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ABSTRACT. We use the method of equivariant moving frames to revisit the problem of normal
forms and equivalence of nondegenerate real hypersurfaces M ⊂ C2 under the pseudo-group action
of holomorphic transformations. The moving frame recurrence formulae allow us to systemati-
cally and algorithmically recover the results of Chern and Moser for hypersurfaces that are either
non-umbilic at a point p ∈ M or umbilic in an open neighborhood of it. In the former case, the
coefficients of the normal form expansion, when expressed as functions of the jet of the hypersurface
at the point, provide a complete system of functionally independent differential invariants that can
be used to solve the equivalence problem. We prove that under a suitable genericity condition, the
entire algebra of differential invariants for such hypersurfaces can be generated, through the opera-
tors of invariant differentiation, by a single real differential invariant of order 7. We then apply the
method of moving frames to construct new convergent normal forms for the intermediate but over-
looked case of nondegenerate real hypersurfaces at singularly umbilic points, namely those umbilic
points where the hypersurface is not identically umbilic in a neighborhood thereof.

1. INTRODUCTION

The analysis of the local geometry of real hypersurfaces in the complex space Cn has its origins
in the works of Poincaré, [29], and Élie Cartan, [5], which served to initiate the subject known
as Cauchy–Riemann (CR for short) geometry, [12]. The field received a major impetus with the
seminal 1974 paper of Chern and Moser, [8], which applied two complementary methods to study
the problem: normal forms based on Taylor expansions, and the Cartan equivalence method, [7,18].
The two methods brought a different range of tools and results, and their precise interrelationship
remains not entirely clear. The Chern–Moser paper inspired many developments in CR geometry,
continuing to this day; see, for example, [3, 15, 30, 34].

The aim of this paper is to reconcile the Cartan equivalence and normal form methods by con-
ducting a careful analysis of hypersurfaces in C2. In particular, we derive normal forms in the
previously unstudied case of “singularly umbilic points.” The reconciliation will be accomplished
through the method of equivariant moving frames that was developed by the first author and col-
laborators, [9, 26], as a reformulation of classical moving frames, [6, 10], in a form that can be
effectively and systematically applied to arbitrary finite-dimensional Lie group actions and, as
required in the present situation, a large class of infinite-dimensional Lie pseudo-groups. The
method provides powerful algorithmic tools that enable one to systematically determine the dif-
ferential invariants, the invariant differential operators, the invariant differential forms, and the
complete structure of the associated differential invariant algebra. This allows one to solve equiva-
lence problems through the construction of differential invariant signatures, making it a compelling
alternative to the Cartan equivalence method. See also [1,32,33] for further developments towards
synthesizing and extending these two methods. Since its inauguration, the method of equivariant
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moving frames has been used in an ever expanding range of interesting and novel applications
throughout mathematics, physics, engineering, computer vision, and beyond, [22].

The starting point for the construction of an equivariant moving frame is the choice of a cross-
section to the prolonged (pseudo-)group orbits in the submanifold jet space. In [24], this con-
struction was reinterpreted as the specification of a normal form for the submanifolds under the
group action, thereby providing a bridge to the approaches found in Chern and Moser. The unnor-
malized or “non-phantom” coefficients in the normal form expansion provide a complete system
of functionally independent differential invariants that can then be used to solve the associated
equivalence problem. The choice of cross-section or, equivalently, normal form will specify or
“normalize” expressions for the group parameters that serve to prescribe the equivariant moving
frame map. More generally, through a recursive procedure, [28], one can introduce a succession
of partial normal forms (partial cross-sections) which can be used to normalize more and more of
the group parameters. Substitution of the results into the prolonged transformation formulae can
be regarded as an “invariantization” process that maps functions, differential forms, differential
operators, etc., to their (partially) invariant counterparts.

The most important contribution of the method of equivariant moving frames are the remark-
able recurrence relations that enable one to write the differentials of the (partially) normalized
invariants in terms of the (partially) normalized invariant horizontal one-forms and the (partially)
normalized Maurer–Cartan forms associated with the pseudo-group, [25], where the latter can
be explicitly determined from the phantom recurrence formulae associated with the cross-section
equations or, equivalently, the coefficients in the normal form that have been normalized to be con-
stant. Remarkably, these recurrence relations can be constructed from the cross-section by purely
symbolic calculations, involving only linear algebra. Notably, they do not require coordinate ex-
pressions for the differential invariants, the prolonged pseudo-group action, or even the moving
frame itself! Moreover, they are well behaved under partial normalization, retaining their basic
form throughout the computations. The full details of the symbolic moving frame calculus will
appear throughout our calculations. It is worth re-emphasizing that, in contrast to the classical
methods of solving equivalence problems and constructing normal forms, the equivariant moving
frame method is a) completely systematic/algorithmic; b) straightforwardly implemented; and c)
can be readily generalized to other problems of interest. While the required calculations are fa-
cilitated by the use of symbolic manipulation software packages, only the basic formulae for the
(infinitesimal) pseudo-group action is required as input, and they can be effected with minimal hu-
man intervention — mostly just the specification of the cross-section — during the computations.

Once a complete collection of differential invariants has been determined, the Cartan equiva-
lence method enables us to solve both the equivalence problem for submanifolds under the pre-
scribed transformation (pseudo-)group and to determine the size of their (local) symmetry group.
To be precise, [23], given a Lie pseudo-group acting on a space, a local symmetry of a submani-
fold M at a point p ∈ M is a pseudo-group transformation that maps an open neighborhood of p
to some other open subset of M . The set of local symmetries forms a groupoid that contains all
global symmetries, but whose structure can vary over the submanifold. In particular, the isotropy
subgroup at a point p ∈M is the group of local symmetries that fix p. The isotropies form a bona
fide group, whose structure can vary from point to point. For example, consider the rotation group
SO(n) acting on Rn; the isotropy subgroup at each point 0 ̸= p ∈ Rn is isomorphic to SO(n− 1),
while at the origin it is all of SO(n). Moreover, many open subsets of a sphere, U ⊂ Sn−1 ⊂ Rn,
have no global rotational symmetries, but each point p ∈ U retains a full set of local rotational
symmetries.
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In the equivariant moving frames setting, a point p ∈M is called nonsingular if its isotropy sub-
group is discrete. As shown in [19] (generalized to Lie pseudo-groups), this is equivalent to its jet
of sufficiently high order belonging to the nonsingular subset of jet space where the pseudo-group
acts locally freely. Nearby a nonsingular point, the number of functionally independent dif-
ferential invariants equals the codimension of its local symmetry groupoid; see [18, Theorem
14.26], [9, Theorem 5.17], [23] for details. For example, if all the differential invariants are con-
stant, then the p-dimensional nonsingular submanifold M admits a p-dimensional local symmetry
groupoid, and hence locally coincides with an orbit thereof. For a finite-dimensional Lie trans-
formation group, the totally singular submanifolds, all of whose points are singular, are classified
Lie algebraically in [19], although it is not known if this result can be generalized to infinite-
dimensional pseudo-groups.

Turning to our specific problem, we introduce the local coordinates z := x+ i y, w := u+ i v
on the complex plane C2. The Chern–Moser normal form for a 3-dimensional nondegenerate real
hypersurface M ⊂ C2 at a point p ∈ M is obtained by applying a sequence of holomorphic
pseudo-group transformations that first map p to the origin, and then fix the form of its convergent
Taylor expansion

v = zz̄ + c42(u) z
4z̄2 + c24(u) z

2z̄4 +
∑
j+k≥7

min(j,k)≥2

cjk(u) z
j z̄k, (1.1)

for certain coefficients cjk(u) = ckj(u); see [8, eq. (3.18)]. In particular, the Taylor coefficient
c42(0) is a constant multiple of the Cartan curvature of M at p, [5, 12, 31].

Chern and Moser call p an umbilic point whenever the Cartan curvature vanishes locally around
it. In the non-umbilic case, further normalization enables us to uniquely fix the normal form (1.1)
to be

v = zz̄ + 2Re
{
z4z̄2(1 + J z + iKu)

}
+ · · · , (1.2)

where J,K are seventh order differential invariants, with J complex-valued, while K is real-valued;
see [8, eq. (3.20)]. The transformation z 7→ −z preserves the normal form (1.1), while mapping
J 7→ − J. For this reason, Chern and Moser designate J2 as the primary invariant, but for us
it is more convenient to work with J, keeping in mind the inherent sign ambiguity1. For such
hypersurfaces, there remains only a discrete isotropy subgroup, which is either trivial or contains
exactly two elements, [3]. As in [24], the non-phantom Taylor coefficients in (1.2) provide the
complete system of functionally independent differential invariants (modulo sign changes) for non-
umbilic hypersurfaces under holomorphic transformations.

Remark: As noted by Chern and Moser, the case of hypersurfaces in C2 is quite different from
that of Cn for n ≥ 3; in particular the latter cases produce differential invariants of lower orders.

We will apply the equivariant moving frame recurrence formulae to prove that, on a general
non-umbilic hypersurface the entire algebra of differential invariants can be obtained by repeated
invariant differentiation of the four real-valued invariants Re J, Im J,K,L, where the latter is the
eighth order differential invariant appearing as the coefficient of z4z̄4 in the Chern–Moser normal
form (1.2). Even better, if the hypersurface is “K-nondegenerate”, as formulated in Definition 4.4,
then its differential invariant algebra can, in fact, be generated by the single real-valued Chern–
Moser invariant K.

1This is similar to the ambiguity in the curvature invariant κ of a curve C in the Euclidean plane R2, whose sign
changes under a 180◦ rotation, and hence depends on the curve’s orientation.
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On the other hand, if the hypersurface M is umbilic in a neighborhood of a point p, then it
is locally biholomorphically equivalent to the Heisenberg sphere H, which is defined by v = zz̄.
This sphere admits an 8-dimensional holomorphic symmetry group generated by the vector fields

v1 = (w + 2 i z2) ∂z + 2 i zw ∂w, v2 = ( iw + 2 z2) ∂z + 2 zw ∂w, v3 = zw ∂z + w2 ∂w,

v4 = z ∂z + 2w ∂w, v5 = i z ∂z. v6 = ∂z + 2 i z ∂w, v7 = i ∂z + 2z ∂w. v8 = ∂w,
(1.3)

which span a real Lie algebra isomorphic to sl(3,R); see, e.g., [17, Proposition 2.1]. At each point
on the sphere, there is a 5-dimensional isotropy subalgebra which is isomorphic to its maximally
solvable Borel subalgebra; for example, the first 5 vector fields span the isotropy subalgebra at the
origin. Moreover, every totally singular nondegenerate hypersurface is locally equivalent to the
umbilic Heisenberg sphere.

In addition to these two known scenarios, there exists another case, called singularly umbilic,
which has garnered less attention in the literature but is geometrically interesting and worth in-
vestigating in detail. A point p ∈ M is said to be singularly umbilic if the hypersurface is not
identically umbilic on any local neighborhood thereof. Another key contribution of this paper is to
apply the equivariant moving frame method to construct a new normal form for hypersurfaces at
such points. We say that a singularly umbilic point p ∈ M has umbilic order n0 ≥ 7 if this is the
minimal order2 at which some non-zero term zαz̄βuγ , with α + β + γ = n0, appears in the partial
normal form (1.1). The triple (α, β, γ) is called the umbilic type of p. The classification problem
then splits into three further subcases. Accordingly, we call p circular when the partial normal
form (1.1) only contains terms involving ckk(u)zkz̄k, i.e., the sum is only over j = k; in this case,
n0 ≥ 8. Furthermore, we call p semi-circular whenever in its corresponding partial normal form
(1.1), all order n0 monomials are of the form (zz̄)kuℓ and there exists a nonzero term zδz̄κuλ of
order δ + κ + λ > n0 with δ ̸= κ. In this case, the lowest order such triple (δ, κ, λ) is called the
semi-circular type of p. When p is neither circular nor semi-circular we say that it is a generic3

singularly umbilic point.
A summary of the normal forms obtained at singularly umbilic points is as follows.

Theorem 1.1. (cf. Theorems 4.14, 4.16 and 4.17) Let p be a singularly umbilic point of the real
hypersurface M .

• If p is a generic point of umbilic type (α, β, γ) and order n0 = α+β+ γ > 6, then M can
be mapped holomorphically to the convergent normal form

v = zz̄ +
∑

j+k+ℓ≥n0

j≥2, k≥4, ℓ≥0,

or j≥4, k≥2, ℓ≥0

1

j! k! ℓ!
VZjZkUℓzj z̄kuℓ, (1.4)

where
VZαZβUγ = VZβZαUγ = σ, VZα−1ZβUγ+1 = VZβZα−1Uγ+1 = Re VZαZβUγ+1 = 0,

for some nonzero real constant σ.
• If p is semi-circular of type (δ, κ, λ) with umbilic type (α, α, γ) and order n0 = 2α+β ≥ 8,

then M can be transformed holomorphically to the convergent normal form (1.4) with
VZαZαUγ = σ, VZα−1ZβUγ+1 = VZβZα−1Uγ+1 = Re VZαZβUγ+1 = 0, Im VZδZκUλ = τ,

2For this purpose, we ignore the order 2 term zz̄.
3The reader should not confuse our use of this term with the standard definition of generic submanifolds in CR

geometry, [12].
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where σ, τ are two nonzero real constants.
• If p is circular with umbilic type (α, α, γ) and order n0 = 2α + β ≥ 8, then there exists a

holomorphic transformation sending M onto the convergent normal form

v = zz̄ +
1

(α!)2 γ!
zαz̄αuγ +

∑
2k+ℓ≥n0
k≥α+1

1

(k!)2ℓ!
VZkZkUℓ (zz̄)kuℓ,

with VZαZαUγ+1 = 0.

In particular, apart from the fully umbilic Heisenberg sphere, the only points on a nondegenerate
hypersurface with continuous isotropy are the circular singularly umbilic points. By the definition
of singularly umbilic, any neighborhood of a circular point must contain non-umbilic points, which
are necessarily nonsingular, thus proving our claim that every totally singular hypersurface is lo-
cally equivalent to the Heisenberg sphere. This moreover implies that the local symmetry group
of a nondegenerate hypersurface M can have dimensions 0 (discrete), 1, 2, 3, or 8 while, as in [3],
the isotropy subgroup at a point can have dimensions 0 (discrete), 1, or 5. In both, the largest
dimensions are achieved only on fully umbilic (totally singular) hypersurfaces.

