
On the Structure of Lie Pseudo-Groups

Peter J. Olver1 Juha Pohjanpelto2

School of Mathematics Department of Mathematics

University of Minnesota Oregon State University

Minneapolis, MN 55455 Corvallis, OR 97331

olver@math.umn.edu juha@math.oregonstate.edu

http://www.math.umn.edu/∼olver http://oregonstate.edu/∼pohjanpp

Francis Valiquette3

School of Mathematics

University of Minnesota

Minneapolis, MN 55455

valiq001@math.umn.edu

http://www.math.umn.edu/∼valiq001

Keywords: Lie pseudo-group, infinitesimal generator, jet, contact form, Maurer–Cartan

form, structure equations, essential invariant.

Mathematics subject classification: 58A15, 58H05

Abstract

We compare and contrast two approaches to the structure theory for Lie pseudo-
groups, the first due to Cartan, and the second due to the first two authors. We argue
that the latter approach offers certain advantages from both a theoretical and practical
standpoint.

1Supported in part by NSF Grant 08–07317.
2Supported in part by NSF Grant OCE 06–21134.
3Supported by a University of Minnesota Graduate School Doctoral Dissertation Fellowship and NSF Grant

05–05293.

1 July 21, 2009



1 Introduction

The aim of this paper is to compare the structure theory for Lie pseudo-groups devel-
oped by the first two authors in [16] with the classical Cartan theory, [3, 4, 5]. The
former relies on the contact structure of the infinite diffeomorphism jet bundle, whereas
Cartan’s is based on the prolongation of exterior differential systems. We show that
the two theories are isomorphic in the case of transitive Lie pseudo-groups, but lead
to different structure equations when dealing with intransitive pseudo-group actions.
We then argue that the former theory offers some distinct advantages over the Cartan
structure theory in this situation.

Our reference point is the well-established structure theory for finite-dimensional
Lie groups. Let G be a Lie group of dimension r = dimG. The commutators

[vj ,vk ] =

r
∑

i=1

Cijkvi (1.1)

between the infinitesimal generators — that is, a basis v1, . . . ,vr for its Lie algebra g

— prescribe the structure constants Cijk = −Cikj, which serve to uniquely characterize
a connected Lie group G up to a discrete subgroup. Equivalently, the structure of G
can be based on the Maurer–Cartan structure equations

dµi = −
∑

j<k

Cijkµ
j ∧ µk, (1.2)

satisfied by the Maurer–Cartan one-forms µ1, . . . , µr, which form the dual basis of the
dual space g

∗. It is noteworthy that the same structure constants appear in both the
Maurer–Cartan structure equations and the commutator relations.

The key obstruction hindering an immediate generalization of the finite-dimensional
structure theory to infinite-dimensional Lie pseudo-groups is the lack of an appropriate
abstract object to represent the pseudo-group itself. Thus, at least in our current state
of knowledge, Lie pseudo-groups are inextricably bound to the manifold on which they
act. The appropriate Maurer–Cartan forms thus must be suitably invariant differential
forms living on the manifold or, better, on some bundle associated with the action. The
approach developed in [16] is based on the bundle of infinite order jets of pseudo-group
transformations and the invariant contact forms thereon.

More specifically, the bundle of infinite jets of local diffeomorphisms belonging to the
pseudo-group forms a subbundle — indeed a subgroupoid — of the infinite diffeomor-
phism jet bundle. The Maurer–Cartan forms will be identified as the right-invariant1

contact forms on the latter jet bundle, and their structure equations are readily found.
Restricting the diffeomorphism-invariant contact forms to the pseudo-group jet sub-
bundle results in a system of Maurer–Cartan forms for the pseudo-group, whose struc-
ture equations are obtained by restriction of the diffeomorphism structure equations.
Remarkably, the restricted invariant contact forms, which are no longer linearly inde-
pendent, satisfy a collection of linear algebraic constraints that can be immediately
obtained by lifting the infinitesimal determining equations for the pseudo-group. This
allows us to immediately establish a complete system of structure equations for any Lie

1Alternatively, one can use the left-invariant forms. As in the references, for specificity, we focus on the
right-invariant constructions here.
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pseudo-group directly from its infinitesimal determining equations, thereby avoiding
the more cumbersome and unintuitive prolongation construction advocated by Car-
tan. We emphasize that the method does not rely on the explicit formulas for the
Maurer–Cartan forms, and only needs elementary linear algebra to extract the com-
plete structure equations. Moreover, the construction can be readily implemented in
any coordinate system on the underlying manifold, and avoids having to identify the in-
variants and work in the specially adapted coordinates as required by Cartan’s method.
As a result, the theory can be immediately applied in a broad range of examples, and
the necessary algorithms are straightforwardly implemented using standard symbolic
software packages such as Mathematica or Maple.

