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Abstract. This paper summarizes recent results on the number and characterization
of differential invariants of transformation groups. Generalizations of theorems due to
Ovsiannikov and to M. Green are presented, as well as a new approach to finding bounds
on the number of independent differential invariants.

Consider a group of transformations acting on a jet space coordinatized by the inde-
pendent variables, the dependent variables, and their derivatives. Scalar functions which
are not affected by the group transformations are known as differential invariants. Their
importance was emphasized by Sophus Lie, [9], who showed that every invariant system of
differential equations, [10], and every invariant variational problem, [11], could be directly
expressed in terms of the differential invariants. As such they form the basic building blocks
of many physical theories, where one begins by postulating the invariance of the equations
or the variational principle under a prescribed symmetry group. Lie also demonstrated,
[10], how differential invariants could be used to integrate invariant ordinary differential
equations, and succeeded in completely classifying all the differential invariants for all pos-
sible finite-dimensional Lie groups of point transformations in the case of one independent
and one dependent variable. Lie’s results were pursued by Tresse, [18], and, much later,
Ovsiannikov, [17]. In this paper, I will summarize some recent, new results extending
these earlier classification theorems, which were discovered in the course of writing the
forthcoming book, [16]. Space considerations preclude the inclusion of proofs and signifi-
cant examples here. It is worth remarking that, surprisingly, the complete classification of
differential invariants for many of the groups of physical importance, including the general
linear, affine, conformal, and Poincaré groups, does not yet seem to be known!

1 Supported in part by NSF Grant DMS 92-04192.
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Consider the spacle M = X x U ~ RP x R? whose coordinates represent our indepen-

dent variables z = (z',...,2?) € X and dependent variables v = (u',...,u?) € U. Let
J™ denote the associated jet bundle of order n, whose coordinates (w,u(n)) represent the
independent variables and the derivatives u¢ = 9%u/dz' --- 9z, a = 1,...,q,1 < i, < p,

of the dependent variables of orders 0 < k = #I < n. Thus, dimJ"™ = p + q(n), wvhere
g™ = q(p +n) The number of derivative coordinates of order exactly n is denoted by

-1

g, = dimJ* —dimJ"' = ¢ — "V =¢p, = q(p+ ; )

n

(1)

A smooth function (or section) u = f(z) from X to U has ntt prolongation (or n-jet)
u(™ = pr(™ f(z), which is the section of J” given by u§ = 8, ().

A differential one-form 8 on the jet space J” is called a contact form if it is annihilated
by all prolonged functions. It is easy to prove that every contact form on J” is a linear
combination of the basic contact forms

p
07 = duf — > uf,de®, a=1,...,q, 0<#I<n. (2)

We call #1 the order of the contact form 6, so the contact forms on J™ have orders at
most n — 1. A one-form on J" is called horizontal if it annihilates all vertical tangent
directions, i.e., just involves the dz"’s

A smooth, real-valued function F:J” — R is called a differential function of order n.
Note that any differential function F(z, u(n)) of order n automatically defines a differential
function on any higher order jet space merely by treating the coordinates (w,u(n)) of J”
as a subset of the coordinates (z,u("t*)) of J"* — this is the same as composing F with
the natural projection 7 **:J"+* — J* 1In the sequel, we will not distinguish between F
and For" Tk Given a dlfferentlal function F:J"™ — R, its differential is the one -form

dF = dw—l—ZZ—d"‘

=1 a=1#I<n

On the next higher order jet space J®*!, we can uniquely decompose dF into a horizontal
one-form plus a contact form. The horizontal component is called the total differential of
F, and given by DF = Y% | D,F dz', where D, denotes the total derivative with respect
to z*.

Definition 1. A local diffeomorphism ¥:J" — J™ defines a contact transformation
of order n if it preserves the space of contact forms, meaning that if 6 is any contact form
on J”, then ¥*4 is also a contact form.