The structure of the paper is given as follows. In Section 2 we introduce the preliminary materi-
als necessary for constructing normal forms of hypersurfaces in C2 under the pseudo-group action
of biholomorphic transformations. In Section 3 we begin the implementation of the normalization
process using the recurrence relations for the (partially) normalized invariants. We perform the
normalizations up to order six, at which point the problem splits into two branches depending on
whether the point is umbilic or non-umbilic. Sections 4.1 and 4.3 re-establish the Chern–Moser
normal forms for, respectively, the non-umbilic and umbilic cases. Section 4.1 also contains the
proof of our result concerning the structure and generators of the differential invariant algebra asso-
ciated with non-umbilic hypersurfaces. Section 4.2 contains results on the equivalence and rigidity
properties of these hypersurfaces. Further new results are presented starting in Section 4.4, where
we consider nondegenerate hypersurfaces M that are singularly umbilic at a point p. The three
cases — generic, semi-circular, and circular — are treated in Sections 4.5, 4.6, and 4.7, respec-
tively. Finally, in Section 4.8 we will briefly discuss the symmetry and isotropy groups associated
with nondegenerate hypersurfaces.

Throughout, we set N = {0 < n ∈ Z} and N0 = {0 ≤ n ∈ Z}. In general, we will work
purely symbolically and do not attempt to find the local coordinate expressions for the differential
invariants, the invariant differential operators and forms, the moving frame, and so on. In principle,
the local coordinate expressions can be constructed using the non-symbolic equivariant moving
frame calculus, but the required computations are daunting.

2. PRELIMINARY MATERIALS

In this section we set up the local equivalence problem for real hypersurfaces M ⊂ C2 under
holomorphic transformations in preparation for applying the method of equivariant moving frames.

2.1. The pseudo-group of holomorphic transformations. As above, we will use z = x +
i y, w = u + i v to denote the standard coordinates on the complex plane C2. In our analysis
of real hypersurfaces, it will be convenient to employ z, z̄, u, v as the basic coordinates.

The Lie pseudo-group G consists of holomorphic transformations of C2, and hence is of the
form

φ : (z, w) 7−→
(
Z := F (z, u, v), W = U + iV := G(z, z̄, u, v) + iH(z, z̄, u, v)

)
, (2.1)
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so that F is complex-valued, whileG,H are real-valued analytic functions. The transformations in
G are characterized by the standard multivariate Cauchy–Riemann determining equations, [30, §3],

Fz̄ = F z = 0, Fv = iFu, F v = − iF u,

Hz = − iGz, Hz̄ = iGz̄, Hu = −Gv, Hv = Gu.
(2.2)

We use g(n) = jnφ = (F (n), F (n), H(n), G(n)) to denote the n-th order jet of the transformation
(2.1), whose components are the partial derivatives of order 0 ≤ k ≤ n of the functions with
respect to their arguments. Repeated differentiation of the involutive first order determining equa-
tions (2.2) provides the complete system of constraints on the jets of pseudo-group transformations.

Let g denote the collection of all local infinitesimal generators of G . Note that g is closed under
the Lie bracket operation, but does not form a Lie algebra in the usual sense since the Lie bracket
of two vector fields is only defined on the intersection of their domains of definition. By linearizing
the determining equations (2.2) at the identity transformation, cf. [18,25], we see that a vector field

v = ξ(z, u, v)
∂

∂z
+ ξ(z, u, v)

∂

∂z̄
+ η(z, z̄, u, v)

∂

∂u
+ ϕ(z, z̄, u, v)

∂

∂v
(2.3)

belongs to g if and only if its components satisfy the infinitesimal determining equations

ξz̄ = ξz = 0, ξv = i ξu, ξv = − i ξu,

ϕz = − i ηz, ϕz̄ = i ηz̄, ϕu = −ηv, ϕv = ηu,
(2.4a)

where the subscripts indicate partial derivatives with respect to the indicated variables. Differen-
tiating the determining equations (2.4a) we obtain the following relations among the second order
vector field jets

ξz̄a = 0, ξzv = i ξzu, ξuv = i ξuu, ξvv = −ξuu,
ξza = 0, ξz̄v = − i ξz̄u, ξuv = − i ξuu, ξvv = −ξuu,
ηzz̄ = ϕzz̄ = 0, ηzv = i ηzu, ηz̄v = − i ηz̄u, ηvv = −ηuu,
ϕza = − i ηza, ϕz̄a = i ηz̄a, ϕua = −ηva, ϕva = ηua,

(2.4b)

where a ∈ {z, z̄, u, v}. Relationships among the higher order vector field jets ζ(n) =
(ξ(n), ξ(n), η(n), ϕ(n)) are obtained by further differentiation of the second order determining equa-
tions (2.4b).

As in [25], let µ(∞) = (µA, µA, νA, ψA) denote the Maurer–Cartan forms for the pseudo-group
D of local diffeomorphisms of C2, where A = (a1, . . . , ak), with k ≥ 0, is a symmetric multi-
index with aκ ∈ {Z,Z, U, V }. (We will not need their explicit formulae here.) Restricting them to
the sub-pseudo-group G produces its Maurer–Cartan forms, for which we use the same notation,
but now they are no longer linearly independent. According to the structure Theorem 6.1 in [25],
the infinitesimal determining equations (2.4) yield, after the invariantization substitutions

ξ 7−→ µ, ξ 7−→ µ, η 7−→ ν, ϕ 7−→ ψ, z 7−→ Z, z̄ 7−→ Z, u 7−→ U, v 7−→ V,
(2.5)
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the complete system of linear relations among the Maurer–Cartan forms on the pseudo-group G .
In particular, the first and second order Maurer–Cartan forms satisfy

µZ = 0, µZ = 0, µV = iµU , µV = − iµU ,

ψZ = − i νZ , ψZ = i νZ , ψU = −νV , ψV = νU ,

µZa = 0, µZV = iµZU , µUV = iµUU , µV V = −µUU ,
µZa = 0, µZV = − iµZU , µUV = − iµUU , µV V = −µUU ,
νZZ = ψZZ = 0, νZV = i νZU , νZV = − i νZU , νV V = −νUU ,
ψZa = − i νZa, ψZa = i νZa, ψUa = −νV a, ψV a = νUa,

(2.6)

where a ∈ {Z,Z, U, V }, and similarly for their higher order counterparts. It follows that a basis
of Maurer–Cartan forms for G is provided by

µZkUℓ , µZkUℓ , νUkV , νZkUℓ , νZkUℓ , ψ, where k, ℓ ≥ 0.

The structure equations for the holomorphic pseudo-group G can be deduced by the general results
in [25], but will also not be needed in what follows.

2.2. Holomorphic action on nodegenerate hypersurfaces. We are interested in the local CR
geometry of real hypersurfaces M ⊂ C2. As in Chern and Moser, [8], we assume throughout
that M is real analytic, although almost all of our results (apart from the convergence properties
of the normal form series) are equally valid for smooth, meaning C∞ hypersurfaces. We call two
hypersurfaces M, M̃ (locally) congruent if there is a holomorphic map g ∈ G such that (locally)
M̃ = g ·M .

At any point p ∈ M , one can choose local coordinates z, w = u + i v, in terms of which the
hypersurface is represented as the graph of the real-analytic function

v = f(z, z̄, u).

We assume throughout that M is everywhere (Levi) nondegenerate, meaning that the correspond-
ing Levi form vzz̄ = ∂2f/∂z∂z̄ is nonzero.

For 0 ≤ n ≤ ∞, let Jn denote the n-th order jet bundle of hypersurfaces M ⊂ C2. The
action of the pseudo-group G on C2 induces an action on hypersurfaces, and hence on their
jets, which is known as the prolonged action, [18]. In terms of the usual jet coordinates v(n) =
(v, vz, vz̄, vu, . . . , vJ , . . . ) ∈ Jn, where J is a symmetric multi-index of order #J ≤ n whose en-
tries jκ ∈ {z, z̄, u}, that represent the partial derivatives of v of order ≤ n, the corresponding trans-
formed jet coordinates are labelled with capitalized letters: V (n) = (V, VZ , VZ , VU , . . . , VJ , . . . ),
where now the entries of the multi-index J are jκ ∈ {Z,Z, U}, in accordance with Cartan’s con-
vention, cf. [25]. The rather complicated explicit expressions for the prolonged pseudo-group
action follow from the usual rules of implicit differentiation, [26], but will not be used in this
paper4.

2.3. Moving frames. The method of equivariant moving frames for finite-dimensional Lie group
actions was introduced in [9] and extended to infinite-dimensional pseudo-groups in [26]. In out-
line, it proceeds via the following algorithm. One begins by prolonging the (pseudo-)group action
to the relevant submanifold jet bundles; the formulae for the transformed derivatives (jet coordi-
nates) are known as the lifted differential invariants since they can be viewed as invariant func-
tions on a certain “lifted bundle.” At each successive jet order, one chooses a cross-section to

4They would be required if one wishes to compute the explicit formulae for the normalized differential invariants
through the equivariant moving frame calculus, but here we choose to work purely symbolically.
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the prolonged action; in practice, this amounts to normalizing one or more of the lifted invariants
by setting them equal to a constant, typically either 0 or 1, although other choices may at times
be required and/or more convenient5. Each normalization equation is then solved for one of the
pseudo-group parameters, and the result is a partial moving frame, which can be interpreted as
an equivariant subbundle of the lifted bundle. One then substitutes the resulting formulae for the
pseudo-group parameters back into the other lifted invariants, producing the partially normalized
lifted invariants. Those that were used to specify the cross-section become, of course, their chosen
constants, and are referred to as the phantom invariants. Any non-constant partially normalized
invariant that no longer depends upon any of the pseudo-group parameters is a differential invariant
in the usual sense. One then iterates this procedure by recursively increasing the jet (derivative)
order, until (in favorable cases) one has eliminated all the pseudo-group parameters; the resulting
non-phantom normalized invariants form a complete system of functionally independent differen-
tial invariants for the action. For details on the recursive procedure, see [21, 28].

Now, the formulae for the prolonged pseudo-group transformations, i.e., the lifted invariants, can
become exceedingly complicated, and the practical implementation of the moving frame algorithm
may be beyond even powerful modern symbolic computer algebra systems. (Another stumbling
block is the appearance of rational algebraic functions, which are still not handled particularly well
by current software.) Nevertheless, as can be seen in the cited references, the method has been
successfully applied to a very broad range of actions. There is, however, an alternative, purely
symbolic approach that relies purely on linear algebra, and hence can be easily implemented in
very challenging situations, including the problem under consideration here. While it does not
produce the explicit formulae for the differential invariants and other invariant quantities, it does
lead to formulae expressing their interrelationships, as well as the associated normal form, and thus
provides significant insight into the overall structure of the problem. The symbolic method relies
on the remarkable recurrence formulae that express the differentials of a lifted invariant as a lifted
invariant linear combination of two types of invariant differential forms — the lifted invariant
horizontal one-forms, which are obtained by applying the pseudo-group transformations to the
coordinate forms dxi for the independent variables xi, and the Maurer–Cartan forms associated
with the action; see Theorem 2.3 for details. The recurrence relations are universal, relying only on
the standard and relatively simple formula for the prolonged infinitesimal generators of the action,
[18], and do not require knowledge of the actual formulae for the lifted invariants, or the lifted
invariant forms, or even the moving frame itself. Inserting the selected normalization equation for
a phantom lifted invariant into its associated recurrence relation produces a linear equation that
can be solved for one of the Maurer–Cartan forms as a lifted invariant linear combination of the
invariant horizontal forms and the other Maurer–Cartan forms, which thereby determines its partial
normalization. Moreover, the allowed choices of normalization constant (zero, nonzero, . . . ) are
dictated by the structure of the recurrence formula, as the resulting equation must be compatible
and solvable for one of the Maurer–Cartan forms. The resulting normalization of a Maurer–Cartan
form corresponds directly to the normalization of a group parameter in the non-symbolic version
of the algorithm.

The recurrence formulae retain their structure under the partial normalization process described
above, and this allows one to recursively continue the symbolic algorithm, finally leading (in favor-
able cases) to formulae for all the fully normalized Maurer–Cartan forms in terms of the differential
invariants and fully invariant horizontal forms. The latter one-forms form an invariant horizontal

5This describes what is known as a “coordinate cross-section”; more general cross-sections are rarely used and will
not concern us here.
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coframe with dual invariant differential operators that map differential invariants to differential in-
variants. The remaining fully normalized recurrence formulae form a complete system of identities
(differential syzygies) that express the invariant derivatives of the normalized differential invariants
as functions thereof, which thus completely determines the structure of the underlying algebra of
differential invariants. They consequently enable one to symbolically determine a system of fun-
damental differential invariants that generate the entire algebra through invariant differentiation.
Details of the process will become clear in the context of our chosen example.

A very simple example to keep in mind is the case of plane curves under the action of the special
Euclidean group (translations and rotations). The basic normalized differential invariant of lowest
order is the curvature κ. The invariant horizontal form is the arc length ds and the dual invariant
differential operator is the arc length derivative. The higher order differential invariants are then
just the successive derivatives of curvature with respect to arc length: κ, κs, κss, . . .. The recurrence
formulae enable one to write the normalized differential invariants obtained through the moving
frame process in terms of κ and its arc length derivatives; see, for example, [9, 22] for details on
the calculations in this simple classic example.