Another advantage of the contact form approach is that it applies equally well to
both transitive and intransitive pseudo-groups, and naturally includes finite-dimensional
Lie transformation groups as a particular case. In the transitive case, we show that
the Cartan structure equations are isomorphic to those satisfied by the invariant con-
tact forms. However, a direct isomorphism is no longer valid in the more challenging
case of intransitive pseudo-group actions. Furthermore, the Maurer–Cartan structure
equations established here are directly dual to the commutator equations for the in-
finitesimal generators of the pseudo-group, and, moreover, coincide with the structure
equations (1.2) when the pseudo-group is of finite type. This is in contrast to Car-
tan’s version, which, in particular, produces nonzero structure constants/functions for
intransitive actions of abelian pseudo-group and Lie group actions, [23], thus making
the connections between the structure equations and the Lie algebra of infinitesimal
generators somewhat obscure.

One of the main results of Cartan is that any Lie pseudo-group, after a finite num-
ber of prolongations, is characterized by leaving a coframe and a certain number of
functions invariant. By virtue of the Cartan–Kähler Theorem, [2, 15], Cartan’s struc-
ture equations serve as integrability conditions on the invariant coframe. The invariant
coframe constructed by Cartan depends on the realization of the pseudo-group action,
and two pseudo-groups that are isomorphic in the sense of Cartan, [4, 5, 22], can have
non-isomorphic Cartan structure equations. On the other hand, our Maurer–Cartan
structure equations are always isomorphic under Cartan’s notion of isomorphism of
pseudo-groups, [23, 24].

Pertinent references on the general theory of Lie pseudo-groups include the classical
works of Lie, [11, 12], Cartan, [3, 4, 5], and Vessiot, [25], along with a variety of
contemporary treatments, [6, 7, 8, 9, 10, 13, 16, 19, 21, 22]. The basics of jet bundles,
contact forms, and the variational bicomplex can be found, for instance, in [1, 15].
Applications of these results in the method of moving frames for pseudo-groups can be
found in [17, 18].

2 The Diffeomorphism Pseudo-Group

We begin by describing the structure of the most basic pseudo-group. Let M be a
smooth m-dimensional manifold and write D = D(M) for the pseudo-group of all local2

diffeomorphisms ϕ : M → M . For each 0 ≤ n ≤ ∞, let D(n) ⊂ Jn(M,M) denote the
bundle of their n-th order jets. We remark that D(n) carries the structure of a groupoid,

2Our notational conventions allow the domain of definition of a map ϕ : M → M to be a proper open
subset: domϕ ⊂M . Also, when we write Z = ϕ(z) we implicitly assume z ∈ domϕ.
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[14], whose multiplication is provided by algebraic composition of Taylor series (when
defined). There are natural right and left actions of D on the jet bundles D(n), denoted
by Rϕ and Lϕ, respectively.

Local coordinates (z, Z(n)) on D(n) are provided by a system of source coordinates
z = (z1, . . . , zm) on M , target coordinates Z = (Z1, . . . , Zm) also on M , and jet
coordinates ZbA representing the partial derivatives ∂kϕb(z)/∂za1 · · · ∂zak of the local
diffeomorphism Z = ϕ(z). Here A = (a1, . . . ak), with 1 ≤ aν ≤ m, indicates a multi-
index of order k = #A ≤ n. In what follows, we will consistently use lower case
letters, z, x, u, . . . for the source coordinates and the corresponding upper case letters
Z,X,U, . . . for the target coordinates.

At infinite order, the cotangent bundle T ⋆D(∞) ⊂ T ⋆J∞(M,M) naturally splits into
horizontal and vertical (contact) components, spanned respectively by the coordinate
differentials dz1, . . . , dzm, and the basic contact forms

Υb
A = dZbA −

m
∑

a=1

ZbA,adz
a, b = 1, . . . ,m, #A ≥ 0. (2.1)

The decomposition of T ⋆D(∞) accordingly splits the differential d = dM + dG, where
the subscript on the vertical differential dG refers to the groupoid structure of D(∞).
In particular, if F (z, Z(n)) is any differential function, then

dMF =
m
∑

a=1

(DzaF )dza, dGF =
m
∑

b=1

∑

#A≥0

∂F

∂ZbA
Υb
A,

where

Dza =
∂

∂za
+

m
∑

b=1

∑

#A≥0

ZbA,a
∂

∂ZbA
, a = 1, . . . ,m, (2.2)

denotes the coordinate total derivative operators.
Since the target coordinate functions Za : D(∞) → R are clearly invariant under

the right action of D, so are their differentials dZa. The splitting of the differential
into horizontal and contact components is also right-invariant. This implies that the
one-forms

σa = dMZ
a =

m
∑

b=1

Zab dz
b, a = 1, . . . ,m, (2.3)

form an invariant horizontal coframe, while

µa = dGZ
a = Υa = dZa −

m
∑

b=1

Zab dz
b, a = 1, . . . ,m, (2.4)

are the zero-th order invariant contact forms. Writing the horizontal component of the
differential of a differential function F : D(∞) → R in terms of the invariant horizontal
coframe (2.3),

dMF =

m
∑

a=1

(DZaF )σa,

serves to define the dual invariant total differential operators

DZa =

m
∑

b=1

wba Dzb , a = 1, . . . ,m, (2.5)
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where
(

wba(z, Z
(1))