T More generally, M can be a vector or fiber bundle, or even an arbitrary smooth
manifold, [14]. However, as all our considerations are local, there is no loss in generality
in restricting our attention to open subsets of Euclidean space.
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In particular, any point transformation ®: M — M defines a zerot® order contact
transformation. Contact transformations act on functions by point-wise transforming
their prolonged graphs. If ¥:J®™ — J" defines an nt® order contact transformation,
then, for any k& > 0, there is a uniquely defined (n + k)** order contact transforma-
tion pr(®TR . Jntk _ Jntk the ktt prolongation of ¥, which projects back down to
¥. Backlund’s Theorem, [3], demonstrates that, except in the case of a single dependent
variable, all contact transformations are merely prolonged point transformations.

Theorem 2. If the number of dependent variables is greater than one, ¢ > 1, then
every contact transformation is the prolongation of a point transformation ®: M — M. If
g = 1, then there are first order contact transformations which do not come from point
transformations, but every nt® order contact transformation is the (n — 1)t prolongation
of a first order contact transformation ¥:J! — J!,

By a transformation group G, then, we mean either a local Lie group of point transfor-
mations acting on (an open subset of ) the space M of independent and dependent variables,
or, in the single dependent variable case, a local Lie group of contact transformations act-
ing on (an open subset of) the first jet space J'. (In this paper, a transformation group is
always a finite-dimensional Lie group.) To keep the notation uniform, we let G(") denote
the associated prolonged group action (by contact transformations) on the jet space J”, so
that @™ = pr™ @G in the case of point transformations, whereas G™ = pr(»~1@G in the
case of first order contact transformations. (In the latter case we assume that n > 1.) The
(prolonged) infinitesimal generators of G™ form a Lie algebra g™ of vector fields v(™ on
J" satisfying the same commutation relations as the Lie algebra g of G, and determined
by the standard prolongation formula, cf. [15].

Definition 3. Let G be a group of point or contact transformations. A differential
invariant is a real-valued function I:J» — R which satisfies I(g("™ - (z,u(™)) = I(z,u(™)
for all g™ € G, and all (z,u™) € J® where the prolonged transformation g™ - (z,u(™)
is defined.

As usual, the differential invariant I may only be defined on an open subset of the
jet space, although we shall still write I:J® — R to indicate its jet space of definition.
Differential invariants (of connected groups) are most easily determined using infinitesimal
methods.

Proposition 4. A function I: J™ — R is a differential invariant for a connected trans-

formation group G if and only if V(n)(I) = 0 for every prolonged infinitesimal generator
(n) (n)
vim ¢ g(m),

In applications, the determination of a complete set of functionally independent dif-
ferential invariants of a given group action is of significant importance. Functional inde-
pendence is guaranteed if their differentials are linearly independent: dF; A --- A dF} # 0.
Since, as noted above, any lower order differential invariant I(w,u(k)), k < n, is auto-
matically an ntt order differential invariant, it will be important to distinguish differential
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invariants of order exactly n from lower order differential invariants. We will call a set of
differential functions on J™ strictly independent if, as functions of the nth order derivative
coordinates alone, they are functionally independent. The functions F,,..., F) are strictly
independent if their nth order differentials, given (intrinsically) by

! OF
d,F=> ) Buz duf, (3)

a=1#I=n

are linearly independent at each point: d, F; Ad, F, A --- ANd,F_# 0. Note that, in
particular, this implies that none of the F’s, or any function thereof, can be of order
strictly less than n.

In order to study the differential invariants of a transformation group, a more detailed
knowledge of the structure of the prolonged group actions is required. The following
remarks all follow directly from Frobenius’ Theorem, cf. [15]. Let G be an r-dimensional
Lie group of transformations. Let s denote the maximal (generic) orbit dimension of
the prolonged action G(™), so that G{™ acts semi-regularly on the open subset V(™ c J»
consisting of all points contained in the orbits of maximal dimension. (If G acts analytically,
then the subset V(™ is dense in J™.) In the remainder of this paper, we shall restrict
our attention to the subset V(™) thereby avoiding more delicate questions concerning
singularities of the prolonged group actions. Let h, denote the dimension of any isotropy
subgroup " = {g|g'™ -z =2} for z € V™), (These isotropy subgroups are, in general,
different, but all have the same dimension.) Then the orbit dimensions satisfy s, =r—h
Locally, near any point z € V(™) there are