Let us now provide the details of the symbolic moving frame algorithm, in the specific context
of real hypersurfaces M ⊂ C2. For 0 ≤ n ≤ ∞, the submanifold jets z(n) = (z, z̄, u, v(n)) ∈ Jn

and the pseudo-group jets g(n) ∈ G (n), with source at z = (z, z̄, u, v), parametrize the n-th order
lifted bundle B(n). There is a natural right action of the holomorphic pseudo-group G on B(n)

given by combining the prolonged action on hypersurface jets with the action on G (n) given by
right composition of pseudo-group jets

Rψ(z
(n), jnφ|z) = (Z(n), jn(φ ◦ ψ−1)|ψ(z)) for any φ, ψ ∈ G , (2.7)

where the composition φ ◦ ψ−1 is defined. When viewed as functions on the lifted bundle B(n),
the transformed quantities Z(n) = (Z,Z, U, V (n)) resulting from the coordinate expressions for
the prolonged pseudo-group action on Jn are invariant under the right bundle action (2.7), and
are hence referred to as lifted (differential) invariants. The lifting procedure can be applied to an
arbitrary differential function, and defines an invariantization process

ι
[
F (z, z̄, u, v(n))

]
= F (Z,Z, U, V (n)),

that maps differential functions to their lifted invariant counterparts, whose action on the basic jet
coordinates is given by6

ι(z) = Z, ι(z̄) = Z, ι(u) = U, ι(vJ) = VJ . (2.8)

One can similarly lift a differential form on the hypersurface jet bundle Jn by applying the pro-
longed pseudo-group transformations, the result being an invariant differential form on the lifted
bundle B(n), [26]. In particular, the lifts of the basic horizontal one-forms dz, dz̄, du, form the
lifted invariant horizontal coframe, and are denoted

ι(dz) = ωZ , ι(dz̄) = ωZ = ωZ , ι(du) = ωU . (2.9)

Their coordinate expressions are easily found, but will not be needed here.

Remark 2.1. In the ensuing calculations, we will always, for simplicity, omit contact forms from
all of our formulae, and so, technically, the differential on the hypersurface jet bundle refers to
the horizontal differential; see [14] for details. The contact forms play no role here, since they

6The multi-index J on vJ contains all lower case letters, in {z, z̄, u}, whereas on VJ it denotes the multi-index
with the corresponding capital letters, in {Z,Z,U}, and should perhaps be denoted ι(J). However, since the type of
a multi-index subscript is always clear from context, we choose not to unnecessarily clutter the notation.
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vanish on all hypersurfaces, but they are of importance in other contexts, in particular in the study
of invariant variational problems.

The recursive moving frame normalization process can be formalized as follows, [21, 28, 33].

Definition 2.2. A partial right moving frame of order n is a right-invariant local subbundle B̂(n) ⊂
B(n), meaning that Rψ(B̂(n)) ⊂ B̂(n) for all ψ ∈ G where the right action (2.7) is defined. If the
subbundle B̂(n) forms the graph of a right-invariant section of B(n), it defines an equivariant
moving frame.

Partial moving frames are obtained by choosing a cross-section K (n) to the prolonged action
at some order n, and solving the corresponding normalization equations for the pseudo-group
parameters, [26]. Assuming the prolonged action is regular, if it is also (locally) free, that is, the
isotropy group at a submanifold jet z(n) is trivial or discrete, then the notion of a partial moving
frame reduces to the usual definition of an equivariant moving frame.

A (partial) moving frame induces its own invariantization process ι̂ that maps differential func-
tions F and, more generally, differential forms ω on the hypersurface jet space to their (partially)
invariant counterparts on B̂(n), with

ι̂ (ω) = (ρ̂(n))∗ι(ω),

where ρ̂(n) : B̂(n) ↪→ B(n) denotes the inclusion map. In practice, the invariantization process
associated with a partial moving frame simply amounts to replacing the pseudo-group parameters
that appear in the original lifted invariants by their (partial) moving frame expressions that are
obtained by solving the normalization equations; the resulting invariantized functions and forms
can depend upon any remaining unnormalized pseudo-group parameters.

In the sequel, since all relations among differential functions and differential forms are preserved
under pull-back, we will omit explicit reference to the pull-back map (ρ̂(n))∗ and simply use ι
for all the invariantization processes in order to streamline the notation. Thus, at each stage in
the computation, Z,Z, U, V, VJ , ωZ , ωZ , ωU will refer to the current partially normalized lifted
invariants and forms. Once all the pseudo-group parameters have been normalized (when possible),
these will become the sought-for differential invariants and invariant differential forms.

2.4. Recurrence relations. One of the most fundamental results in the theory of equivariant mov-
ing frames is the universal recurrence formula, [26, Theorem 25], which unlocks the structure of
the algebra of (lifted) differential invariants. To write the formula, recall that the prolongation of
the vector field (2.3) to the submanifold jet bundle Jn is the vector field

v(n) = ξ
∂

∂z
+ ξ

∂

∂z̄
+ η

∂

∂u
+

∑
0≤#J≤n

ϕJ
∂

∂vJ
, (2.10)

whose coefficients are given by the standard prolongation formula, [18]: given a symmetric multi-
index J = (j1, . . . , jℓ) of order #J = ℓ,

ϕJ(z(ℓ), ζ(ℓ)) = DJ(ϕ− vz ξ − vz̄ ξ − vuη) + vJ,z ξ + vJ,z̄ ξ + vJ,u η, (2.11a)

where DJ = Dj1 · · ·Djℓ with

Djκ =
∂

∂jκ
+

∑
#K≥0

vK,jκ
∂

∂jκ
jκ ∈ {z, z̄, u},
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denoting the usual total derivative operator. One can, alternatively, use the recursive version

ϕJ,k = Dkϕ
J − vJ,zDkξ − vJ,z̄Dkξ − vJ,uDkη. (2.11b)

For example, taking into account the infinitesimal determining equations (2.4a), the order 1 pro-
longed vector field coefficients are

ϕz = −vz ξz − i v2z ξu + i vzvz̄ ξu − ( i + vu) ηz + vz ηu − vzvu ηv,

ϕz̄ = −vz̄ ξz̄ + i v2z̄ ξu − i vzvz̄ ξu + ( i − vu) ηz̄ + vz̄ ηu − vz̄vu ηv,

ϕu = −vz (1 + i vu) ξu − vz̄ (1− i vu) ξu − (1 + v2u) ηv.

(2.12)

The universal recurrence formula can then be written as follows.

Theorem 2.3. If F (z, z̄, u, v(n)) is any differential function, then

d ι(F ) = ι(dF ) + ι
[
v(n)(F )

]
. (2.13)

The final “correction” term in (2.13) is obtained by invariantization of the infinitesimal generator
coefficient (2.11a) — that is, by applying the substitutions (2.5) to the submanifold and vector field
jets appearing therein. In particular, setting F = z, z̄, u, vJ in turn, we deduce the complete system
of recurrence relations for the basic lifted invariants

dZ = ωZ + µ, dZ = ωZ + µ, dU = ωU + ν, dVJ = ϖJ + ϕJ(Z(n),µ(n)), (2.14)

where ωZ , ωZ , ωU are the lifted invariant horizontal forms (2.9), while (again omitting contact
forms)

ϖJ = ι(dvJ) = ι
(
vJ,z dz + vJ,z̄ dz̄ + vJ,u du

)
= VJ,Z ω

Z + VJ,Z ω
Z + VJ,U ω

U . (2.15)

Pulling-back the recurrence relations (2.14) by a (partial) moving frame ρ̂(n) yields the correspond-
ing recurrence relations for the (partially) normalized invariants involving the (partially) normal-
ized horizontal coframe and the (partially) normalized Maurer–Cartan forms. As noted above,
since pull-backs do not alter the basic equations, we will omit explicitly writing them from here
on.

Remark 2.4. In a number of our calculations, we will only need to know the group components
in the recurrence formulae. We thus write µ ≡ ν if they differ by a linear combination of the
horizontal forms ωZ , ωZ , ωU . For example, the last recurrence relation in (2.14) can be written as
dVJ ≡ ϕJ(Z(n),µ(n)).

Remark 2.5. In the universal recurrence formula (2.13), the differential function F can be replaced
by any differential form on the hypersurface jet space, where v(n) acts via Lie differentiation and
one inserts a wedge product between the invariantized vector field coefficients and the resulting
differential forms in the correction term. For example, taking F to be the basic horizontal forms
dz, dz̄, du, and noting that dF = 0 in each case, we deduce the following recurrence formulae for
the invariant horizontal one-forms (2.9):

dωZ = µZ ∧ ωZ + µZ ∧ ωZ + µU ∧ ωU ,

dωZ = µZ ∧ ωZ + µZ ∧ ωZ + µU ∧ ωU ,

dωU = νZ ∧ ωZ + νZ ∧ ωZ + νU ∧ ωU .

(2.16)
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The following formula, which will be of use later, follows from an application of the Leibniz
rule to the prolongation formula (2.11a). Specifically,

DJϕ = ϕJ +
∑
K

(
J

K

)
vK ϕJ\K,v + · · · , DJ(vz ξ) =

∑
K

(
J

K

)
vK,z ξJ\K + · · · ,

and similarly for the terms coming from vz̄ ξ and vuη. Here
(
J
K

)
denotes the multinomial coefficient

corresponding to the multi-indices J,K, and the omitted terms have the form of a positive integer
multiplying one of these monomials

vJ1 · · · vJl−2
vJl−1

ϕJl,vl−1 , vJ1 · · · vJl−2
vJl−1,zξJl,vl−2 ,

vJ1 · · · vJl−2
vJl−1,z̄ξJl,vl−2 , vJ1 · · · vJl−2

vJl−1,uηJl,vl−2 ,
(2.17)

where l ≥ 3, ∅ ̸= Jκ ⊊ J for 1 ≤ κ < l, and (J1 · · · Jl) = J . Using the determining equations
(2.4) and their derivatives in the resulting formulae yields the prolonged vector field coefficient

ϕz
j z̄kuℓ = −vzj z̄kuℓ

[
j ξz + k ξz̄ + (ℓ− 1) ηu

]
−
[
ℓ vzj+1z̄kuℓ−1 + iNjkℓ

]
ξu

−
[
ℓ vzj z̄k+1uℓ−1 − iNkjℓ

]
ξu − ℓ vzj z̄kuℓ−1

[
j ξzu + k ξz̄u +

ℓ− 3

2
ηuu

]
− iPjkℓ ξzu + iPkjℓ ξz̄u +Qjkℓ ηuu + · · · ,

(2.18)

whenever j + k + ℓ ≥ 2, and where the omitted terms depend on the other derivatives of ξ, ξ, η
that are not displayed7. The coefficients Njkℓ, Pjkℓ, Qjkℓ depend superquadratically8 on the jet
coordinates vJ , where 1 ≤ #J ≤ j + k + ℓ in the case of Njkℓ, while 1 ≤ #J ≤ j + k + ℓ− 1 in
the case of Pjkℓ, Qjkℓ. Moreover, a straightforward inductive argument shows that the coefficient
of each monomial appearing therein is a strictly positive integer. We also note that Pjkℓ and Pkjℓ
are not complex conjugate polynomials. For example, Pzzu = 4vzvzu + 2vuvzz while Pz̄z̄u = 0.

3. PRELIMINARY NORMALIZATIONS

In this section we begin the process of constructing a normal form for nondegenerate hypersur-
faces in C2 by applying the method of equivariant moving frames. Using the recurrence relations
(2.14) all our computations can be performed symbolically, without requiring coordinate expres-
sions for the prolonged action, the lifted forms (2.9), or the Maurer–Cartan forms. In order to
efficiently construct a normal form, our principal objective is, at each successive order, to find
a cross-section that allows us to normalize as many group parameters or, equivalently, Maurer–
Cartan forms as possible.

Before starting the computations, we observe that the lifted invariants and Maurer–Cartan forms
respect the following conjugation relations

VJ = VJ , µJ = µJ , νJ = νJ .

All our chosen normalizations will respect these conjugation relations. Accordingly and for
brevity, we will sometimes omit formulae that follow from conjugation.

7Note that when ℓ = 0, terms involving uℓ−1 are undefined, but have a vanishing coefficient and so do not appear.
8A polynomial is superquadratic if it contains no constant or linear terms.



Normal forms, moving frames, and differential invariants for hypersurfaces 13

3.1. Orders zero and one. We now start the normalization process by investigating the order zero
and order one recurrence relations. First, from (2.14), (2.15), the order zero recurrence relations
are

dZ = ωZ + µ, dZ = ωZ + µ, dU = ωU + ν, dV = ϖ + ψ, (3.1a)
while, in light of (2.12), the order one relations are

dVZ = ϖZ − VZµZ − iV 2
Z µU + iVZVZ µU − ( i + VU) νZ + VZ νU − VZVU νV ,

dVZ = ϖZ − VZ µZ + iV 2
Z
µU − iVZVZ µU + ( i − VU) νZ + VZ νU − VZVU νV ,

dVU = ϖU − VZ (1 + iVU)µU − VZ (1− iVU)µU − (1 + V 2
U ) νV .

(3.1b)

It is therefore possible to normalize

Z = Z = U = V = VZ = VZ = VU = 0, (3.2)

which effectively normalizes 7 of the pseudo-group parameters9.

Remark 3.1. Throughout the computation, there are many possible choices of normalization cor-
responding to different cross-sections to the pseudo-group orbits. The choices made here, starting
with (3.2), are made so as to make the ensuing calculations as simple as possible, which has the
added advantage of making the comparison with Chern and Moser’s results straightforward. In
practice, this means setting each transformed variable to zero, unless this is not possible, in which
case a suitable nonzero constant is chosen, e.g. 1. While other normalizations can lead to alter-
native expressions for the fundamental differential invariants and invariant differential forms, one
can readily relate them to the ones derived here using the Replacement Theorem, [22, 26].

Substituting the normalizations (3.2) into the recurrence relations (3.1), the left-hand sides all
vanish while the right-hand sides simplify considerably. Solving the resulting equations for the
partially normalized Maurer–Cartan forms, we obtain

µ = −ωZ , µ = −ωZ , ν = −ωU , ψ = 0, νZ = − iϖZ , νZ = iϖZ , νV = ϖU .
(3.3)

As mentioned at the end of the previous section, in (3.3) we omit writing the partial moving frame
pull-backs to simplify the notation.

A careful analysis of the prolongation formula (2.11a) yields the following result.

Lemma 3.2. For k, ℓ ≥ 0, we impose the normalizations

VZk+1Uℓ = VZk+1Uℓ = VUℓ+1 = 0. (3.4)

Then, the corresponding phantom recurrence relations
(a) dVZk+1Uℓ = dVZk+1Uℓ = 0 can be solved for νZk+1Uℓ , νZk+1Uℓ;
(b) dVUℓ+1 = 0 can be solved for νUℓV .

Proof. Let

D̂z =
∂

∂z
+ vz

∂

∂v
, D̂z̄ =

∂

∂z̄
+ vz̄

∂

∂v
, D̂u =

∂

∂u
+ vu

∂

∂v
denote the order zero truncation of the total derivative operators Dz, Dz̄, Du. In light of the
prolongation formula (2.11a), the terms with the highest order vector field jets in ϕJ are

H(ϕJ) = D̂Jϕ− vz D̂Jξ − vz̄ D̂Jξ − vu D̂Jη.