)

=

(

∂Zb

∂za

)−1

denotes the inverse Jacobian matrix. Thus, higher-order right-invariant contact forms
are obtained by successively applying the invariant differential operators (2.5) to the
zero-th order invariant contact forms (2.4):

µaA = D
A
Zµ

a = DZa1 · · ·DZakµa, a = 1, . . . ,m, #A ≥ 0. (2.6)

The differential operators DZ1, . . . ,DZm mutually commute, so the order of differenti-
ation in (2.6) is immaterial. As in [16], we interpret the right-invariant contact forms
µ(∞) = ( . . . µaA . . . ) as the Maurer–Cartan forms for the diffeomorphism pseudo-group
D, and they, together with the horizontal forms (2.3) provide a right-invariant coframe
on D(∞).

The diffeomorphism structure equations satisfied by the Maurer–Cartan forms are
easily established, [16]. They can be concisely expressed by introducing the vector-
valued Maurer–Cartan formal power series µJHK = (µ1JHK, . . . , µmJHK)T , with com-
ponents

µaJHK =
∑

#A≥0

1

A!
µaAH

A, a = 1 . . . ,m. (2.7)

Here H = (H1, . . . ,Hm) are formal power series parameters, while A! = i1! i2! · · · im!,
where il stands for the number of occurrences of the integer l in A. The structure
equations for the right-invariant forms µaA are obtained by comparing the coefficients
of the various powers of H in the power series identity

dµJHK = ∇µJHK ∧ (µJHK − dZ), (2.8)

where dZ = (dZ1, . . . , dZm)T , and where ∇µJHK =
(

∂µaJHK/∂Hb
)

denotes the m×m
Jacobian matrix obtained by formal differentiation of the power series (2.7) with respect
to the parameters. The complete structure equations for the diffeomorphism pseudo-
group are then furnished by equations (2.8) together with the equations

dσ = ∇µJ0K ∧ σ (2.9)

for the invariant horizontal forms σ = (σ1, . . . , σm)T . We restrict the structure equa-
tions (2.8) to a target fiber (τττ (∞))−1(Z) ⊂ D(∞) to obtain the Maurer–Cartan structure

equations for the diffeomorphism pseudo-group. This amounts to setting

0 = dZ = σ + µJ0K, so that σ = −µJ0K. (2.10)

Consequently, the structure equations (2.9) for the horizontal forms σ become identical
with the structure equations for the zero-th order Maurer–Cartan forms µa = µaJ0K.

Theorem 2.1. The Maurer–Cartan structure equations for the diffeomorphism pseudo-
group D are

dµJHK = ∇µJHK ∧ µJHK. (2.11)
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Example 2.2. For the pseudo-group D(R) of local diffeomorphisms of M = R, the
Maurer–Cartan power series is

µJHK =

∞
∑

n=0

µn
Hn

n!
,

where µn = D
n
Xµ0, n = 0, 1, 2 . . ., are the right-invariant contact forms on D(∞). The

individual components of (2.11) yield the expressions

dµn =

n
∑

i=0

(

n

i

)

µi+1 ∧ µn−i = −

[(n+1)/2]
∑

i=0

n− 2 i+ 1

n+ 1

(

n+ 1

i

)

µi ∧ µn+1−i, n ≥ 0,

which reproduce the structure equations found by Cartan, [4, eq. (48)].

Expanding the power series (2.7), we find that the Maurer–Cartan structure equa-
tions (2.11) have the individual components

dµaC =
∑

C=(A,B)

m
∑

b=1

(

C

A

)

µaA,b ∧ µ
b
B , (2.12)

involving the multinomial coefficients

(

C

A

)

=
C !

A !B !
when C = (A,B) = (a1, . . . , ak, b1, . . . , bl)

is the union of two multi-indices A = (a1, . . . , ak) and B = (b1, . . . , bl), either of which
can be empty.

Remark 2.3. Since the higher order Maurer–Cartan forms µaC are defined by (2.6),
their structure equations (2.12) can also be derived by Lie differentiating the structure
equations for the zero-th order invariant contact forms µa. By direct computation

dµa =
m
∑

b=1

µab ∧ (µb − dZb),

and, from the Leibniz rule, we obtain

dµaC = d
(

D
C
Zµ

a
)

= D
C
Z (dµa) =D

C
Z

(

m
∑

b=1

µab ∧ (µb − dZb)

)

=
∑

C=(A,B)

m
∑

b=1

(

C

A

)

µaA,b ∧
(

µbB − d(DB
ZZ

b)
)

.