ne

i, =p+q™ —s =p+q™ —r+h, (4)

functionally independent differential invariants of order at most n. Since each differential
invariant of order less than n is included in this count, the integers ¢,, form a non-decreasing
sequence: 1, < 1; < ¢, < ---. The difference

jn:in_in—l ZQn_Sn—I_Sn—l :qn—l_hn_hn—l’ (5)

cf. (1), will count the number of strictly independent nth order differential invariants. For
groups of point transformations, we set j, = ¢, to be the number of ordinary invariants;
for contact transformation groups, where ¢, and s, are not defined, we set j;, = ¢;. Note
that j,, cannot exceed g, , the number of independent derivative coordinates of order n;
this implies the elementary inequalities

in—l S 7’n S in—l + qy- (6)

If O C J" is any orbit of G("), then, for any k < n, its projection WZ(O(n)) c J*is an
orbit of the kth prolongation G*). Therefore, the maximal orbit dimension s, of G is a
nondecreasing function of n, bounded by r» = dim G:

Sg <8y <8y <o <. (7)



On the other hand, since the orbits cannot increase in dimension any more than the increase
in dimension of the jet spaces themselves, we have the the elementary inequalities

Sp—1 S Sn S Sp—1 + dp» (8)

governing the orbit dimensions. Note that, in view of equations (1) and (4), the inequalities
(8) are equivalent to those in (6). Condition (7) implies that the maximal orbit dimension
eventually stabilizes, so that there exists an integer s such that s, = s for all m sufficiently
large. In particular, if the orbit dimension is ever the same as that of ¢, meaning s, =7
for some n, then s,, = r for all m > n. We will call s the stable orbit dimension, and the
minimal order n for which s, = s the order of stabilization of the group.

Example 5. Consider the three-parameter group action (z,u) — (Az + a,Au +
b), (z,u) € M ~ R? generated by the vector fields 8,,8, ,28, + ud,. There are no

T? Cu?
ordinary invariants since the group is transitive on M = R2. Furthermore, all three

vector fields happen to coincide with their first prolongations, and hence there is one
independent first order differential invariant, namely «_. The second prolongations are

0,,0,,20, +ud, —u,,0, ,and hence there are no differential invariants of (strictly)

second order. There is a single third order differential invariant, namely v >u

fourth order invariant, u,2u

sops @ single
sssss and, in general, a single nt! order differential invariant
u, " 1 D"u. Therefore, the number of strictly independent differential invariants is given

by 3 =7, =0,3, =Jj; = =13, =1, n > 3. Therefore, 1y, = 0, ¢; =1, =1,
i3 =2,...,1, =n — 1, which implies that the maximal orbit dimensions are s, = s; = 2,
s, = 85 = --- =3 = dimG. We observe that the orbit dimensions “pseudo-stabilized”

at order 0 since s, = s;, but the correct order of stabilization is » = 2. More generally,
the r-dimensional group generated by 8,,9, ,20, ,...,2"7*8,,28, + (r — 2)ud, has orbit

dimensions s, =1, s, =2,...,8, , =8, =7r—1,8._, =5 =--- =r, so the orbit

dimensions pseudo-stabilize at order r — 3.

A transformation group acts effectively if different group elements have different ac-
tions, so that g- & = h -z for all # € M if and only if g = h. The global isotropy subgroup
Gy = {9]g -z = zforall z € M}, which is a closed normal subgroup of G, measures
the “effectiveness” of the action of G in the sense that G acts effectively if and only if
Gy = {e} is trivial. If G does not act effectively, we can replace it by the quotient group
G /G, which does act effectively on M in essentially the same way as G itself. Thus,
there is no loss in generality in assuming that all our group actions are (locally) effective.
A Lie group G is said to act locally effectively if the global isotropy group G, is a discrete
subgroup of G, in which case G/G,; has the same dimension (and the same Lie algebra)
as G. Remarkably, the local effectiveness of a group action is characterized by its stable
orbit dimension, [17].