9The non-symbolic moving frame calculus would write out the explicit expressions for these lifted invariants and
explicitly solve (3.2) for the pseudo-group parameters, with the (far more complicated) process continuing in a similar
fashion throughout.
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Therefore

H(ϕz
k+1uℓ) = ϕzk+1uℓ + terms involving vz, vz̄, vu = − i ηzk+1uℓ + terms involving vz, vz̄, vu,

where we used the fact that ϕz = − i ηz. Thus, the recurrence relation for VZk+1Uℓ , when the
normalizations (3.2) have been performed, is

dVZk+1Uℓ = ϖZk+1Uℓ − i νZk+1Uℓ + · · · , (3.5)

where the omitted correction terms involve partially normalized Maurer–Cartan forms of order
< k + ℓ + 1. In light of the recurrence relation (3.5), it is possible to set VZk+1Uℓ = 0 and then
solve the resulting phantom recurrence relation for the partially normalized Maurer–Cartan form
νZk+1Uℓ .

A similar argument proves part (b), where now

H(ϕu
ℓ+1

) = ϕuℓ+1 + terms involving vz, vz̄, vu = −ηuℓv + terms involving vz, vz̄, vu,

thereby completing the proof. □

Assuming the Maurer–Cartan forms in (3.3) and Lemma 3.2 have been normalized, the re-
maining (partially) unnormalized Maurer–Cartan forms are µZkUℓ , µZkUℓ , νUℓ , with k, ℓ ∈ N0 and
k + ℓ > 0.

3.2. Order two. This order is of rather more interest as it exhibits the role of Levi nondegeneracy
when constructing the desired normal form. Taking into account the normalizations performed in
Lemma 3.2, the only remaining order two recurrence relation is, after simplification,

dVZZ = ϖZZ + VZZ (νU − µZ − µZ) ≡ VZZ (νU − µZ − µZ). (3.6)

From the group component on the right-hand side, we deduce that VZZ is a relative invariant,
meaning it is mapped to a multiple of itself under the pseudo-group transformations. In particular,
the condition VZZ = 0 that a hypersurface be degenerate is preserved. From here on, we leave the
degenerate case aside, and exclusively consider nondegenerate hypersurfaces where VZZ ̸= 0. We
can then normalize

VZZ = 1. (3.7)
Substituting into the recurrence relation (3.6) yields

νU = −ϖZZ + µZ + µZ . (3.8)

Inspecting the prolonged vector coefficients ϕzz̄uℓ , with ℓ ≥ 1, as given in (2.11a), we arrive to
the following more general result.

Lemma 3.3. For ℓ ≥ 1, the phantom recurrence relation for the normalized invariant VZZUℓ = 0
can be solved for the (partially) normalized Maurer–Cartan form νUℓ+1 .

Proof. We prove the assertion using induction on ℓ. For ℓ = 1, we set VZZU = 0. After using the
prolongation formula (2.11a) and performing the normalizations in Lemma 3.2 and equation (3.7),
we find that

0 = dVZZU = ϖZZU + νUU − µZU − µZU − VZZU µZ − VZZU µZ − VZ2Z µU − VZZ2 µU ,

which we can solve for the partially normalized Maurer–Cartan form νUU .
Now, for ℓ ≥ 2, assume that by setting VZZU = 0, . . . , VZZUℓ−1 = 0, the corresponding

recurrence equations can be solved for the partially normalized Maurer–Cartan forms νU2 , . . . , νUℓ .
By setting VZZUℓ = 0 our goal is to show that the corresponding recurrence relation can be used to
solve for νUℓ+1 . Under the correspondence (2.5) we must keep track of the vector field jet ηuℓ+1 in
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the prolonged vector field coefficient ϕzz̄uℓ . First, by the prolongation formula (2.11a) and (2.4a),
we have

ϕzz̄u
ℓ

= Dℓ
uDzDz̄

(
ϕ− vz ξ − vz̄ ξ − vu η

)
+ vzzz̄uℓ ξ + vzz̄z̄uℓ ξ + vzz̄uℓ+1 η

= Dℓ
u

(
ϕzz̄ − vzzz̄ ξ − vzz̄z̄ ξ − vzz̄u η

)
+ vzzz̄uℓ ξ + vzz̄z̄uℓ ξ + vzz̄uℓ+1 η.

In light of the infinitesimal determining equations (2.4), the vector field jet ηuℓ+1 will only originate
from the derivatives of η and ϕ. Thus, we set the terms involving ξ and ξ and their derivatives aside
and write

ϕzz̄u
ℓ

= Dℓ
u

(
ϕzz̄ − vzz̄u η

)
+ vzz̄uℓ+1 η + · · · = Dℓ

uϕ
zz̄ −Dℓ

u(vzz̄u η) + vzz̄uℓ+1 η + · · ·

= Dℓ
uϕ

zz̄ +
ℓ∑

j=1

Ajvzz̄uj + · · · ,
(3.9)

where the coefficientsAj depend on vu, . . ., vuℓ , and derivatives of η. Since by hypothesis VZZUj =
0, j = 1, . . . , ℓ, are vanishing phantom invariants, we focus on the first term of (3.9). First,

ϕzz̄ = vzz̄
(
ηu − ξz̄ − ξz

)
+ terms involving vz, vz̄, vu, vzu, vz̄u,

so that

Dℓ
u(ϕ

zz̄) = vzz̄
(
ηuℓ+1 − ξz̄uℓ − ξzuℓ

)
+ terms involving vzul , vz̄ul , vul , vzz̄uj , (3.10)

where 0 ≤ l and 1 ≤ j ≤ ℓ. By Lemma 3.2 and the assumptions of the current lemma, since the
lifted invariants VZU l = VZU l = VU l = VZZUj = 0 are set to zero, the terms omitted in (3.10)
vanish in the recurrence relation of VZZUℓ . Thus we have that

0 = dVZZUℓ = ϖZZUℓ + νUℓ+1 − µZUℓ − µZUℓ + · · · ,

where the omitted terms involve the Maurer–Cartan forms µUj , µUj . The last equation can thus be
solved for the partially normalized Maurer–Cartan form νUℓ+1 . □

At this point we have normalized the Maurer–Cartan forms νUℓV , νZkUℓ , νZkUℓ for all k, ℓ ∈ N0.
It remains to normalize the Maurer–Cartan forms µZkUℓ , µZkUℓ , when k + ℓ ≥ 1.

3.3. Order three. Taking into account Lemmas 3.2 and 3.3, the only remaining non-constant
partially normalized third order invariants are VZ2Z , VZZ2 . After simplification, we find that

dVZ2Z = (VZ3Z − V 2
Z2Z

)ωz + (VZ2Z2 − VZZ2VZ2Z)ω
z̄ + VZ2ZU ω

u − µZ2 + 4 i µU − VZ2Z µZ ,

and similarly for its conjugate. It is therefore possible to set VZ2Z = VZZ2 = 0. Solving the
corresponding phantom recurrence relations yields the partially normalized Maurer–Cartan forms

µZ2 = ϖZ2Z + 4 iµU µZ2 = ϖZZ2 − 4 iµU .

By an argument similar to Lemma 3.3, we arrive at the following result.

Lemma 3.4. For k, ℓ ≥ 0, the recurrence relations for the phantom invariants

VZk+2ZUℓ = VZZk+2Uℓ = 0

can be solved for the (partially) normalized Maurer–Cartan forms µZk+2Uℓ , µZk+2Uℓ .
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3.4. Orders four and five. In light of the normalizations made in the previous subsections, we
now consider the recurrence relations for the remaining non-phantom partially normalized invari-
ants of orders four and five, namely VZ2Z2 , VZ2Z3 , and VZ3Z2 . After simplification, we obtain

dVZ2Z2 = ϖZ2Z2 − VZ2Z2 (µZ + µZ)− 4 i (µZU − µZU),

dVZ3Z2 = ϖZ3Z2 − VZ3Z2 (2µZ + µZ) + 24µU2 ,

dVZ2Z3 = ϖZ2Z3 − VZ2Z3 (µZ + 2µZ) + 24µU2 .

It is therefore possible to set VZ2Z2 = VZ3Z2 = VZ2Z3 = 0 and use the resulting phantom recurrence
relations to solve for the (partially) normalized Im µZU , µU2 , µU2 . More generally, we have the
following result.

Lemma 3.5. For ℓ ≥ 0, the recurrence relation for the phantom invariant(s)
1) VZ2Z2Uℓ = 0 can be solved for the real Maurer–Cartan form Im µZUℓ+1 .
2) VZ3Z2Uℓ = VZ2Z3Uℓ = 0 can be solved for the Maurer–Cartan forms µUℓ+2 , µUℓ+2 .

In light of the normalizations performed thus far, the remaining unnormalized Maurer–Cartan
forms are

µU , µU , µZ , µZ , Re µZUℓ+1 , ℓ ≥ 0.

3.5. Order six. As demonstrated by Chern and Moser, [8], this order is of crucial importance. It
includes 28 lifted differential invariants but using our previous normalizations, these are all set to
zero except for VZ4Z2 , VZ3Z3 , VZ2Z4 . After simplification, we have the recurrence relations

dVZ3Z3 = ϖZ3Z3 + 12 (µZU2 + µZU2)− 2VZ3Z3(µZ + µZ),

dVZ4Z2 = ϖZ4Z2 − VZ4Z2 (3µZ + µZ).
(3.11)

From the first equation it is possible to set VZ3Z3 = 0 and solve for the real part of the partially
normalized Maurer–Cartan form µZU2 . More generally, we have the following result.

Lemma 3.6. For ℓ ≥ 0, the recurrence relation for the phantom invariant VZ3Z3Uℓ = 0 can be
solved for the Maurer–Cartan form Re µZUℓ+2 .

Combining part 1) of Lemma 3.5 and Lemma 3.6, we have now normalized both µZUℓ+2 and
µZUℓ+2 for all ℓ ≥ 0. Thus, we have successfully normalized all but five of the original infinite
collection of Maurer–Cartan forms, namely

µU , µU , µZ , µZ , Re µZU . (3.12)

From this result, we can already deduce that the isotropy group of a nondegenerate hypersurface is
at most five-dimensional (cf. [33]).

Combining all the normalizations made thus far, we are able to holomorphically transform a
local neighborhood of the nondegenerate hypersurface M to the partial normal form

v = zz̄ +
1

4! 2!

(
VZ4Z2 z4z̄2 + VZ2Z4 z2z̄4

)
+

∑
j+k+ℓ≥7

j≥2, k≥4, ℓ≥0,

or j≥4, k≥2, ℓ≥0.

1

j! k! ℓ!
VZjZkUℓzj z̄kuℓ, (3.13)

which coincides with the normal form (1.1) found by Chern and Moser. In [8, Theorem 3.5], they
proved the convergence of (3.13) using the concept of chains on hypersurfaces.

The second equation in (3.11) implies that the partially normalized function

VZ4Z2 = 48 c42(0) = 6R
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is a relative invariant. The multiple R = VZ4Z2/6 is known, [12, Lemma 8.7], [31, Theorem 5.2],
as the Cartan curvature of the nondegenerate hypersurface M at the point p.

Definition 3.7. If the Cartan curvature vanishes, so VZ4Z2 |p = 0, then p ∈ M is called an umbilic
point.

In other words, a point p is umbilic if and only if the corresponding normal form contains no
sixth order terms. As in Euclidean surface theory, one must modify the subsequent analysis at an
umbilic point, and this depends upon whether or not the hypersurface is umbilic in a neighborhood
of the point.

Before continuing, let us analyze the normalizations performed in Lemmas 3.2–3.6 in more
details, arriving at the following result.

Proposition 3.8. The following (partially) normalized Maurer–Cartan forms

µ ≡ µ ≡ ν ≡ ψ ≡ νZ ≡ νZ ≡ νV ≡ 0

are linear combinations of the horizontal forms ωZ , ωZ , ωU . Furthermore, for k, ℓ ≥ 0, the higher
order (partially) normalized Maurer–Cartan forms are given, modulo the horizontal forms, by

(a) νUℓV ≡ 0;

(b) Im µZUℓ+1 ≡ 0;

(c) νU ≡ µZ + µZ , νU2 ≡ 2µZU , νU3 ≡ 2µZU2 ≡ 0,

νUℓ+4 ≡ 2µZUℓ+3 ≡ 1

12

ℓ+1∑
j=1

(
ℓ+ 1

j

)[
VZ4Z3Uℓ+1−j µUj + VZ3Z4Uℓ+1−j µUj

]
;

(d) µZU2 = µZU2 ≡ 0,

µZUℓ+3 = µZUℓ+3 ≡
1

24

ℓ+1∑
j=1

(
ℓ+ 1

j

)[
VZ4Z3Uℓ+1−j µUj + VZ3Z4Uℓ+1−j µUj

]
;

(e) νZUℓ ≡ iµUℓ , νZUℓ ≡ − iµUℓ , νZk+2Uℓ ≡ νZk+2Uℓ ≡ 0;

(f) µZ2Uℓ ≡ 4 iµUℓ+1 , µZ3Uℓ ≡ 0, µZk+4 ≡ 0,

µZk+4Uℓ+1 ≡ −
ℓ+1∑
j=1

(
ℓ+ 1

j

)
VZk+4Z2Uℓ+1−j µUj ,

µZ2Uℓ ≡ −4 iµUℓ+1 , µZ3Uℓ ≡ 0, µZk+4 ≡ 0,

µZk+4Uℓ+1 ≡ −
ℓ+1∑
j=1

(
ℓ+ 1

j

)
VZ2Zk+4Uℓ+1−jµUj ;

(g) µU2 ≡ µU2 ≡ 0, while µUℓ+3 , µUℓ+3 , are expressed in terms of µU and µU via the recursive
relations

µUℓ+3 ≡ 1

24

ℓ+1∑
j=1

(
ℓ+ 1

j

)
VZ2Z4Uℓ+1−jµUj , µUℓ+3 ≡

1

24

ℓ+1∑
j=1

(
ℓ+ 1

j

)
VZ4Z2Uℓ+1−jµUj .