The last term, d(DB
ZZ

b), is non-trivial only when #B = 0. Restricting the last equation
to a target fiber (τττ (∞))−1(Z) we recover the Maurer–Cartan structure equations (2.12).
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3 Lie Pseudo-groups

Let G ⊂ D be a sub-pseudo-group acting on M and let G(n) ⊂ D(n), 0 ≤ n ≤ ∞,
denote the corresponding subgroupoid of n-th order jets of its local diffeomorphisms.
Roughly speaking, G is called a Lie pseudo-group provided that it can be identified
as the solution space to a system of partial differential equations. There are several
variants of the precise technical requirements to be found in the literature; ours are the
following.

Definition 3.1. A sub-pseudo-group G ⊂ D is called a Lie pseudo-group if there exists
n⋆ ≥ 1 such that, for all finite n ≥ n⋆:

1. G(n) ⊂ D(n) forms a smooth, embedded subbundle;

2. πn+1
n : G(n+1) → G(n) is a fibration;

3. if jnϕ ⊂ G(n), then ϕ ∈ G;

4. G(n) = pr(n−n
⋆)G(n⋆) is obtained by prolongation.

The minimal value of n⋆ is called the order of the Lie pseudo-group.

Thus, by condition 1, the pseudo-group jet subbundle G(n) ⊂ D(n) is prescribed
in local coordinates by a system of n-th order (typically nonlinear) partial differential
equations

F (n)(z, Z(n)) = 0, (3.1)

known as the n-th order determining equations for the Lie pseudo-group G. By con-
struction, for any n ≥ n⋆, the system (3.1) is locally solvable, and its local solutions
Z = ϕ(z), by condition 3, are precisely the pseudo-group transformations. Moreover, by
condition 4, the determining equations in order n > n⋆ can be obtained by repeatedly
applying the total derivative operators (2.2) to those of order n⋆.

Let g denote the local Lie algebra3 of infinitesimal generators of our pseudo-group G,
i.e., the set of locally defined vector fields whose flow maps belong to the pseudo-group.
Let Jng ⊂ JnTM , 0 ≤ n ≤ ∞, denote their n–jets. Fiber coordinates on the vector
field jet bundle JnTM are given by ζbA, for 1 ≤ b ≤ m, 0 ≤ #A ≤ n, representing the
partial derivatives ∂kζb(z)/∂za1 · · · ∂zak of the components of a vector field

v =
m
∑

a=1

ζa(z)
∂

∂za
(3.2)

written in local coordinate z = (z1, . . . , zm) onM . By linearizing the n-th order pseudo-
group determining equations (3.1) at the n–jet of the identity transformation, we see
that the subbundle Jng ⊂ JnTM can locally be viewed as a system of linear partial
differential equations

L(n)(z, ζ(n)) = 0, (3.3)

for the coefficients ζ(z) = (ζ1(z), . . . , ζm(z)) of the infinitesimal generators, called the
infinitesimal determining equations of the pseudo-group. In particular, if G arises as
the symmetry pseudo-group of a system of partial differential equations, then (3.3) is

3By “local Lie algebra”, we mean that the vector fields v ∈ g may only be locally defined, and that, for
v,w ∈ g, the Lie bracket [v,w ] ∈ g is only defined on their common domain of definition.
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the involutive completion of the usual system of determining equations resulting from
applying Lie’s infinitesimal symmetry algorithm, [15].

The Maurer–Cartan forms associated with the Lie pseudo-group G are obtained by
pulling back the diffeomorphism Maurer–Cartan forms (2.6) to the pseudo-group jet
bundle G(∞) ⊂ D(∞). The restricted Maurer–Cartan forms are, of course, no longer
linearly independent. However, the induced dependencies can, perhaps surprisingly, be
explicitly prescribed with the aid of the infinitesimal determining equations, [16].

Theorem 3.2. The complete set of linear dependencies among the right-invariant
Maurer-Cartan forms µ(∞) is provided by the linear system

L(∞)(Z,µ(∞)) = 0, (3.4)

obtained from the linear determining equations (3.3) by replacing the source variables za

by the corresponding target variables Za, and the infinitesimal generator jet coordinates
ζbA by the corresponding Maurer–Cartan forms µbA.

The equations (3.4) are called the lifted infinitesimal determining equations for the
Lie pseudo-group G. (See [16] for additional details on the lifting process.) Thus,
the structure equations for our pseudo-group can simply be obtained by restricting the
diffeomorphism structure equations (2.11) to the solution space to the lifted infinitesimal
determining equations (3.4).

Theorem 3.3. The Maurer–Cartan structure equations of a Lie pseudo-group G are
obtained by imposing the linear relations prescribed by the lifted infinitesimal deter-
mining equations (3.4) on the diffeomorphism Maurer–Cartan equations (2.11):

(

dµJHK = ∇µJHK ∧ µJHK
)
∣

∣

L(∞)(Z,µ(∞))=0
. (3.5)

Remark : The motivation behind the need to restrict the Maurer-Cartan forms to
a target fiber can be readily understood in the context of finite-dimensional Lie group
actions. In this situation, τττ (∞) : G(∞) → M will typically be a principal G bundle,
and, consequently, the independent Maurer–Cartan forms on G(∞) and their structure
equations, when restricted to a target fiber (τττ (∞))−1(Z) ≃ G coincide with the usual
Maurer–Cartan forms and their structure equations (1.2).