Theorem 6. A transformation group G acts locally effectively if and only if its
dimension is the same as its stable orbit dimension, so that s,, = r = dimG for all m
sufficiently large.



The basic method for constructing a complete system of differential invariants of a
given transformation group is to use invariant differential operators. A differential oper-
ator is said to be G-invariant if it maps differential invariants to higher order differential
invariants, and thus, by iteration, produces hierarchies of differential invariants of arbitrar-
ily large order. For n sufficiently large, we can guarantee the existence of sufficiently many
such differential operators so as to completely generate all the higher order independent
differential invariants of the group by successively differentiating lower order differential
invariants. Thus, a complete description of all the differential invariants is provided by
a collection of low order “fundamental” differential invariants along with the requisite
invariant differential operators.

Definition 7. A differential one-form w on J" is called contact-invariant under a
transformation group G if and only if, for every g € G, we have (g(n))*w = w + 8 for some
contact form 6 = 99.

The infinitesimal criterion for contact-invariance is that the Lie derivative of the form
with respect to the prolonged infinitesimal generators vanish: v(™(w) = 0 for all v(™ ¢
g("). Contact forms are trivially contact-invariant, so only the horizontal contact-invariant
forms are of interest. If I(z, u(n)) is any nt? order differential invariant, its total differential
DI =3 D;I dz’ is a contact-invariant one-form on J**. The construction of high order
differential invariants is facilitated by the existence of enough horizontal contact-invariant
forms.

Definition 8. Let G be a transformation group acting on a space having p indepen-
dent variables. An nt? order differential invariant coframe is a collection of p = dim X
independent contact-invariant horizontal one-forms w?,...,w?, defined locally on the jet

space J".

Differential invariant coframes are the jet space counterparts of the coframes from
differential geometry that form the foundation of the Cartan equivalence method, [4], [5].
If F (w,u(m)) is any differential function, we can rewrite its total differential in terms of
the coframe,

p
DF =) D,Fw". (9)
k=1

The resulting “coframe differential operators” D, are G-invariant differential operators:

Proposition 9. If I(w,u(m)) is any differential invariant of order m, then D,I is a
differential invariant of order < max{n,m + 1}.

In local coordinates, if w! = 3, Pi(z,u™)dz"*, then D, = > Qt (z,u™)D,, where

Q = (Q;(w,u(n))) = P~T. In particular, if the w! = DI, are obtained from function-

ally independent differential invariants I,...,I,, then P = (Din(w,u(n))) is their total

Jacobian matrix.



Let us first consider the case p = 1, so there is a single independent variable z.
A differential invariant coframe is just a nonvanishing contact-invariant one-form w =
P(z,u'™)dz. The associated invariant differential operator D = (1/P)D_ maps a differ-
ential invariant J to the differential invariant DJ = D_J/P. In particular, if I(z,u(™) is
any (non-constant) differential invariant, the corresponding invariant differential operator
is D = (D,I)"*D,, which maps J to dJ/dI = D_,J/D_I. Therefore, starting from a pair
of differential invariants (or, more generally, a single differential invariant and a contact-
invariant horizontal one-form) we construct an infinite sequence of higher and higher order
differential invariants D*J, k = 0,1,2,.... The functional independence of the resulting
differential invariants is guaranteed by the following lemma.

Lemma 10. Suppose J,,...,J, are strictly independent n** order differential invari-
ants, and I is either a differential invariant of order strictly less than n, or an nt® order
differential invariant which is strictly independent of the J ’s. Let D = (D_I)"'D_ de-
note the invariant differential operator associated with DI. Then the differential functions
DJ,,...,DJ,. are strictly independent (n + 1)** order differential invariants.

Theorem 11. Suppose that G is a group of point or contact transformations acting
on a space M having one independent variable and q dependent variables. Then, locally,
there exist ¢ + 1 fundamental, independent differential invariants I,Jy,...,J , such that
every differential invariant can be written as a function of these differential invariants
and their derivatives D™J , where D = (D, I)"*D, is the invariant differential operator
associated with the first differential invariant I.