Remark: We have listed all the complex conjugate relations for the reader’s convenience, but will
only give the details of the proof of one of each pair below.
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Proof. Let
K = {vzz̄ = 1, z = z̄ = u = v = vzkuℓ = vz̄kuℓ = vzz̄uℓ+1 = vzk+2z̄uℓ

= vzz̄k+2uℓ = vz2z̄2uℓ = vz3z̄2uℓ = vz2z̄3uℓ = vz3z̄3uℓ = 0 | k, ℓ ∈ N0}
(3.14)

be the cross-section corresponding to the normalizations performed in Lemmas 3.2–3.6; see also
the normal form (3.13). Moreover, from the order zero normalizations (3.3), invariantization of the
last three terms in the prolongation formula (2.11a) produces a horizontal form

vJ,z ξ + vJ,z̄ ξ + vJ,u η
(2.5)7−→ VJ,Z µ+ VJ,Z µ+ VJ,U ν ≡ 0,

and hence we introduce the equality

ϕJ ≡ DJ(ϕ− vz ξ − vz̄ ξ − vu η) mod (ξ, ξ, η). (3.15)

We note that, if F (z, z̄, u, v) is any function of the base variables, then, on the cross-section (3.14),
the following total derivatives reduce to the corresponding partial derivatives

Dℓ
uF

∣∣
K

= ∂ℓuF, Dk
zD

ℓ
uF

∣∣
K

= ∂kz∂
ℓ
uF, Dk

z̄D
ℓ
uF

∣∣
K

= ∂kz̄∂
ℓ
uF. (3.16)

Proof of part (a): According to (3.15),

ϕu
ℓ+1 ≡ Dℓ+1

u

(
ϕ− vz ξ − vz̄ ξ − vu η

)
.

In view of (3.16) and the determining equations (2.4), when restricted to the cross-section

ϕu
ℓ+1∣∣

K
≡ ϕuℓ+1 = −ηuℓv.

We thus have the recurrence relation

0 = dVUℓ+1 ≡ −νUℓV .

Proof of part (b): According to (3.15),

ϕz
2z̄2uℓ ≡ Dℓ

u

(
ϕz

2z̄2 − vz3z̄2 ξ − vz2z̄3 ξ − vz2z̄2u η
)
.

On the cross-section (3.14),

Dℓ
u

(
vz3z̄2 ξ + vz2z̄3 ξ + vz2z̄2u η

)∣∣
K

= 0.

Furthermore, the determining equations (2.4) imply

ϕz
2z̄2

∣∣
K

= 8 Im ξzu + 2 ηuv,

and hence
ϕz

2z̄2uℓ
∣∣
K

≡ Dℓ
u(ϕ

z2z̄2)
∣∣
K

= 8 Im ξzuℓ+1 + 2 ηuℓ+1v.

From this, we deduce the phantom recurrence relation

0 = dVZ2Z2Uℓ ≡ 8 Im µZUℓ+1 + 2 νUℓ+1V .

By part (a), νUℓ+1V ≡ 0, which implies that Im µZUℓ+1 ≡ 0.

Proof of parts (c) and (d): The formula for νU follows from (3.8). As for the formulae for νUℓ ,
when ℓ ≥ 2, we first note that

ϕzz̄u
ℓ ≡ Dℓ

u

(
ϕzz̄ − vz2z̄ ξ − vzz̄2 ξ − vzz̄u η

)
.

Since
Dℓ
u

(
vz2z̄ ξ + vzz̄2 ξ + vzz̄u η

)∣∣
K

= 0,

by (3.10),
ϕzz̄u

ℓ∣∣
K

≡ Dℓ
u(ϕ

zz̄)
∣∣
K

= ηuℓ+1 − ξz̄uℓ − ξzuℓ .
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We deduce the recurrence relation

0 = dVZZUℓ ≡ νUℓ+1 − µZUℓ − µZUℓ ,

which implies
νUℓ+1 ≡ µZUℓ + µZUℓ .

Moreover, when ℓ ≥ 1, part (b) implies that µZUℓ is a real form, which establishes the first
formulae for νUℓ+1 . Next, from the prolongation formula (2.11a) and (3.15),

ϕz
3z̄3uℓ ≡ Dℓ

u

(
ϕz

3z̄3 − vz4z̄3 ξ − vz3z̄4 ξ − vz3z̄3u η
)
. (3.17)

On the cross-section

ϕz
3z̄3

∣∣
K

= 36Re (ξzuu)− 6 ηuuu, and hence Dℓ
u(ϕ

z3z̄3)
∣∣
K

= 36Re (ξzuℓ+2)− 6 ηuℓ+3 .

Next, applying Dℓ
u to vz4z̄3ξ + vz3z̄4ξ, the non-vanishing terms on the cross-section are

Dℓ
u(vz4z̄3 ξ + vz3z̄4 ξ)

∣∣
K

=
ℓ∑

j=0

(
ℓ

j

)[
vz4z̄3uℓ−j ξuj + vz3z̄4uℓ−j ξuj

]
.

Finally, we note that
Dℓ
u(vz3z̄3u η)

∣∣
K

= 0.

Substituting these equations into (3.17), we conclude that, modulo the horizontal coframe,

0 = dVZ3Z3Uℓ ≡ 36Re µZUℓ+2 − 6 νUℓ+3 −
ℓ∑

j=0

(
ℓ

j

)[
VZ4Z3Uℓ−j µUj + VZ3Z4Uℓ−j µUj

]

≡ 24Re µZUℓ+2 −
ℓ∑

j=0

(
ℓ

j

)[
VZ4Z3Uℓ−j µUj + VZ3Z4Uℓ−j µUj

]
,

(3.18)

where we used the initial formulae in part (c) in the second line. Part (b) implies that
µZUℓ+2 = Re µZUℓ+2 is a real form, and hence (3.18) yields part (d), which then completes
the proof of part (c).

Proof of part (e): As in Lemma 3.2, the formula for νZUℓ follows from the recurrence relation
0 = dVZUℓ . Also, by (3.15), if k ≥ 2,

ϕz
kuℓ

∣∣
K

≡ Dk
zD

ℓ
u

(
ϕ− vz ξ − vz̄ ξ − vu η

)∣∣
K

≡ ϕzkuℓ = − i ηzkuℓ ,

which yields 0 = dVZkUℓ ≡ − i νZkUℓ when k ≥ 2, and the result follows.

Proof of part (f): Again, by (3.15),

ϕz
k+2z̄uℓ ≡ Dk+2

z Dz̄D
ℓ
u

(
ϕ− vz ξ − vz̄ ξ − vu η

)
. (3.19)

First note that
Dk+2
z Dz̄D

ℓ
u(vu η)

∣∣
K

= 0.

Next,

Dk+2
z Dz̄D

ℓ
u(ϕ)

∣∣
K

= (k + 2) vzz̄ ϕzk+1uℓv

∣∣
K

= (k + 2) ηzk+1uℓ+1 .

Finally,

DzDz̄

(
vz ξ + vz̄ ξ

)
=
(
vzvz̄ ξzv + v2zvz̄ ξvv + vzz̄ ξz + vz̄vzz ξv + 2 vzvzz̄ ξv + vzzz̄ ξ

+ vzvz̄ ξz̄v + vzv
2
z̄ ξvv + vzz̄ ξz̄ + 2 vz̄vzz̄ ξv + vzvz̄z̄ ξv + vzz̄z̄ ξ

)
.
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After applying Dk+1
z Dℓ

u to the last expression, one observes that on the cross-section the
only non-zero terms emerge from the three underlined terms. First, a careful inspection
yields

Dk+1
z Dℓ

u

(
vzz̄ ξz + vzz̄2 ξ

)∣∣
K

= ξzk+2uℓ +
ℓ∑

j=0

(
ℓ

j

)
vzk+2z̄2uℓ−j ξuj .

In particular, when k = 0 or 1, the sum vanishes on K . Moreover,

Dk+1
z Dℓ

u

(
2 vzz̄vz̄ ξv

)
|K =

{
−2 i ξuℓ+1 , k = 0,

0, k ≥ 1.

In summary, the part of (3.19) that does not vanish on the cross-section is
2 ηzuℓ+1 + 2 i ξuℓ+1 − ξz2uℓ , k = 0,

(k + 2) ηzk+1uℓ+1 − ξzk+2uℓ −
ℓ∑

j=0

(
ℓ

j

)
vzk+2z̄2uℓ−j ξuj , k ≥ 1.

Finally, using the result in part (e) we obtain the recurrence relations

0 = dVZ2+kZUℓ ≡


4 iµUℓ+1 − µZ2Uℓ , k = 0,

−µZk+2Uℓ −
ℓ∑

j=0

(
ℓ

j

)
VZk+2Z2Uℓ−j µUj , k ≥ 1.

Solving for µZk+2Uℓ yields the result.

Proof of part (g): In this case, we use

ϕz
2z̄3uℓ ≡ Dℓ

u

(
ϕz

2z̄3 − vz3z̄3 ξ − vz2z̄4 ξ − vz2z̄3u η
)
.

Since
ϕz

2z̄3
∣∣
K

= 6 ξu2 + 6 i ξz̄2u − 6 i ηz̄u2 ,

we find that
Dℓ
u(ϕ

z2z̄3)
∣∣
K

= 6 ξuℓ+2 + 6 i ξz̄2uℓ+1 − 6 i ηz̄uℓ+2 .

Also,
−Dℓ

u(vz3z̄3 ξ + vz2z̄3u η)
∣∣
K

= 0.

Finally,

Dℓ
u

(
vz2z̄4 ξ)

∣∣
K

=
ℓ∑

j=0

(
ℓ

j

)
vz2z̄4uℓ−j ξuj .

This yields the recurrence relations

0 = dVZ2Z3Uℓ ≡ 6µUℓ+2 + 6 iµZ2Uℓ+1 − 6 i νZUℓ+2 −
ℓ∑

j=0

(
ℓ

j

)
VZ2Z4Uℓ−j µUj

≡ 24µUℓ+2 −
ℓ∑

j=0

(
ℓ

j

)
VZ2Z4Uℓ−j µUj ,

where we used parts (e), (f) in the second line. Solving for µUℓ+2 completes the proof.
□
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Remark 3.9. We note that, in Proposition 3.8, all Maurer–Cartan forms except for νU = µZ + µZ
and νUU = 2ReµZU are, modulo horizontal forms, either zero or expressed as a linear combination
of only µU and µU with differential invariant coefficients.

4. NORMAL FORMS FOR NONDEGENERATE HYPERSURFACES IN C2

In this section we complete our normal form constructions. According to Definition 3.7, the
Cartan curvature R = VZ4Z2/6 distinguishes between non-umbilic and umbilic points on the hy-
persurface. The latter subdivide into the locally umbilic case, where R vanishes on a neighborhood
of p, and the singularly umbilic points. As we will see, the singularly umbilic case further splits
into three subclasses that must be treated differently: generic, semi-circular, and circular, the latter
being distinguished by the presence of a one-parameter automorphism group fixing p. The precise
definitions of these three subclasses can be found in Definition 4.11 below.

The first two classes, namely non-umbilic and locally umbilic hypersurfaces, are well known
through the original work of Chern and Moser, [8]; see also [12, 34]. Here we rederive these clas-
sical results using the equivariant moving frame calculus, which will allow the reader to compare
the two approaches. We then show, in the former case, how the moving frame recurrence formulae
provide the tools that enable one to investigate the structure of the differential invariant algebra in
detail; see Theorem 4.5 below.

Recall that, by virtue of the normalizations in Section 3 used to achieve the partial normal
form (3.13), the remaining non-phantom partially normalized differential invariants are VZjZkUℓ

for j ≥ 4, k ≥ 2, ℓ ≥ 0, and their conjugates VZkZjUℓ . There are five remaining unnormalized
Maurer–Cartan forms, listed in (3.12), which correspond to a residual five-dimensional equivalence
group that preserves the aforementioned partial normal form.

4.1. Non-umbilic hypersurfaces. Suppose first that the Cartan curvature does not vanish and so
the point p ∈M is not umbilic. Accordingly, we continue the computations of Section 3 under the
assumption that the relative invariant VZ4Z2 does not vanish at p, which implies it and its conjugate
are nonzero in a neighborhood thereof. In this case, we can normalize10

VZ4Z2 = VZ2Z4 = 48, (4.1)

which corresponds to setting c42(0) = 1 or, equivalently, the Cartan curvature R = 8. The second
recurrence relation in (3.11) then implies

µZ =
1

384
(3ϖZ4Z2 −ϖZ2Z4) and µZ =

1

384
(3ϖZ2Z4 −ϖZ4Z2).

To normalize the remaining Maurer–Cartan forms µU , µU ,Re µZU , we proceed to order 7, where
there are 36 lifted invariants, 30 of which have already been normalized to zero, leaving

VZ5Z2 , VZ4Z3 , VZ4Z2U , VZ2Z4U , VZ3Z4 , VZ2Z5 .

We now consider the following recurrence relations

dVZ4Z2U = ϖZ4Z2U − 1

192
VZ4Z2U (ϖZ2Z4 + 5ϖZ4Z2)− (VZ5Z2 µU + VZ4Z3 µU)− 192Re µZU ,

dVZ4Z3 = ϖZ4Z3 −
1

384
VZ4Z3 (3ϖZ2Z4 + 7ϖZ4Z2)− 7 iVZ4Z2U ω

Z − 96 iµU .

10The choice of 48 as the normalization constant is so that we can precisely reproduce the normal form (1.2) of
Chern and Moser. Any other nonzero constant would work equally well, with corresponding modifications to the
coefficients of the resulting formulae.
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By normalizing
Re (VZ4Z2U) = VZ4Z3 = VZ3Z4 = 0, (4.2)

and using (2.15), one can solve the resulting phantom recurrence relations for the remaining
Maurer–Cartan forms

µU = − i

96
ϖZ4Z3 −

7

96
VZ4Z2U ω

Z , µU =
i

96
ϖZ3Z4 −

7

96
VZ2Z4U ω

Z ,

Re µZU =
1

384

(
ϖZ4Z2U +ϖZ2Z4U

)
+

i

36864

(
VZ5Z2 ϖZ4Z3 − VZ2Z5 ϖZ3Z4

)
+

5 i

36864
Im (VZ4Z2U)

(
VZ5Z2 ωZ − VZ2Z5ωZ

)
+

1

9216

[
Im (VZ4Z2U)

]2
ωU .