However, it is worth pointing out that, due to the appearance of the coordinates
z in the infinitesimal determining equations (3.3), the basis of g

⋆ prescribed by the
independent restricted invariant contact forms µbA may vary from fiber to fiber as the
target point Z ranges over M . Consequently, the structure coefficients in the pseudo-
group structure equations (3.5) may very well be Z–dependent. It is noteworthy that,
when G is of finite type and so represents the action of a finite-dimensional Lie group
G on M , the resulting variable structure coefficients Cijk(Z) represent the same Lie
algebra g and so are all similar, modulo a Z–dependent change of basis, to the usual
constant structure coefficients associated with a fixed basis of g

⋆. In contrast, this is not
necessarily the case for infinite-dimensional intransitive pseudo-group actions. The non-
constant invariants (under change of Maurer–Cartan basis) of the structure coefficients
are essential invariants, first exposed by Cartan, [3, 22]; see [23, 24] for further details,
comparing Cartan’s approach with ours. The existence of essential invariants is one of
the key obstacles preventing the construction of a suitable abstract object representing
the pseudo-group.
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4 Cartan Structure Equations

In this section we provide a brief overview of Cartan’s method for constructing the
structure equations for a Lie pseudo-group. For more detailed accounts, we refer the
reader to Cartan’s original works [4, 5], and to the expository texts [8, 22].

Given a Lie pseudo-group G acting on M , we choose local coordinates

z = (x, y) = (x1, . . . , xs, y1, . . . , yt) = (z1, . . . , zm), s+ t = m = dimM,

so that the pseudo-group action takes the form

Xi = xi, Y α = fα(x, y), i = 1, . . . , s, α = 1, . . . , t, (4.1)

with det(∂fα/∂yβ) 6= 0. Thus, the xi are invariants of the action, whose common level
sets prescribe the t-dimensional pseudo-group orbits in M . Let

X = x, F (n⋆)(x, y, Y (n⋆)) = 0, (4.2)

be the involutive determining equations. We note that n⋆ ≥ n⋆, the order of the
pseudo-group, as the minimal order determining equations might need to be completed
to involution, [20].

For any 1 ≤ n ≤ ∞, let C(n) denote the contact system on D(n) spanned by the
contact forms Υb

A of order 0 ≤ #A < n, (2.1). The first step in Cartan’s procedure
is to restrict the contact system C(n⋆) to the subbundle G(n⋆) ⊂ D(n⋆). The aim is to
recast the determining system (4.2) in terms of the Pfaffian system

Xi − xi = 0, i = 1, . . . , s, α = 1, . . . , t, 0 ≤ #A ≤ n⋆ − 1,

Υs+α
A |F (n⋆)(x,y,Y (n⋆))=0 =

(

dY α
A −

m
∑

b=1

Y α
A,bdz

b

)
∣

∣

∣

∣

∣

F (n⋆)(x,y,Y (n⋆))=0

= 0.
(4.3)

For k ≥ 1, let Y[k] = (Y 1
[k], . . . , Y

tk
[k]) be local parameterizations for the fibers of the

bundles G(k) → G(k−1), where tk = dimG(k) − dimG(k−1) is the fiber dimension. The
system (4.3) is then equivalent to

Xi − xi = 0, i = 1, . . . , s,

dY α −

m
∑

a=1

Lαa (z, Y, Y[1])dz
a = 0, α = 1, . . . , t,

dY j
[1] −

m
∑

a=1

Lj[1],a(z, Y, Y[1], Y[2])dz
a = 0, j = 1, . . . , t1,

...

dY k
[n⋆−1] −

m
∑

a=1

Lk[n⋆−1],a(z, Y, Y[1], . . . , Y[n⋆])dz
a = 0, k = 1, . . . , tn⋆−1,

(4.4)

where the functions Lαa , . . . , L
i
[n⋆−1],a are prescribed by the determining system (4.2).