Both results can be readily generalized by using a contact-invariant one-form instead

of DI.

Theorem 11 has some important consequences governing the order of stabilization n
of a transformation group. As we saw in Example 5, it is possible for the orbit dimension
to pseudo-stabilize at some lower order, meaning that s; = s, < s;,, for some k < n.
First, we note that a pseudo-stabilization of the orbit dimensions can only occur if the
orbit dimension is rather high.

Theorem 12. Suppose that, for some n > 0, the maximal orbit dimensions of
the prolonged group actions satisfy s, ; < s, = 8,.; < ¢'™. Then n is the order of
stabilization of G.

The next result, which follows directly from Theorem 12, demonstrates that there can
be at most one such pseudo-stabilization.

Theorem 13. Suppose that the maximal orbit dimensions of the prolonged group
actions satisfy s; = s;., and, also, s, = s, ., for some n > k. Then s, = s, for all

m > n.

Both of these results are valid as stated in the general case of several independent
variables and several dependent variables — see below. Theorem 13 provides a significant
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strengthening of Ovsiannikov’s stabilization theorem, [17; p. 313], which states that if
8,1 < 8, = 8,11 = 8,4, then the orbit dimension stabilizes at order n. Indeed, even
in this case, the proof of Theorem 13 in [16] is new and much more direct than that of
Ovsiannikov.

As a consequence of Theorems 12 and 13, there are essentially only two possibilities for
the orders of the fundamental differential invariants, as described in Theorem 11, of a group
of transformations acting on a space with just one independent variable. Assume G is an
r-dimensional group acting locally effectively, and let n denote the order of stabilization.

Then either

a) The fundamental differential invariants have order at most n+ 1. In this case, there
exist g + 1 differential invariants, I, of order <n, Jy,...,J, _; of order <n +1, and J, of
order = n + 1. In this case dim G =7 <1+ (n + 1)g.

b) The fundamental differential invariants have order at most n + 2. In this case,

there exist ¢+ 1 differential invariants I, Jy,...,J,_;, all of order = n+1, and J, of order

= n + 2. This case can only occur if the dimension of G equals r =14 (n + 1)gq.

Consequently, in the case of a single independent variable, the order of stabilization
n of an r-dimensional locally effective group action obeys the inequalities

r—1
q

—1<n<r—1. (10)

In his study of the differential invariants of curves in a homogeneous space, [6],
M. Green discovered a striking formula relating the number of fundamental differential
invariants to the dimensions of the isotropy subgroups of the prolonged group action. Our
Theorem 11 implies that Green’s results are, in fact, valid for completely general trans-
formation groups on spaces with one independent variable! Let k, denote the number of
strictly independent fundamental differential invariants of order n, i.e., those differential
invariants which are not expressed in terms of differentiated invariants of any lower order.
Since, according to Lemma 10, the differentiated invariants coming from strictly indepen-
dent invariants are themselves strictly independent, these numbers satisfy k, =7, —J,,_;
provided either 7, _, > 1, so there is at least one lower order invariant to provide the
require invariant differential operator, or, more generally, there exists a contact-invariant
one-form of order at most n — 1.

Theorem 14. Let G be a transformation group. Then the numberk,, of fundamental
differential invariants of order n is given in terms of the minimal dimension h, of the
isotropy subgroups of G\"™ according to

b h,—2h, +h, ,+1, ife,_,=0,¢,_,>0, 1
» |\ h,—2h, ;+h,_,, otherwise. (11)

Equation (11) is valid for all n > 0 provided we set i, = 0 and h, =r —1— (n + 1)g
whenever the action G'™ is not defined, i.e., for n = —2,—1, and, in the case of a contact
transformation group, n = 0.