(4.3)

At this point, since we have normalized all the Maurer–Cartan forms, the prolonged action has
become locally free, and hence there is at most a discrete isotropy subgroup remaining. According
to [3, Theorem 3], this subgroup is either trivial or has exactly two elements. We have thereby
re-established the classical Chern–Moser normal form (1.2) for the hypersurface at a non-umbilic
point.

Theorem 4.1. Let M ⊂ C2 be a nondegenerate hypersurface and p ∈ M a non-umbilic point.
Then, depending on the cardinality of the discrete isotropy subgroup at p, there exists exactly one
or two holomorphic transformations mapping it to the convergent normal form

v = zz̄ + (z4z̄2 + z2z̄4) +
1

240
VZ5Z2z5z̄2 +

1

240
VZ2Z5z2z̄5

+
1

48
VZ4Z2U(z

4z̄2u− z2z̄4u) +
∑

j+k+ℓ≥8

j≥2, k≥4, ℓ≥0,

or j≥4, k≥2, ℓ≥0

1

j! k! ℓ!
VZjZkUℓzj z̄kuℓ, (4.4)

where VZ4Z2U is purely imaginary, while VZ2Z5 = VZ5Z2 . Furthermore, modulo certain changes
in sign, the non-constant real and imaginary parts of the coefficients VJ provide a complete set of
functionally independent differential invariants in a neighborhood of p.

Remark 4.2. Since the normal form (4.4) is obtained by applying a particular transformation
belonging to a five-dimensional subgroup of the holomorphic pseudo-group G to the convergent
partial normal form (3.13), its convergence is assured.

Comparing with (1.2), we deduce that the Chern–Moser invariants are given by

J =
1

240
VZ5Z2 , J =

1

240
VZ2Z5 , K = − i

48
VZ4Z2U =

i

48
VZ2Z4U .

As noted by Chern and Moser, [8], the non-umbilic normal form (4.4) is unique modulo the map
z 7→ −z, which changes the sign of all the terms that are of odd order in z, z̄, so that

VZjZkUℓ 7−→ (−1)j+k VZjZkUℓ . (4.5)

This implies that the prolonged action of G is free on the fully regular subset

V (n) = U (n) \ S (n) for n ≥ 7, (4.6)

where U (n) = Jn \ {R ̸= 0} denotes the set of non-umbilic jets of order n ≥ 6, while

S (n) =
{
VZjZkUℓ = 0 for 7 ≤ j + k + ℓ ≤ n, j + k = 2m+ 1, m ∈ N

}



Normal forms, moving frames, and differential invariants for hypersurfaces 23

is the singular subset where the prolonged action in not free. We will call p ∈ M a fully regular
point of order n ≥ 7 if the jet of M at p lies in V (n), and M fully regular of order n if all its points
are of this form.

The resulting non-phantom recurrence formulae for the differential invariants all have the form11

dVJ = (DZVJ)ω
Z + (DZVJ)ω

Z + (DUVJ)ω
U . (4.7)

Here DZ ,DZ ,DU are the invariant differential operators dual to the invariant horizontal forms
ωZ , ωZ , ωU . As such, they map differential invariants to higher order differential invariants, and
can thus be applied repeatedly to generate an infinite hierarchy of differentiated invariants. On the
other hand, using the recurrence relations (2.14) and the normalization formulae, we can rewrite
the left-hand side as a linear combination of the invariant horizontal forms whose coefficients are
certain polynomial combinations of the normalized differential invariants VJ . Thus, the recur-
rence relations provide expressions for the differentiated invariants in terms of the basic invariants,
and hence determines the structure of the associated differential invariant algebra. It is worth
re-emphasizing that this can all be done purely symbolically, and requires no knowledge of the
explicit formulae for the differential invariants or the invariant differential operators or even the
moving frame!

A set of differential invariants is called generating if one can obtain all the other differential
invariants as algebraic combinations of the repeated invariant derivatives of those in the generating
set. The general Lie–Tresse Theorem, [16, 27] states that a Lie pseudo-group that acts (locally)
freely on an open subset of a sufficiently high order jet space — including the holomorphic pseudo-
group G under consideration — possesses a finite system of generating differential invariants. In
our case, since the pseudo-group acts locally freely at order 7, according to a general result from the
method of moving frames, [27], the higher order differential invariants are obtained by invariant
differentiation of the non-phantom differential invariants of order ≤ 8. These are the order 7
Chern–Moser invariants J, J,K, along with the 11 order 8 invariants

VZ6Z2 , VZ5Z3 , VZ4Z4 , VZ3Z5 , VZ2Z6 , VZ5Z2U , VZ4Z3U , VZ3Z4U , VZ2Z5U , VZ4Z2U2 , VZ2Z4U2 .
(4.8)

However the syzygies among the differentiated invariants resulting from the recurrence formulae
imply that this set of generators is redundant, and we can get by with a much smaller number.

Remark 4.3. In principle, using the methods of [27], one can determine a finite number of syzygies
among the differential invariants that generate all the others. However, we have not attempted to
do this since a) the required analysis seems exceedingly complicated and b) appears to shed little
additional light on their structure.

We claim that we can, in all cases, generate all the differential invariants by invariant differ-
entiation of the seventh order Chern–Moser invariants Re J, Im J,K, and the eighth order real
differential invariant

L := VZ4Z4 . (4.9)
We do not know if this is a minimal generating set12. Moreover, for suitably generic hypersurfaces,
all the differential invariants can be generated from the single order 7 differential invariant K! The

11As always, we are ignoring contact forms and only writing out the horizontal components of the differential.
12An important but difficult question is to determine a minimal set of generating differential invariants for a given

(pseudo-) group action. If the set consists of a single differential invariant, it is obviously minimal. Otherwise, except
in the case of curves (one-dimensional submanifolds), there is no known criterion for determining whether or not a
given generating set is minimal.
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genericity assumption requires that the hypersurface be “K-nondegenerate” as per the following
definition, which is modeled on the definition of a “mean curvature degenerate” surface S ⊂ R3,
[20, 24].

Definition 4.4. A non-umbilic hypersurface is called K-nondegenerate if there exist a, b ∈
{Z,Z, U} such that

dK ∧ d(DaK) ∧ d(DbK) = det

 DZK DZK DUK
DZDaK DZDaK DUDaK
DZDbK DZDbK DUDbK

ωZ ∧ ωZ ∧ ωU ̸= 0. (4.10)

The condition (4.10) is equivalent to the condition that, on the hypersurface, the differen-
tial invariants K,DaK,DbK are functionally independent in a neighborhood of p, which is thus
the generic case. Thus, a hypersurface is K-degenerate when {K,DZK,DZK,DUK} contains at
most 2 functionally independent invariants. For example, if K is constant, the hypersurface is
K-degenerate.

Theorem 4.5. Let M ⊂ C2 be a nondegenerate non-umbilic hypersurface. Then every normalized
differential invariant VJ can be written as a polynomial function of the seventh order Chern–Moser
invariants ReJ, ImJ,K, the eighth order real differential invariant L, and their repeated invariant
derivatives, which thus generate the entire differential invariant algebra. Furthermore, if M is K-
nondegenerate then the differential invariants can be expressed as rational functions of the single
real-valued Chern–Moser invariant K and its invariant derivatives, and so, for such hypersurfaces,
the differential invariant algebra is generated by a single invariant.

Proof. The first step is to calculate the recurrence relations for dJ, dJ, dK, which, in view of (4.7),
produces the following formulae for the 9 differentiated Chern–Moser invariants

DZ J =
1

240
VZ6Z2 +

1

48
L− 55

8
J2, DZ J =

1

240
VZ5Z3 +

1

48
VZ3Z5 +

5

8
J J+ 8K,

DU J =
1

240
VZ5Z2U +

1

48
VZ3Z4U − 3

2
i JK, DZ J = DZ J, DZ J = DZ J, DU J = DU J,

DZ K = − i

96
VZ5Z2U +

i

96
VZ3Z4U +

5

192
JVZ5Z3 +

5

192
JL+ 5 JK, DZ K = DZ K,

DUK = − i

96
VZ4Z2U2 +

i

96
VZ2Z4U2 +

5

192
JVZ4Z3U +

5

192
JVZ3Z4U .

(4.11)
Thus, we can write 9 of the order 8 differential invariants (4.8) as polynomial functions involving
these first order differentiated invariants and the remaining 2 differential invariants which we take
to be L = VZ4Z4 and VZ2Z4U2 . In fact, the only differential invariant that explicitly requires VZ2Z4U2

is its complex conjugate VZ4Z2U2 ; all the others can be written in terms of J, J,K, their derivatives,
and L.

To write down the remaining invariant VZ2Z4U2 , we need to look at the non-phantom recur-
rence relations (2.14) for the 8-th order invariants. Owing to (2.15), these will also involve the 11
non-phantom basic 9-th order differential invariants VJ , #J = 9; however, taking suitable combi-
nations of the recurrence relations will eliminate any 9-th order terms and produce a syzygy among
the 7-th and 8-th order differential invariants. In particular, consider

∆ = DZVZ3Z4U − DZVZ2Z5U . (4.12)

By the preceding result, we can write VZ3Z4U and VZ2Z5U as polynomials involving J, J,K,L, and
their derivatives, and hence, by differentiating these polynomials, ∆ is itself such a polynomial
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combination13. On the other hand, we can substitute the formulae for DZVZ3Z4U and DZVZ2Z5U

coming from their recurrence formulae into ∆; the result is a polynomial in the basic differential
invariants of order 7 and 8. Substituting our previous expressions for the 9 eighth order invariants
produces an expression that contains a constant multiple of VZ4Z2U2 plus a polynomial in J, J,K,
their derivatives, and L. By equating these two formulae for ∆, we can solve for VZ4Z2U2 as a
polynomial function of the four basic differential invariants K, J, J,L and their derivatives. This
completes the proof of the first part of the theorem.

To prove the second statement for K-nondegenerate hypersurfaces, we recall the “commutator
trick” introduced in [20]. We begin by substituting the preceding normalization formulae for the
Maurer–Cartan forms into the structure equations (2.16) for the invariant horizontal forms14

dωZ =
5

8
JωZ ∧ ωZ − i

(
1

96
VZ5Z3 + 4K

)
ωZ ∧ ωU − i

96
LωZ ∧ ωU , dωZ = dωZ ,

dωU = 2 iωZ ∧ ωZ +
5

4
JωZ ∧ ωU +

5

4
JωZ ∧ ωU .

The coefficients appearing on the right-hand side are known as the commutator invariants since
they form the coefficients in the formulae for the commutators of the invariant differential operators

[DZ ,DZ ] = −5

8
JDZ +

5

8
JDZ − 2 iDU ,

[DZ ,DU ] = i

(
1

96
VZ5Z3 + 4K

)
DZ − i

96
LDZ − 5

4
JDU ,

[DZ ,DU ] =
i

96
LDZ − i

(
1

96
VZ3Z5 + 4K

)
DZ − 5

4
JDU .

(4.13)

Now if we apply the second commutator identity in (4.13) to the differential invariant K and its
derivatives, we obtain the following syzygies

[DZ ,DU ]K = i

(
1

96
VZ5Z3 + 4K

)
DZK− i

96
LDZK− 5

4
JDUK,

[DZ ,DU ]DaK = i

(
1

96
VZ5Z3 + 4K

)
DZDaK− i

96
LDZDaK− 5

4
JDUDaK,

[DZ ,DU ]DbK = i

(
1

96
VZ5Z3 + 4K

)
DZDbK− i

96
LDZDbK− 5

4
JDUDbK,

(4.14)

where a, b ∈ {Z,Z, U}. We treat (4.14) as a system of inhomogeneous linear algebraic equations
for the three commutator invariants i

96
VZ5Z3 + 4 iK, − i

96
L, −5

4
J, whose coefficients and inho-

mogeneous terms involve only K and its iterated invariant derivatives (up to degree 3). Thus, if
the K-nondegeneracy condition (4.10) holds, then we can solve this system of linear equations to
express the commutator invariants, and hence J, VZ5Z3 ,L, as rational combinations of K and its
derivatives, the denominator being the nonzero determinant in (4.10). A similar argument applied
to the third operator identity in (4.13) allows us to similarly express J, VZ3Z5 ,L, the latter having
thus two different such formulae15. □

13This and subsequent formulae were obtained with the help of Mathematica. They are quite complicated and we
have chosen not to write them down here. Details are available from the authors upon request.

14As before, we suppress any contributions from contact forms.
15In general, differentiated invariants can have many such formulae owing to the variety of syzygies among the

differential invariants.
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An alternative approach to the second result that avoids the commutator trick, and thereby re-
veals some additional interesting structure arising from the recurrence formulae, proceeds as fol-
lows. Let us compute all 27 second derivatives DaDbJ,DaDbJ,DaDbK by differentiating (4.11).
Replacing the 10 eighth order differential invariants by the preceding expressions and then elim-
inating the 11 ninth order basic differential invariants (which occur linearly) from the resulting
identities, leads to 11 independent syzygies. The eighth order invariant L occurs linearly in these
identities, but its coefficients depend on J, J,K and their first order derivatives. Thus, one can only
solve for L in terms of J, J,K and their derivatives if at least one of these coefficients is nonzero.
Closer inspection reveals the following

Theorem 4.6. For a general nondegenerate hypersurface in C2, if any one of the following invari-
ants does not vanish

DZ J, DZ J, DZ K, DZ K, DZ J+
24

5

(
K− 25

24
|J|2

)
, (4.15)

then one can write L rationally in terms of J, J,K and their first and second order invariant deriva-
tives with one of these quantities appearing in the denominator16.

The most interesting is the last quantity in (4.15). If J, J,K are all constant, then the syzygy that
it appears in takes the reduced form(

K− 25

24
|J|2

)(
L− 75

2
Re (J2)

)
= 192. (4.16)

This implies that the initial factor cannot vanish: K ̸= 25
24
|J|2 when both are constant. Under this

assumption, one can then express L as an explicit rational function of J, J,K, which in particular
implies that it is also constant. We conclude that if J, J,K are constant, then so are all the higher
order differential invariants, which implies that the hypersurface possesses a three-dimensional
symmetry group and hence is a subset of one of its orbits in C2. See Section 4.8 for a complete
classification of such “maximally symmetric” hypersurfaces. We find the required non-vanishing
constraint among the constant differential invariants quite surprising, and worthy of further inves-
tigation as to its significance. On the other hand, if J and K are not constant, the corresponding
syzygy just imposes one more equation relating their derivatives, and does not produce any non-
vanishing constraint.