With the differential forms (4.4) in hand, Cartan proceeds, in an inductive manner, to
derive a system of invariant one-forms that serve to characterize the pseudo-group.
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Since the forms dY 1, . . . , dY t are right-invariant and the action of G on G(n⋆) pre-
serves the contact system C(n⋆), the forms

ωs+α[0] =

m
∑

a=1

Lαa (z, Y, Y[1])dz
a, α = 1, . . . , t, (4.5)

must likewise be right-invariant. These together with the invariant forms

ωi[0] = dxi, i = 1, . . . , s, (4.6)

constitute a basis of horizontal forms, and hence dz1, . . . , dzm can be expressed as linear
combinations of ω1

[0], . . . , ω
m
[0]. Their exterior derivatives have the form

dωb[0] =
m
∑

a=1

dLba(z, Y, Y[1]) ∧ dz
a =

m
∑

a=1

ωa[0] ∧ π
b
a, b = 1, . . . ,m,

where the one-forms πba are certain linear combinations of ω1
[0], . . . , ω

m
[0], dY

1, . . . , dY t,

and dY 1
[1], . . . , dY

t1
[1] . The invariance of ω1

[0], . . . , ω
m
[0] implies that

m
∑

a=1

ωa[0] ∧ (R⋆ψ(πba) − πba) = 0, b = 1, . . . ,m,

for all ψ ∈ G such that the pull-back R⋆ψ(πba) is defined. This means that

R⋆ψ(πba) ≡ πba mod ω1
[0], . . . , ω

m
[0].

By the assumptions, t1 = dimG(1) −dimG(0) of the πba are linearly independent modulo
ω1

[0], . . . , ω
m
[0], dY

1, . . . , dY t. Those t1 differential forms can be written as

πi ≡

t1
∑

j=1

cijdY
j
[1] +

q
∑

α=1

eiαdY
α mod ω1

[0], . . . , ω
m
[0], i = 1, . . . , t1,

with det (cij) 6= 0. The coefficients cij and eiα may depend on the variables z, Y , and
Y[1]. By adding suitable multiples of the ωa[0] we can write

πi ≡ ωi[1] mod ω1
[0], . . . , ω

m
[0], i = 1, . . . , t1,

where

ωi[1] :=

t1
∑

j=1

cij

(

dY j
[1] −

m
∑

b=1

Lj[1],b(z, Y, Y[1])dz
b

)

+

q
∑

α=1

eiα

(

dY α − ωp+α[0]

)

. (4.7)

Cartan, [4, pp. 597–600], now concludes that the one-forms ω1
[1], . . . ω

t1
[1], are right-

invariant. These first order Cartan forms are equivalent to our first order Maurer–
Cartan forms (2.6) in the sense that

span{ ω1
[1], . . . , ω

t1
[1]

} = span{ µaZb |L(n⋆)(Z,µ(n⋆))=0 }.
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Next by computing the exterior derivatives of the first order Cartan forms (4.7) and
repeating the above procedure, Cartan derives t2 linearly independent invariant second
order Cartan forms, and so on, up to order n⋆ − 1.

The rn⋆−1 = m+t1+t2+· · ·+tn⋆−1 invariant one-forms so constructed are collectively
denoted by ω1, ω2, . . . , ωrn⋆−1 without the subscripts. Their exterior derivatives can be
written as

dωi =
∑

1≤j<k≤rn⋆−1

Cijk ω
j ∧ ωk +

rn⋆−1
∑

j=1

tn⋆
∑

β=1

Aijβ ω
j ∧ πβ, i = 1, . . . , rn⋆−1, (4.8)

where
(π1, . . . , πtn⋆ ) ≡

(

dY 1
[n⋆], . . . , dY

tn⋆

[n⋆]

)

mod ω1, . . . , ωrn⋆−1 .

These constitute Cartan’s structure equations. If the pseudo-group acts intransitively,
the structure coefficients Cijk, A

i
jβ may depend on the invariants x1, . . . , xs.

5 Examples

In this section we illustrate the two structure theories with a pair of elementary intran-
sitive Lie pseudo-group actions.

Example 5.1. Let G be the infinite-dimensional Lie pseudo-group

X = x, Y = yf(x) + φ(x), Z = z(f(x))x + ψ(x), (5.1)

where f, φ, ψ ∈ C∞(R) and f(x) > 0. This Lie pseudo-group was introduced by Cartan,
[3], as an example with an essential invariant.

We first construct the structure equations using Cartan’s structure theory. The
involutive determining system is

X = x, Yz = 0, Zy = 0, Zz = (Yy)
x, Yyy = 0,

Zzz = 0, Zzx = (Yy)
x

(

log Yy +
xYxy
Yy

)

.
(5.2)

Thus, the fibers of the bundle π2
0 : G(2) → G(0) are parameterized by

(Yx, Yy, Zx, Yxx, Yxy, Zxx),

and the determining system (5.2) is equivalent to the Pfaffian system

X − x = 0,

Υy|G(2) = dY − Yx dx− Yy dy = 0, Υz|G(2) = dZ − Zx dx− (Yy)
x dz = 0,

Υy
x|G(2) = dYx − Yxx dx− Yxy dy = 0, Υy

y|G(2) = dYy − Yyx dx = 0,

Υz
x|G(2) = dZx − Zxx dx− (Yy)

x

(

log Yy +
xYxy
Yy

)

dz = 0.