Example 15. Let G be an r-dimensional Lie group and H C G a closed subgroup
of dimension s. Let M = R x G/H, so that the functions u = f(z) are described by curves
in the homogeneous space G/H. The group G acts on M by the Cartesian product of the
trivial action on the independent variable z € R and its usual action via left multiplication
on G/H. In this case, hy = s = dim H, and i, = j, = k, = 1, since there is a single ordinary
invariant z, with consequential invariant differential operator D . Formula (11) implies
M. Green’s main result that there are k, = h, — 2h,,_, + h,_, fundamental differential
invariants of order n > 2. For n =1, we have k;, =h; —2hy+h_; +1=h, — 25+ r since
i_; =0,¢ =1, while h_; =r — 1 according to our convention. (Green sets h_; = r, but
this does not conform with our general formula.) See [6] for a wide variety of applications
and explicit examples, including affine, projective, and conformal geometry.

Let us now specialize even further, to the case p = ¢ = 1, so there is just one indepen-
dent and one dependent variable. Here g,, = 1 for all n, so (6) implies that, for each n > 1,
there is at most one independent differential invariant of order = n, u.e., 7, < 1. Theorem
11 implies that there are precisely two fundamental differential invariants I (w,u(s)) and
J(w,u(t)), having orders 0 < s < t respectively. (Here we are leaving aside the trivial
case when G = {e} acts trivially on M, where there are two independent zerot! order in-
variants, namely z and u, and every differential function is a differential invariant.) Every
other differential invariant can be written in terms of I, J, and the differentiated invariants
D™J =d™J/dI™, so that j, =1, and j,, = 1 for every m > t. Equation (5) implies that
the orbit dimensions and number of invariants are given by

Sk:k+27 lkZO, kgs_l,
s, =k+1, i, =1, s<k<t—1, (12)

Assuming G acts locally effectively, we conclude that the second fundamental differential
invariant J necessarily has order ¢t = r = dim G. There are three subcases: If the first
fundamental invariant I has order s = 0, the group acts intransitively on M, the orbit
dimension stabilizes at order » — 1, and there is one ordinary invariant (of order 0) and
one rt! order differential invariant. At the other extreme, if s = — 1, then the group has
fundamental differential invariants of orders »r — 1 and r, and the orbit dimension stabilizes
at order r — 2. The intermediate cases 0 < s < r — 1 are when the orbit dimension pseudo-
stabilizes at order s, and finally stabilizes at order » — 1. Thus, our methods provide rather
detailed information on the possible orbit dimensions of prolonged group actions in the
single variable case. However, even this is not as detailed as possible. Lie, [8], (see also
[12]) completely classified the Lie groups of both point and contact transformations acting
on a two-dimensional complex manifold. Moreover, in [10] he determined the differential
invariants for each of the point transformation groups. (Unfortunately, I have not yet found
where (if anywhere) Lie classified the differential invariants of the contact transformation
groups.) Inspecting Lie’s tables, we are led to the following remarkable result.

Theorem 16. Let G be a locally effective r-dimensional Lie group of point transfor-
mations acting on M ~ R?, Then G has fundamental differential invariants I(z,u'*)) and
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J(w,u(’")) having orders s < r. Moreover, s = r — 1 unless either a) G acts intransitively,
in which case s = 0, or b) the prolonged orbit dimensions pseudo-stabilize, in which case
s = r — 2, and the pseudo-stabilization occurs at order r — 3. In fact, the orbit dimensions
pseudo-stabilize if and only if the group action is equivalent, under a change of variables,
to the r-dimensional Lie group action described in Example 5!

We now discuss generalizations of these results in the case of several independent
variables. We have already seen how to constuct a differential invariant coframe and
the consequent invariant differential operators D,,...,D,. To proceed further, we must
find an independence result for the differentiated invariants similar to that in Lemma 10.
The multi-variable case, though, is more complicated since the strict independence of nth
order differential invariants J;,...,J,. does not necessarily imply the independence of the
differentiated invariants D,J,. A new approach to this problem relies on a combinatorial
theorem proved by Macaulay, [13], in his study of the Hilbert function of an algebraic
polynomial ideal.T

Lemma 17. Let p > 1 be an integer. Then any nonnegative integer r € N can be
uniquely written in the form

k,+p—1 k,+p—2 kE,+p—s
() GV
P p—1 p—s+1
where k; > k, > -+ > k, > 1 form a non-increasing sequence of positive integers with
1<s<p.