If all the quantities in (4.15) vanish and the hypersurface is K-degenerate, then it appears that
all 4 differential invariants J, J,K,L are required to generate the differential invariant algebra. On
the other hand, we cannot completely rule out the existence of an even higher order syzygy that
can be solved for L without any restrictions on J, J,K, although, based on what we have been
able to compute, this seems highly unlikely. Given the difficulty of the preceding computations,
rigorously establishing this assertion would be quite challenging.

4.2. Equivalence and rigidity of non-umbilic hypersurfaces. According to Cartan — see [9,18]
— under suitable regularity conditions, two analytic submanifolds are locally congruent (equiva-
lent) under the action of a pseudo-group if and only if all differential invariants, when evaluated
thereon, have identical functional interrelationships (syzygies). Since, by the Lie–Tresse Theo-
rem, [16], all higher order differential invariants can be obtained by invariantly differentiating a
finite collection of generating invariants, it suffices to check the syzygies among a suitable finite

16If more than one is nonzero, then one can construct several such expressions; their equivalence is a consequence
of the various syzygies among J, J,K and their invariant derivatives.
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collection, which will parametrize the differential invariant signature (or classifying manifold) that
characterizes submanifolds up to local congruence; see [18] for details. The specification of which
differential invariants are required to construct the signature depends on the underlying structure
of the differential invariant algebra and the order at which the submanifold jet becomes nonsin-
gular. We shall, in addition, assume that the submanifolds are signature regular, meaning that
their differential invariant signature forms a manifold of a fixed dimension, or, equivalently, the
number of functionally independent differential invariants does not vary. Two signature regular
submanifolds are locally congruent if and only if their signatures are the same when evaluated on
the corresponding open subsets.

In our case, since the hypersurface M has dimension 3, under the Cartan regularity assumption,
the number of functionally independent differential invariants on it, or, equivalently, the dimen-
sion of the signature, is (locally) either 0, 1, 2 or 3. The first case occurs when all the differential
invariants are constant. Now since for any non-umbilic hypersurface, the differential invariant al-
gebra is generated by the Chern–Moser invariants17 Re J, Im J,K,L, the signature has differential
invariant order 7 ≤ k ≤ 10. The lowest order k = 7 is when J,K,L are constant and the hyper-
surface has a three-dimensional local symmetry group. The maximal order k = 10 occurs when
there are 3 functionally independent differential invariants, only one of which can be found among
Re J, Im J,K; a second among their invariant derivatives of degree 1 and L, and a third among
the latters’ invariant derivatives (which are differential invariants of order 9), in which case the
syzygies of order ≤ 10 are required to completely determine all those of higher order.

These considerations immediately produce a characterization of the rigidity properties of hyper-
surfaces under holomorphic maps. First, recall that two submanifolds M, M̃ are said to have order
k contact at a common point p ∈M∩M̃ if they have the same k-th order jet there. In our situation,
the contact and rigidity properties rely on the jet coordinates provided by the partial derivatives of
the defining function v = f(z, z̄, u) with respect to its three arguments. The following definition
is based on [9]; see also [13].

Definition 4.7. A nonsingular hypersurface M is called order k rigid if, whenever M̃ and M

have order k contact at a common point p ∈ M ∩ M̃ and M̃ = g · M for some holomorphic
transformation g ∈ G , then necessarily M̃ =M .

Theorem 4.8. A non-umbilic hypersurfaceM ⊂ C2 that is both signature regular and fully regular
at order ≤ 10 has rigidity order at most 10.

In other words, if the normal forms for both M and g ·M at a common point p ∈ M ∩ (g ·M)
are the same up to and including the order 10 terms, then M = g ·M . This follows immediately
from [9, Theorem 14.13] using the fact that the pseudo-group acts freely on the fully regular subset
(4.6).

We remark that the assertion of Theorem 4.8 is quite different from the known “finite jet de-
termination” result of Chern–Moser which states that every CR diffeomorphism between two
nondegenerate hypersurfaces is determined uniquely by its jets of order ≤ 2 at a certain point.
See [2, Theorem 1] for a generalization of this result.

4.3. Umbilic hypersurfaces. As noted at the end of Section 3, a surface is umbilic in a neighbor-
hood of p if VZ4Z2 ≡ 0 vanishes there. In this case, the second recurrence relation in (3.11) then

17One should keep in mind that the signature so constructed retains the sign ambiguities (4.5). These can be
eliminated by replacing J and VZjZkUℓ for j + k odd by J2 and JVZjZkUℓ , respectively, when parametrizing the
signature.
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reduces to
0 ≡ ϖZ4Z2 = VZ5Z2 ωZ + VZ4Z3 ωZ + VZ4Z2U ω

U ,

which implies that
VZ5Z2 ≡ VZ4Z3 ≡ VZ4Z2U ≡ 0. (4.17)

The recurrence relations for the vanishing invariants (4.17) imply that VZαZβUγ ≡ 0 when α+β+
γ = 8. An inductive argument, combined with our previous normalizations, shows that VJ ≡ 0
for all J except, of course, VZZ = 1, and hence the normal form at an umbilic point collapses
to a single term. Thus, in the locally umbilic case, none of the five Maurer–Cartan forms (3.12)
can be fully normalized, which reflects the fact that the isotropy group at the umbilic point is five-
dimensional. We have thus re-established the well-known result that an umbilic hypersurface is
locally biholomorphically equivalent to the Heisenberg sphere, [12, Theorem 7.1].

Theorem 4.9. Let M ⊂ C2 be umbilic in a neighborhood of p. Then, there exists a holomorphic
map of C2 transforming M locally to the Heisenberg sphere

H : v = zz̄. (4.18)

This transformation is unique up to the action of the five-dimensional isotropy group whose infini-
tesimal generators are the holomorphic vector fields v1, . . . ,v5 introduced in (1.3).

Remark 4.10. As shown by Chern and Moser, [8], the ordinary sphere S3 = {|z|2 + |w|2 = 1} is
locally congruent to the Heisenberg sphere, and globally congruent if one removes a single point.
More generally, using the results in [18, Theorem 14.30], any connected hypersurface that is every-
where locally equivalent to the Heisenberg sphere must be globally equivalent modulo generalized
covering maps, meaning surjective maps that are everywhere local diffeomorphisms. This raises
the interesting question of geometrically characterizing when such covering hypersurfaces can be
embedded in C2. A similar observation holds when a non-umbilic hypersurface has all constant
differential invariants and so is locally equivalent to an orbit O of a three-dimensional symmetry
group, and globally equivalent up to covering.

4.4. Singularly umbilic points — preliminaries. Let us now turn our attention to the previously
unstudied case of a singularly umbilic point p ∈M , meaning a point at which the Cartan curvature
vanishes, but is not identically zero in a neighborhood thereof. In this case, the partial normal
form (3.13) contains no sixth order terms, but, unlike the locally umbilic case, it contains nonzero
terms of higher order. We use the non-vanishing term(s) of lowest order to specify the type of the
singularly umbilic point.

Definition 4.11. The singularly umbilic point p ∈ M ⊂ C2 is said to be of umbilic order n0 > 6
if there exists α, β, γ ∈ N0 such that

• n0 = α + β + γ > 6, with α ≥ 4, β ≥ 2, γ ≥ 0, and α ≥ β;
• VZαZβUγ |p ̸= 0;
• n0 is minimal in the sense that VZjZkUℓ |p = 0 at p for all j, k, ℓ ∈ N0 with 6 ≤ j+ k+ ℓ <
n0.

The triple (α, β, γ) is called the umbilic type of the point p ∈M .

Remark 4.12. We note that the notion of umbilic order is uniquely defined, while the umbilic type
(α, β, γ) is not necessarily unique. Indeed, it is conceivable that there exist two triples (α, β, γ)
and (α′, β′, γ′) of the same order n0 = α + β + γ = α′ + β′ + γ′ such that VZαZβUγ |p ̸= 0 and
VZα′Zβ′Uγ′ |p ̸= 0. In particular, If VZαZβUγ |p ̸= 0, then its complex conjugate VZβZαUγ |p ̸= 0 also,
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which explains our extra condition α ≥ β when specifying the type. If α = β then these two lifted
invariants are equal and real.

We use these observations to impose a refinement of the notion of a singularly umbilic point.

Definition 4.13. Suppose that p ∈M is a singularly umbilic point of order n0. Then we call it
• generic18 if it has an umbilic type (α, β, γ) with α > β.
• semi-circular if a) all umbilic types (α, β, γ) of p satisfy α = β, and b) there exists a lifted

invariant of order δ + κ + λ > n0 with δ ̸= κ such that VZδZκUλ|p ̸= 0. We call such a
triple (δ, κ, λ) of lowest order the semi-circular type of p. Note that there might be more
than one such triple, and one is free to choose any one of them.

• circular otherwise. In other words, if p is a circular singularly umbilic point, the only
potentially nonzero monomials zj z̄kuℓ in the corresponding partial normal form (3.13) are
those for which j = k, and hence the Taylor expansion has the form

v = zz̄ +
∑

2k+ℓ≥n0≥8
k≥4

VZkZkUℓ

k!2 ℓ!
(zz̄)kuℓ. (4.19)

We observe that the circular normal form (4.19) admits the rotational automorphism z 7−→ e i tz
generated by the “circular” vector field i z ∂z.

Thus, to deal with the singularity at order 6 caused by the vanishing of VZ4Z2 at p, we pass to the
order n0 prolonged action, which is where the next non-vanishing partially normalized differential
invariant appears.

4.5. Generic singularly umbilic points. Let us first treat the case of a generic singularly umbilic
point, where p has umbilic type (α, β, γ) and order n0 = α+ β+ γ > 6 with α > β. Then we can
impose the two independent normalizations

VZαZβUγ = VZβZαUγ = σ, (4.20)

where σ is a nonzero real constant whose value will be specified later. As we will see, one can then
use the two resulting phantom recurrence formulae

dVZαZβUγ = dVZβZαUγ = 0 (4.21)

to normalize the Maurer–Cartan forms µZ and µZ .
Before continuing, we need to analyze in more details the recurrence formulae obtained by

invariantization of the prolonged infinitesimal generator coefficients. Suppose n = j + k + ℓ ≥ 2.
The invariantization of formula (2.18) for the infinitesimal generator coefficients takes the form

ϕz
j z̄kuℓ(Z(n),µ(n)) = −VZjZkUℓ

[
j µZ + k µZ + (ℓ− 1) νU

]
− ℓ VZj+1ZkUℓ−1 µU

− ℓ VZjZk+1Uℓ−1 µU − ℓ VZjZkUℓ−1

[
j µZU + k µZU +

ℓ− 3

2
νUU

]
+ i Njkℓ µU − i Nkjℓ µU − i Pjkℓ µZU + i Pkjℓ µZU + Qjkℓ νUU + · · · ,

(4.22)
where Njkℓ, Pjkℓ, Qjkℓ are the invariantizations of the differential polynomials Njkℓ, Pjkℓ, Qjkℓ, and
hence depend superquadratically on the lifted invariants VJ for 1 ≤ #J ≤ j + k + ℓ. The omitted
terms in (4.22) are linear combinations of the Maurer–Cartan forms that do not appear among the

18One should not confuse this definition of generic hypersurface M with the standard definition of generic manifold
in CR geometry.



30 PETER J. OLVER, MASOUD SABZEVARI, AND FRANCIS VALIQUETTE

displayed terms. We substitute this formula into the recurrence relation for the lifted differential
invariant VZjZkUℓ and simplify using the normalization formulae for the Maurer–Cartan forms in
Proposition 3.8. In particular, Remark 3.9 implies that, as a result, the omitted terms only produce
multiples of µU and µU , modulo horizontal forms. The resulting recurrence relation thus has the
form
dVZjZkUℓ ≡ (1− j − ℓ)VZjZkUℓ µZ + (1− k − ℓ)VZjZkUℓ µZ +

[
−ℓ VZj+1ZkUℓ−1 + Ajkℓ

]
µU

+
[
−ℓ VZjZk+1Uℓ−1 + Bjkℓ

]
µU +

[
ℓ (3− j − k − ℓ)VZjZkUℓ−1 + Cjkℓ

]
Re µZU ,

(4.23)
where Ajkℓ, Bjkℓ, Cjkℓ are polynomials depending on the lifted invariants VJ . Keep in mind that all
the lifted invariants VJ for #J < n0 vanish at p except for VZZ = 1, and that we can only make
use of the recurrence formulae for VK when either j ≥ 2 and k ≥ 4, or j ≥ 4 and k ≥ 2, since the
others have already been used in our earlier normalizations. Now forK = (j, k, ℓ) with #K = n0,
all the terms in the invariantization of the infinitesimal generator coefficient ϕK vanish at p with
the possible exceptions of a) the terms involving VJ with #J = n0; these terms are necessarily
linear in VJ and appear explicitly in (4.22), and b) those involving a power of VZZ and no other
VJ ’s. Using (2.17), let us analyze the terms involving pure powers V m

ZZ
for m ∈ N. The coefficient

of the first power is
j k ψZj−1Zk−1UℓV − k µZjZk−1Uℓ − j µZj−1ZkUℓ ,

where ψ is the Maurer–Cartan form introduced in (2.5). In view of the linear relations (2.6) and
the formulae in Proposition 3.8, all three terms are horizontal at p unless j = 1 or k = 1, which is
not permitted by the preceding remark. Next the coefficient of V 2

ZZ
is

mK ψZj−2Zk−2UℓV 2 − nK µZj−1Zk−2UℓV − nK µZj−2Zk−1UℓV ,

where mK , nK ∈ N. Again applying (2.6) and Proposition 3.8, all three terms are horizontal at p
unless j = k = 2, or j = 2, k = 3, or j = 3, k = 2, but these are again not permitted. A similar
analysis shows that the coefficients of any higher power V m

ZZ
for m ≥ 3 are also horizontal at p.

We conclude that, when #K = n0, only the terms explicitly displayed in (4.22) produce nonzero
multiples of the as yet unnormalized Maurer–Cartan forms µZ , µZ ,Re µZU , µU , µU . A similar
argument also applies when #K = n0 + 1, which will be needed when we normalize Re µZU .