Cartan’s algorithm yields the six invariant one-forms

ω1 = dx, ω2 = Yx dx+ Yy dy, ω3 = Zx dx+ (Yy)
x dz,

ω4 = µyX |G(2) =
1

Yy
Υy
y, ω5 = µyY |G(2) = Υy

x −
Yx
Yy

Υy
y, ω6 = µzX |G(2) = Υz

x −
xZx
Yy

Υy
y.
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By computing their exterior derivatives we obtain Cartan’s structure equations

dω1 = 0, dω2 = ω4 ∧ ω1 + ω5 ∧ ω2, dω3 = ω6 ∧ ω1 + xω5 ∧ ω3,

dω4 = ω1 ∧ π1 + ω2 ∧ π2 + ω5 ∧ ω4, dω5 = ω1 ∧ π2,

dω6 = ω1 ∧ π3 + ω3 ∧ (ω5 + xπ2) + xω5 ∧ ω6,

(5.3)

where
π1 = µyXX |G(2) , π2 = µyXY |G(2) , π3 = µzXX |G(2) . (5.4)

On the other hand, the computation of the Maurer–Cartan structure equations by
the algorithm presented in Section 3 proceeds as follows. The infinitesimal generators

v = ξ(x, y, z) ∂x + η(x, y, z) ∂y + ζ(x, y, z) ∂z = [α(x) y + β(x) ] ∂y + [α(x)x z + γ(x) ] ∂z

of the pseudo-group action (5.2) are the solutions of the infinitesimal determining system

ξ = 0, ηz = 0, ζy = 0, ζz = x ηy, (5.5)

which can be obtained by linearizing (5.2) at the identity. As in (3.4), the lift of (5.5)
produces the linear relations

µx = 0, µyZ = 0, µzY = 0, µzZ = XµyY , (5.6)

among the first order Maurer–Cartan forms. On account of (5.6) and its first prolon-
gation, the structure equations for the zero-th and first order Maurer–Cartan forms are

dµy = µyX ∧ µx + µyY ∧ µy + µyZ ∧ µz = µyY ∧ µy,

dµz = µzX ∧ µx + µzY ∧ µy + µzZ ∧ µz = XµyY ∧ µz,

dµyX = µyY ∧ µyX + µyXY ∧ µy,

dµyY = 0,

dµzX = XµyY ∧ µzX + (µyY +XµyXY ) ∧ µz.

(5.7)

The two sets of structure equations (5.3) and (5.7) are isomorphic provided we set
x = X and ω1 = 0 in Cartan’s structure equations (5.3).

Example 5.2. As the second example we consider the action of a one-dimensional Lie
group on R

2 by translations

X = x 6= 0, Y = y + ax, a ∈ R. (5.8)

Cartan computes the structure equations for this group, [5, p. 1345] , and finds

dω1 = 0, dω2 =
1

x
ω1 ∧ ω2, (5.9)

where
ω1 = dx, ω2 = dy −

y

x
dx.

Equations (5.9) involve two independent invariant one-forms and a non-vanishing, vari-
able structure coefficient. They obviously do not conform with the structure equations
for a one-dimensional abelian Lie group.
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On the other hand, the Maurer–Cartan structure equations (3.5) for the pseudo-
group (5.8) have the desired form. First, the minimal order involutive determining
system for the group action (5.8) is

X = x, Y − y = xYx, Yy = 1. (5.10)

Linearization of (5.10) yields the infinitesimal determining equations

ξ = 0, η = x ηx, ηy = 0, (5.11)

for the infinitesimal generators v = ξ(x, y) ∂x + η(x, y) ∂y . The lift of (5.11) produces
the linear relations

µx = 0, µy = XµyX , µyY = 0, (5.12)

among the first order Maurer–Cartan forms. It follows from (5.12) that µy forms a
basis for the Maurer–Cartan forms. Its exterior derivative is given by

dµy = µyY ∧ µy = 0, (5.13)

which agrees with the structure equation for a one-dimensional abelian Lie group. As
in Example 5.1, Cartan’s structure equations (5.9) become equivalent with (5.13) once
we set ω1 = 0.

Since there is no abstract object to represent a pseudo-group, saying when two
pseudo-group actions come from the “same pseudo-group” is more tricky than in the
finite-dimensional case of Lie group actions. The following definition encapsulates Car-
tan and Vessiot’s notion of isomorphism, [4, 25].

Definition 5.3. Two pseudo-group actions G1,G2 on manifolds M1,M2 are isomorphic,
written G1 ∼ G2, if they have a common isomorphic prolongation, meaning a pseudo-
group G acting on a manifold M , and surjective submersions πi : M → Mi, i = 1, 2,
such that, for each i = 1, 2, there is a one-to-one correspondence between elements
ϕ ∈ G and ϕi ∈ Gi satisfying πi ◦ϕ = ϕi ◦πi.

For example, two actions of the same finite-dimensional Lie group are isomorphic, as
one can take M = M1 ×M2 with the Cartesian product action. Proof of the transitive
property of isomorphisms, i.e. G1 ∼ G2 and G2 ∼ G3, then G1 ∼ G3, can be found in
Stormark, [22].

