cause a transition
between the stable states found in Stommel’s model?
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Cessi’s model is a variation on Stommel’s two box model.
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p/po
7
Ty
S

S

Cessi’s Model

1+ as(S — So) - aT(T ~T)
~t:1 (i = §) = 3Q(Ap)(T1 — T»)
~t, (T + §) — 3Q(Ap) (T2 — Th)
Sy — 1Q(AP)(S1 — Sa)

— 208y — LQ(Ap)(S: — S1)
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Cessi’s Model

We again reduce the dimension of the system

(AT =Ty — Ty, AS = S1 — S5)

dAT
dt
dAS
dt

and nondimensionalize (x

—t7{(AT — 0) — Q(Ap)AT
B2S— Q(Ap)AS
Q(Ap) = & + L(Ap)?

Sy = t=tat)

—afr —1) —z[1 4+ p?(z — y)?]
p(t) —yll + p?(z —y)?]
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a = tq/t, is large, so this is a fast-slow system.
The slow equation:

e = —(x—1)—ex[l+p2(z —y)?
g o= plt)—y—pPy(l—y)?

The fast equation:

¢ = —(z—1)—ez[l+p2(x—1y)?
y/ = E(p(t) - Y- /J’zy(]' - y)Q)

The (normally hyperbolic) critical manifold: = 1.
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For any fixed time, we can find a potential function for behavior
on the critical manifold

2 4 2
_Y (Y 25\ Y
Uy) = 5 th <4 3y>+ 5 @)y
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Cessi’s Model

Let p be of the form p(t) = p + p'(t) with

0 t<0
pPt)=<¢ A 0<t<rT
0 t>T
- ___,__—-“//
////
02 - GL! G!b 0.8 10 '.|2 14
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integral

[ s
ve —LHP2G—1)2g+D+A 0

A transition between the two stable states depends on the time
over which the forcing is applied.
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This also shows that a critical forcing amplitude is necessary for
the transition, i.e. total volume of fresh water is not the
determining factor!

2
P+ Ag =2+ —op?(EL+ (1 - 3u72)%?)
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Adding a pulse of fresh water forcing can push Stommel’s model
into different stable states. What if the salinity forcing is more

continuous?
¥ = l—zx—cAlx—yl|z
y = elp—y—Alz—yly)
w = ed(l+ ax — by)



A (mathe-
matical)

e guenen Roberts and Saha

Circulation
Box Models

Julie Leifeld

15 N/ is

N | !
1.0 10
05 0s




A (mathe-
matical)
Introduction
to Ocean
Circulation
Box Models

Julie Leifeld

Roberts

and Saha




A (mathe-

matical)
Introduction
B Dansgaard-Oeschger Events
Circulation
Box Models _34
Julie Leifeld
=36
-38
g
o —40
%
42
—44
4
2100 ~80 ~60 ~40 20 0
Time (kyr before present)

0 200 400 600 800 1000 1200



A (mathe-
matical)

Introduction COnCluSiOnS

to Ocean
Circulation
Box Models

Julie Leifeld

e Ocean box models can have important implications for
climate science.

e Ocean box models can have some really cool and complicated
math.
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