Write k,(r) = (ky,...,k,) for the integer sequence associated with r € N. Define
the function p,:N — N which takes an integer r, represented by the sequence kp(r) =
(kyy...s k), to the integer u,(r) which satisfies k,(p,(r)) = (ky + 1,k +1,...,k, +1).
Macaulay’s Theorem provides lower bounds for the dimensions of the homogeneous§ com-
ponents of polynomial ideals using the functions .

Theorem 18. Let 7 C R[z,... ,wp] be a homogeneous polynomial ideal in p vari-

ables. Let d, = dimZ(™ be the dimension of the set I™ = {P € T|P(\z) = \"P(z)}
of polynomials of degree n in I. (Note that, by homogeneity, T = @, ., I™.) Then

dn—l—l Z lu’p(dn)

Given g > 1, we define pj :N — N as follows: for r € N, we write r = sp,, + ¢,
where s is the quotient, and ¢ the remainder, when r is divided by p,, = (p"i'z_l). Then
oy () = 8P, 41 + 1,(t). Note, in particular, uy (g,) = ¢,4,- We can now state the basic
(new) inequality for the number of differential invariants.

T In more recent years, Macaulay’s theorem has been considerably generalized in the
combinatorial theory of extremal multi-sets, and forms a special case of the Kruskal-Katona

Theorem, cf. [7].

§ Macaulay also extends this result to nonhomogeneous ideals.
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Theorem 19. Let G be a transformation group acting on a space with p independent
variables and q dependent variables. Suppose Dy, ..., D, form a complete set of invariant
differential operators coming from a differential invariant coframe of order n or less. Sup-
pose J,,...,J, are strictly independent nt" order differential invariants. Then the set of
differentiated invariants D,J,, 1 =1,...,p, v = 1,...,r, contains at least ,uJZ’q(r) strictly
independent (n 4 1)* order differential invariants. In particular, if there are a maximal
number of strictly independent nt! order differential invariants, J,,... yJ,, » then the set of

differentiated invariants D;J,, i =1,...,p, v = 1,...,q,, contains a complete set of g, , ;

strictly independent (n + 1)5t order differential invariants.

Theorem 20. Suppose that G is a group of point or contact transformations. Let
n denote the order of stabilization of the group action. Then there exists a differential
invariant coframe w?,...,w? on J"2, with corresponding invariant differential operators
Dy,...,D,, and differential invariants Jy,...,J,,, of order at most n+2, such that, locally,
every differential invariant can be written as a function of these differential invariants and
their derivatives D; ---D; J,, k>0, v=1,...,m.

Note that it is not asserted (in contrast to the single variable case in Theorem 11)
that the differentiated invariants are necessarily functionally independent. Indeed, the
classification of syzygies, or functional dependencies, among the differentiated invariants
is an interesting problem that, as far as I know, has not been investigated in any degree
of generality. Theorem 20 states that if the orbit dimension stabilizes at order n, then
all the differential invariants can be obtained from those of order at most n + 2 by apply-
ing the invariant differential operators. Moreover, if the stable orbit dimension satisfies

r=s, < ¢'™, and so there are at least p independent differential invariants I,...,I, of
order n, then the differential invariant coframe DI,,..., DI, lives on J»+1 and, moreover,

the fundamental differential invariants have orders at most n+ 1. Finally, Theorem 20 also
implies that our earlier stabilization and pseudo-stabilization Theorems 12 and 13 remain
valid in the general multi-dimensional context. I do not know of any interesting examples of
multi-dimensional transformation groups whose orbit dimensions pseudo-stabilize. More-
over, I do not know precisely how many fundamental differential invariants are required,
although the dimension bounds of Theorem 19 should provide some useful estimates. In-
deed, as remarked in [6], the generalization of Theorem 14 to the multi-dimensional case
would be of great importance for studying, for example, the differential invariants of sur-
faces and higher dimensional submanifolds of homogeneous spaces.

Finally, for completeness, we recall how differential invariants are used to characterize
systems of differential equations and variational problems which admit the transformation
group as a symmetry group. The following results go back to Lie, [9], [11]; see also [15].