On the other hand, two isomorphic pseudo-groups need not have the same Cartan
structure equations. A basic illustration of this fact is provided by Example 5.2. Clearly,
the group action (5.8) is isomorphic to the group of translations of R,

Y = y + a, a ∈ R, (5.14)

which is characterized by the single invariant one-form ω = dy. The Cartan structure
equation of the latter action is, of course, dω = 0, which obviously is not isomorphic
to the structure equations (5.9). On the other hand, the Maurer–Cartan structure
equation of the group action (5.14) is again given by (5.13). In fact, it can be proved, [23,
24], that isomorphic pseudo-group actions always possess isomorphic Maurer–Cartan
equations.

The two examples above show that, when dealing with intransitive Lie pseudo-group
actions, the Maurer–Cartan structure equations (3.5) and Cartan’s structure equations
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(4.8) do not agree. We refer the reader to [23] for more examples. The discrepancy
between the two sets of structure equations is due to the inclusion of the horizontal
forms ω1

[0], . . . , ω
s
[0], cf. (4.6), in Cartan’s version. They do not appear in the Maurer–

Cartan structure equations (3.5) since, for a Lie pseudo-group action of the form (4.1),
the first s zero-th order Maurer–Cartan forms vanish:

µi = 0, i = 1, . . . , s.

Restricting to a target fiber yields

ωi[0] = σi = −µi = 0, i = 1, . . . , s.

On the other hand, for transitive Lie pseudo-group actions, the two sets of structure
equations are equivalent since the relations (2.10) provide a one-to-one correspondence
between the zero-th order Maurer-Cartan forms µ1, . . . , µm and the invariant horizontal
forms σ1, . . . , σm.

6 Duality

In this final section, we investigate the relationship between pseudo-group structure
equations and the commutator relations among their infinitesimal generators. As we
will see, the Maurer–Cartan structure equations of Theorem 2.1 are naturally dual to
the commutator relations among the infinitesimal generators, in the same sense as the
finite-dimensional version in (1.1), (1.2).

Under the identification of infinite jets of local vector fields (3.2) with their Taylor
expansions

j∞v|z0 ≃
m
∑

a=1

∑

#A≥0

ζaA(z0)
(z − z0)

A

A!

∂

∂za
,

the fiber J∞TM |z0 inherits a Lie algebra structure. The monomial vector fields

vAa =
(z − z0)

A

A!

∂

∂za
, #A ≥ 0, a = 1, . . . ,m,

provide a basis for the vector space J∞TM |z0 and satisfy the Lie bracket relations

[vAa ,v
B
b ] =

(

A,B \a

A

)

v
A,B\a
b −

(

B,A\b

B

)

vB,A\ba . (6.1)

In the above equation

(

A,B \a

A

)

=







(A,B \a)!

A! (B \a)!
, a ∈ B,

0, a 6∈ B,

where B\a denotes the multi-index obtained by deleting one occurrence of a from B. By
direct inspection, we conclude that, as in the finite-dimensional theory, the commutation
relations (6.1) are directly dual to the Maurer–Cartan structure equations (2.12).

The duality between the Maurer–Cartan structure equations and the Lie brackets
of jets of infinitesimal diffeomorphism generators extends straightforwardly to general
Lie pseudo-group actions.
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Theorem 6.1. The Maurer–Cartan structure equations (3.5) of a Lie pseudo-group G
at a target fiber (τττ (∞))−1(Z) are dual to the Lie algebra structure equations for the
fiber J∞

g|Z of the jet bundle of its infinitesimal generators.

The proof relies on the observation that the Lie algebra structure equations for J∞
g

are obtained by imposing the constraints prescribed by the infinitesimal determining
equations (3.3) on equations (6.1), while the Maurer–Cartan structure equations of a
Lie pseudo-group G ⊂ D are, in turn, obtained by imposing the constraints dictated by
the lifted version (3.4) of the infinitesimal determining equations on (2.12). The details
can be found in [24].

Finally, we note that the horizontal forms ωi[0] = dxi, i = 1, . . . , s, in (4.6) are,

naturally, invariant under the group of translations Xi = xi + ai. Thus Cartan’s
equations (4.8) more appropriately reflect the infinitesimal structure of the extended
set of transformations

Xi = xi + bi, Y α = fα(x, y), i = 1, . . . , s, α = 1, . . . , t. (6.2)

acting transitively on M . However, there is no guarantee that the transformations (6.2)
represent a Lie pseudo-group. Indeed, for the Lie group action (5.8) of Example 5.2,
the extension (6.2) has the form

X = x+ b 6= 0, Y = y + ax, a, b ∈ R, (6.3)

which does not define a transformation group.

Acknowledgments: We would like to thank Olle Stormark and an anonymous referee
for helpful remarks and references that served to improve the paper.
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