We conclude that, when j + k + ℓ = n0 or n0 + 1, the polynomials Ajkℓ, Bjkℓ, Cjkℓ vanish at the
point p, and formula (4.23) reduces to
dVZjZkUℓ |p ≡ (1− j − ℓ) (VZjZkUℓ µZ)|p + (1− k − ℓ) (VZjZkUℓ µZ)|p − ℓ (VZj+1ZkUℓ−1 µU)|p

− ℓ (VZjZk+1Uℓ−1 µU)|p + ℓ (3− j − k − ℓ) (VZjZkUℓ−1 Re µZU)|p.
(4.24)

If j + k + ℓ = n0, the coefficient VZjZkUℓ−1|p of Re µZU |p vanishes since it has order n0 − 1.
Now, normalizing as in (4.20), we solve the associated phantom recurrence formulae (4.21) for

µZ ≡ AµU + BµU + CRe µZU , µZ ≡ BµU + AµU + CRe µZU , (4.25)

where, in view of (4.23), A, B, C are polynomials in VJ . Moreover, according to (4.24) and the
remark immediately following it, they have the following values at p

A|p =
γ
[
(1− α− γ)VZα+1ZβUγ−1|p − (1− β − γ)VZβ+1ZαUγ−1|p

]
σ (α− β) (α + β + 2 γ − 2)

,

B|p =
γ
[
(1− α− γ)VZαZβ+1Uγ−1|p − (1− β − γ)VZβZα+1Uγ−1|p

]
σ (α− β) (α + β + 2 γ − 2)

, C|p = 0.

(4.26)

In particular, if γ = 0, then A|p = B|p = 0, and hence µZ |p, µZ |p are horizontal in this case.
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The next step is to normalize Re µZU , and to do this we set

Re VZαZβUγ+1 = 0.

Substituting this and our earlier normalizations into (4.23) produces an equation of the form

0 = dRe VZαZβUγ+1 ≡ DµZ + DµZ + EµU + EµU + FRe µZU ≡ GµU + G µU + HRe µZU ,
(4.27)

where the second version is obtained by substituting the formulae (4.25) for µZ , µZ into the first,
so

G = E+ A D+ B D, H = F+ 2Re (C D).

In particular, according to (4.24), (4.26) and the assumption that σ ̸= 0,

H|p = F|p = − (γ + 1)(α + β + γ − 2)σ ̸= 0,

and hence the lifted invariant polynomial H is nonzero in some neighborhood of p. Thus, we can
use (4.27) to normalize the Maurer–Cartan form

Re µZU ≡ RµU + RµU ,

where R is a rational function of the lifted invariants VJ whose denominator does not vanish at p.
At this stage, the only Maurer–Cartan forms that remain to be normalized are µU and µU . These

can be fixed by normalizing

VZα−1ZβUγ+1 = VZβZα−1Uγ+1 = 0.

Using (4.20), (4.25), (4.26), the corresponding phantom recurrence formulae are reduced to ones
of the form

0 = dVZα−1ZβUγ+1 ≡ SµU + TµU , 0 = dVZβZα−1Uγ+1 ≡ TµU + SµU , (4.28)

where
S|p = − (γ + 1)σ, T|p = − (γ + 1)VZα−1Zβ+1Uγ |p.

Thus, provided we choose the real constant σ in (4.20) so that

σ ̸= ±
∣∣VZα−1Zβ+1Uγ |p

∣∣, σ ̸= 0, (4.29)

we can use (4.28) to normalize both µU , µU in a suitable neighborhood of p.
Now that all the Maurer–Cartan forms have been normalized, the holomorphic isotropy subal-

gebra at the singularly umbilic point is zero-dimensional, i.e., it is discrete. We have thus produced
a completely normalized normal form there. As in Theorem 4.1, convergence of the normal form
expansion follows from the convergence of the partial normal form (3.13).

Theorem 4.14. Let M ⊂ C2 be a nondegenerate hypersurface that is generic singularly umbilic
at p of umbilic type (α, β, γ) and order n0 = α + β + γ > 6. Then, there exists a holomorphic
transformation mapping M to the convergent normal form

v = zz̄ +
∑

j+k+ℓ≥n0

j≥2, k≥4, ℓ≥0,

or j≥4, k≥2, ℓ≥0

1

j! k! ℓ!
VZjZkUℓzj z̄kuℓ (4.30)

with

VZαZβUγ = VZβZαUγ = σ, VZα−1ZβUγ+1 = VZβZα−1Uγ+1 = Re VZαZβUγ+1 = 0,

where σ is a nonzero real constant satisfying (4.29). Moreover, the holomorphic isotropy group of
M at p is at most discrete.
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Remark 4.15. Although all terms of order 6 ≤ n < n0 in the singularly umbilic normal form van-
ish, this only implies that the corresponding differential invariants, including the Cartan curvature,
vanish at the point p, and does not imply that they vanish in a neighborhood thereof.

4.6. Semi-circular points. Suppose p is a singularly umbilic point of umbilic type (α, α, γ) and
semi-circular type (δ, κ, λ). In this case, only the real form Re µZ is normalizable through the
recurrence relations of order n0. However, setting Im VZδZκUλ = τ for suitable 0 ̸= τ ∈ R, the
resulting phantom recurrence formula allows us to normalize ImµZ . The remainder of the analysis
proceeds in the same fashion as at a generic singularly umbilic point, and the details are left to the
reader. Here we just state the final result.

Theorem 4.16. Let M ⊂ C2 be a nondegenerate hypersurface that is singularly umbilic at p of
umbilic type (α, α, γ), semi-circular type (δ, κ, λ) and order n0 = 2α + γ ≥ 8. Then, there exists
a holomorphic transformation mapping M to the convergent normal form (4.30) with
VZαZαUγ = σ, VZα−1ZβUγ+1 = VZβZα−1Uγ+1 = Re VZαZβUγ+1 = 0, Im VZδZκUλ = τ, (4.31)

where σ, τ are nonzero real constants. Moreover, the holomorphic isotropy group of M at p is at
most discrete.

4.7. Circular points. Finally, let us consider the normal form of a circular singularly umbilic
hypersurface, of umbilic type (α, α, γ) with α ≥ 4, and order n0 = 2α + γ ≥ 8.

Looking ab initio at the normalizations made in the generic case, one finds that it is possible to
normalize the four Maurer–Cartan forms Re µZ , Re µZU , µU , µU , by setting

VZαZαUγ = 1 and VZαZαUγ+1 = VZα−1ZαUγ+1 = VZαZα−1Uγ+1 = 0.

However, the residual rotational isotropy of the circular normal form means that the remaining
Maurer–Cartan form Im µZ cannot be normalized, [33].

Theorem 4.17. Let M be a circular hypersurface of C2 singularly umbilic at p of umbilic type
(α, α, γ) and order n0 = 2α + γ ≥ 8. Then there exists a holomorphic transformation mapping
M to the convergent normal form

v = zz̄ +
1

(α!)2 γ!
zαz̄αuγ +

∑
2k+ℓ≥n0
k≥α+1

1

(k!)2ℓ!
VZkZkUℓ (zz̄)kuℓ (4.32)

with VZαZαUγ+1 = 0. The holomorphic isotropy group of M at p is one-dimensional and, when
mapped to the origin, is generated by the rotational vector field i z ∂z. Moreover, the circular
normal form (4.32) is unique.

4.8. Symmetry and Isotropy. Before concluding this paper, let us present a classification of non-
degenerate hypersurfaces of C2 according to their (isotropy) group of holomorphic automorphisms.
This classification follows immediately from the above considerations and can be deduced, in part,
from [3].

Theorem 4.18. Let M be a hypersurface of C2 nondegenerate at a point p. Let Gp be the holo-
morphic isotropy group at p. Then one of the following possibilities will occur

• dim Gp = 5 then M is locally holomorphically equivalent to the Heisenberg sphere H.
• dim Gp = 1 then M is a circular hypersurface singularly umbilic at p.
• dim Gp = 0 then M is non-umbilic or semi-circular or generic singularly umbilic at p.

Similarly, using the argument outlined in the introduction, we deduce the following result on the
local symmetry group of a nondegenerate hypersurface.
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Theorem 4.19. LetM be a nondegenerate hypersurface. Then the local symmetry group ofM near
a point p has dimension 8 if and only if M is locally holomorphically equivalent to the Heisenberg
sphere H. Otherwise, the dimension of the local symmetry group is 0, 1, 2, 3 depending upon
whether the number of functionally independent differential invariants on a neighborhood of p is
3, 2, 1, 0, respectively. In the maximally symmetric nonsingular case having a three-dimensional
local symmetry group, M is locally equivalent to an orbit of a three-dimensional subgroup of the
holomorphic pseudo-group.

Proof. If M is totally singular, then it must be umbilic and hence locally congruent to the Heisen-
berg sphere. Otherwise, the dimension of the symmetry group cannot be ≥ 4, since, given that
the dimension of M is 3, this would imply that every point p ∈ M would have an isotropy group
of dimension ≥ 1, and hence be umbilic, and we are back to the previous case. The connection
between the dimension of the symmetry group and the number of functionally independent dif-
ferential invariants at a nonsingular point follows from [9, Theorem 5.17]; see also [18, Theorem
14.26]. □

The eight-dimensional case corresponds to the Heisenberg (and ordinary) sphere. Cartan, [5],
classified the homogeneous hypersurfaces possessing a three-dimensional symmetry group. Ac-
cording to [4, p. 656], there are six classes; the tubular hypersurfaces

(t1) v = yλ for y > 0, |λ | ≥ 1, λ ̸= 1, 2;
(t2) v = y log y for y > 0;
(t3) r = eaφ for a ≥ 0, where y + i v = r e iφ;

and the projective hypersurfaces
(p1) 1 + | z |2 + |w |2 = a | 1 + z2 + w2 | for a > 1;
(p2) 1 + | z |2 − |w |2 = a | 1 + z2 − w2 | for a > 1;
(p3) −1 + | z |2 + |w |2 = a | −1 + z2 + w2 | for 0 < | a | < 1.

We note that the tubular hypersurface of Type (t3) can be rewritten in the alternative implicit form

(y + i v)1− i a(y − i v)1+ i a = 1.

The associated symmetry groups are as follows. The tubular hypersurfaces all have nilpotent
symmetry groups. For the first, the symmetry algebra is spanned by

(t1) ∂z, ∂w, z ∂z + λw ∂w.

The second tubular hypersurface has symmetry algebra

(t2) ∂z, ∂w, z ∂z + (z + w) ∂w.

As for the third, we have

(t3) ∂z, ∂w, (a z + w) ∂z + (−z + aw) ∂w.

The symmetry algebra of the first class of projective hypersurfaces is spanned by

(p1) − w ∂z + z ∂w, (1 + z2) ∂z + z w ∂w, z w ∂z + (1 + w2) ∂w.

We note that these vector fields span the complexification of the infinitesimal generators of the
projective action of the rotation group SO(3) on the projective plane RP2. The other two projective
hypersurfaces have similar symmetry generators

(p2) w ∂z + z ∂w, (1− z2) ∂z − z w ∂w, − z w ∂z + (1− w2) ∂w,

(p3) − w ∂z + z ∂w, (−1 + z2) ∂z + z w ∂w, z w ∂z + (−1 + w2) ∂w.
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Because the tubular and projective hypersurfaces admit three-dimensional symmetry groups, the
differential invariants J,K,L (and all higher order differential invariants) are all constant on them.

Turning to two-dimensional symmetry groups, away from singular points there are, up to holo-
morphic equivalence, two locally transitive possibilities, [18]. The first is the abelian translation
group whose Lie algebra is spanned by ∂z, ∂w. A translationally invariant hypersurface has the
form

v = f(y). (4.33)

We note that the Heisenberg sphere v = zz̄ is locally of the form (4.33); replacing z 7→ e i z, it
becomes v = e i (z−z̄) = e−2y. We claim that, for a suitably generic function f , the dimension of
the symmetry group is exactly 2. To see this, excluding the Heisenberg sphere, we need to show
that a generic f cannot admit a three-dimensional symmetry algebra. A short computation shows
that any Lie algebra containing the abelian translation algebra has a third generator of one of the
two forms

eα z+β w(γ ∂z + δ ∂w), (α z + β w) ∂z + (γ z + δ w) ∂w,

for α, β, γ, δ ∈ C.
In the first case, we have (α, β), (γ, δ) ̸= (0, 0); moreover, since the symmetry algebra of the

hypersurface must be real, α, β ∈ R. The hypersurface (4.33) admits this generator if and only if
f(y) satisfies

f ′(y) = − Im δ e i (αy+β f(y))

Im γ e i (αy+β f(y))
,

which imposes severe restrictions on the form of f(y). In the second case, we can apply an
invertible linear transformation with a real19 coefficient matrix to (z, w) to place the coefficient
matrix of the vector field into real canonical form, [11, §3.4.1], and hence there are three subcases

a z ∂z + bw ∂w, a z ∂z + (z + aw) ∂w, (a z + w) ∂z + (−z + aw) ∂w,

where, by the reality of the symmetry algebra, a, b ∈ R. It is easily shown that the corresponding
hypersurfaces are, respectively, equivalent under a linear transformation in w to Cartan’s three
tubular hypersurfaces (in the first two cases, there is no invariant hypersurface of the form (4.33)
when a = 0).

Any locally transitive non-abelian two-dimensional transformation group is equivalent to the
one whose Lie algebra is spanned by ∂z, ez∂w. In this case, the hypersurface equation takes the
form

v = −u tan y + f(y). (4.34)

Using a similar argument as above, only very particular functions f(y) will admit a third symmetry
generator. We conclude that, in all cases, a hypersurface corresponding to a sufficiently generic
f(y) in (4.34) has only a two-dimensional symmetry group.

As for one-dimensional symmetry groups, one can, away from singular points, map the infinites-
imal generator to ∂u, which corresponds to translations in u. The corresponding hypersurfaces are
of the form v = f(z, z̄), where f is any real analytic function that does not depend on u. One can
clearly choose f so that the hypersurface is nondegenerate and non-umbilic. If the hypersurface
were to admit a two-dimensional symmetry group, one could apply a holomorphic transformation
to map it into the form (4.33) or (4.34), and hence a hypersurface defined by a generic f(z, z̄) only
admits a one-dimensional symmetry group.

19The transformation must be real so as not to complexify the translation generators.
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