Theorem 21. Let G be a transformation group, and let I,,...,I,, k = ¢,, be a
complete set of functionally independent nt® order differential invariants. A system of
differential equations admits G as a symmetry group if and only if (restricted to the subset
V(n)) it can be rewritten in terms of the differential invariants:

A (z,u'™) = F (I,(z,u'™),..., L (z,u'™)) =0, v=1,...,L (14)

11



Theorem 22. Let G be a transformation group, and w?,...,w? a differential invari-
ant coframe . A variational problem admits G as a variational symmetry group if and only
if it has the form

Llu] = /L(w,u(n))dw = /F(Il(w,u(n)),...,Ik(w,u(n))) WA A WP, (15)

where I, ..., I, are functionally independent differential invariants of G.

Acknowledgements. It is a pleasure to thank Paul Edelman for pointing out the
references [7], [13].

12



References

Ackerman, M., and Hermann, R., Sophus Lie’s 1880 Transformation Group Paper,
Math Sci Press, Brookline, Mass., 1975.

Ackerman, M., and Hermann, R., Sophus Lie’s 1884 Differential Invariant Paper,
Math Sci Press, Brookline, Mass., 1976.

Backlund, A.V., Ueber Flachentransformationen, Math. Ann. 9 (1876), 297-320.

Cartan, E., Les probléemes d’équivalence, in: Oeuvres Complétes, part. II, vol. 2,
Gauthiers—Villars, Paris, 1952, pp. 1311-1334.

Gardner, R.B., The Method of Equivalence and Its Applications, STAM,
Philadelphia, 1989.

Green, M.L., The moving frame, differential invariants and rigidity theorems for
curves in homogeneous spaces, Duke Math. J. 45 (1978), 735-779.

Greene, C., and Kleitman, D.J., Proof techniques in the theory of finite sets, in:
Studies in Combinatorics, G.—C. Rota, ed., Studies in Math., Vol. 17, Math.
Assoc. Amer., Washington, D.C., 1978, pp. 22-79.

Lie, S., Theorie der Transformationsgruppen I, Math. Ann. 16 (1880), 441-528; also
Gesammelte Abhandlungen, vol. 6, B.G. Teubner, Leipzig, 1927, pp. 1-94; see
[1] for an English translation.

Lie, S., Uber Differentialinvarianten, Math. Ann. 24 (1884), 537-578; also
Gesammelte Abhandlungen, vol. 6, B.G. Teubner, Leipzig, 1927, pp. 95-138; see
[2] for an English translation.

Lie, S., Klassifikation und Integration von gewohnlichen Differential- gleichungen
zwischen z, y, die eine Gruppe von Transformationen gestatten I, II, Math.
Ann. 32 (1888), 213-281; also Gesammelte Abhandlungen, vol. 5, B.G. Teubner,
Leipzig, 1924, pp. 240-310.

Lie, S., Uber Integralinvarianten und ihre Verwertung fiir die Theorie der
Differentialgleichungen, Leipz. Berichte 4 (1897), 369-410; also Gesammelte
Abhandlungen, vol. 6, B.G. Teubner, Leipzig, 1927, pp. 664-701.

Lie, S., Gruppenregister, in: Gesammelte Abhandlungen, vol. 5, B.G. Teubner,
Leipzig, 1924, pp. 767-773.

Macaulay, F.S., Some properties of enumeration in the theory of modular systems,
Proc. London Math. Soc. 26 (2) (1927), 531-555.

Olver, P.J., Symmetry groups and group invariant solutions of partial differential
equations, J. Diff. Geom. 14 (1979), 497-542.

Olver, P.J., Applications of Lie Groups to Differential Equations, Second Edition,
Graduate Texts in Mathematics, vol. 107, Springer—Verlag, New York, 1993.

Olver, P.J., Equivalence, Invariants, and Symmetry, in preparation.

Ovsiannikov, L.V., Group Analysis of Differential Equations, Academic Press, New
York, 1982.

Tresse, A., Sur les invariant différentiels des groupes continus de transformations,
Acta Math. 18 (1894), 1-88.

13



