Fractalization and Quantization
in “Disyersive Systems

Peter J. Olver
University of Minnesota

http://www.math.umn.edu/ ~ olver

[Warsaw and Camﬁric{qe, March, 2021}




@l.ﬁ}?eTSlOTL ofswface waves on CL’}OOHC[




Dispersion

Definition. A linear partial differential equation is called
dispersive if the different Fourier modes travel unaltered
but at different speeds.

Substituting
U(t,ZE) _ ei(ka:—wt)
produces the dispersion relation
w=w(k), w,k € R

relating frequency w and wave number k.

Phase velocity: ¢, =

Group velocity: ¢, = (stationary phase)



A Simple Linear Dispersive Wave Equation:

ou  9%u
ot  Ox3
—> linearized Korteweg—deVries equation
Dispersion relation:  w = k?
e W9
Phase velocity: ¢, = = k
dw
Group velocity: ¢ = — = 3k?
p y 9= gk

Thus, wave packets (and energy) move faster (to the right) than
the individual waves.



Linear Dispersion on the Line

ou  u
o 9.3 u(0,z) = f(x)
Fourier transform Solutiorr
/ ZIZ / i(kaz—k?’t) dk
ult, \/27‘(’
Fundamental solution u(0,x) = d(x)

1 . 3 1
u(t,gj) :ﬂ /_Ooel(kx—k t)dl{i: g Al(—




Fundamental solution to linearized KdV
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Linear Dispersion on the Line
ou  O%u
ot  Ox3
Superposition solution formula:

ut,r) = —= [ f(© Ai(f—x>d£

u(0,z) = f(z)




Linear Dispersion on the Line

ou_ oo
ot Ox3

Superposition solution formula:

u(0,z) = f(z)

§—w )
. d
( :,C 3/—3 / f ( 3/3t g
. . o 0 x < O
Step function initial data: w(0,2) =o(z) = { 1. >0

ult) =5 H(— ZZJ

T(3):F (553 552°) T3 F(3:553

H(z) =

)9

4
) 3
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—> MATHEMATICA — via Meijer G fu

nctions



Step solution to linearized KdV




t = .005




Periodic Linear Dispersion

ou 03u
ot Ox3
ou ou 0% 0%u
U(t, —7T) = U(t, 7T) % (t, —7T) E— % (t, 7T) @ (t, —7T) — @ (t, 7T)

Step function initial data:
{ 0, x<0,

uOe)=o(@)=11 .50



Periodic Linear Dispersion

ou 03y
ot  Ox3
ou ou 0%y 0%u
U(t, —7T) = U(t, 7T) % (t, —7T) = % (t, 7T) @ (t, —7T) = @ (t, 7T)

Step function initial data:
0, x<0,
u0,z) = o(z) = { 1, x>0.

Fourier series solution formula:

u*(t,x) ~



Periodic linearized KdV with At = .01
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Periodic linearized KdV with At = /300
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Periodic linearized KdV — irrational times
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Periodic linearized KdV — rational times

ﬂWm%fﬂL L

]

o ~ T




t=m t:%ﬂ' t:%ﬂ'
]
1 1 1
t—ZTF t—gﬂ' t—gﬂ'
fjﬂ ﬂ - I —
— ] [
[ ] —
t:%ﬂ' t:%ﬂ' t:%’ﬂ'



Periodic linearized KdV with At = .0001




Theorem. At rational time t = 27 p/q, the solution u* (¢, x) is
constant on every subinterval 27j/q¢ < x < 27w (j + 1)/q.
At irrational time u*(¢,x) is a non-differentiable continuous
fractal function.



Lemma.

k=—oc0
is piecewise constant on intervals 27j/q <z < 27w (j 4+ 1)/q
if and only if
¢, =¢, k=1%#0 mod gq, ¢, =0, 0# k=0 mod g.
where

2mkcy,
ig (6—2i7rk/q _ 1)

AN

Ck':

k £ 0 mod q.

— DFT



The Fourier coefficients of the solution u*(¢,x) at rational time
t=2mp/q are
¢, = b, e 2Tk P/a (+)
where, for the step function initial data,
( —i/(7k), k odd,
b, =14 1/2, k=0,
L 0, 0 # k even.

Crucial observation:

if k=1 mod ¢ then k% =% mod ¢

which implies

2Tk p/a _ —2mil%p/q

and hence the Fourier coefficients (x) satisfy the condition
in the Lemma. Q.E.D.



Revival
Fundamental Solution: F(0,x) = §(x).

Theorem. At rational time ¢t = 27 p/q, the fundamental
solution F(t,x) is a linear combination of finitely many
periodically extended delta functions, based at 27 j/q for
integers —%q <7< %q.




Revival
Fundamental Solution: F(0,x) = §(x).

Theorem. At rational time ¢t = 27 p/q, the fundamental
solution F(t,x) is a linear combination of finitely many
periodically extended delta functions, based at 27 j/q for
integers —%q <7< %q.

Corollary. At rational time, any solution profile u(27p/q, )
to the periodic initial-boundary value problem is a linear
combination of < ¢ translates of the initial data, namely
f(x +277/q), and hence its value depends on only finitely
many values of the initial data.



* % The same quantization/fractalization phenomenon
appears in any linearly dispersive equation with
“Integral polynomial” dispersion relation:

n

w(k) = 2. cpk™

m=0

where



Linear Free-Space Schrodinger Equation

. ou 0%u
l — = — —
ot ox?
Dispersion relation: w = k?
, W
Phase velocity: Cp = T = k
dw
Group velocity: c =—=2%k



The Talbot Effect

u_ o
Yot T 922
ou ou
U(t, _7T) — U(t,ﬂ') % (ta _ﬂ-) — % (taﬂ-)

Michael Berry et. al.
Oskolkov

Kapitanski, Rodnianski
“Does a quantum particle know the time?”

Michael Taylor
Bernd Thaller, Visual Quantum Mechanics



William Henry Fox Talbot (1800-1877)

(1 Talbot and his diffraction effect




Talbot’s 1835 image of a latticed window in Lacock Abbey

— oldest photographic negative in existence.



A Talbot Experiment

Fresnel diffraction by periodic gratings (1836):

“It was very curious to observe that though the grating was
greatly out of the focus of the lens ... the appearance of
the bands was perfectly distinct and well defined ... the
experiments are communicated in the hope that they may
prove interesting to the cultivators of optical science.”

— Fox Talbot



A Talbot Experiment

Fresnel diffraction by periodic gratings (1836):

“It was very curious to observe that though the grating was
greatly out of the focus of the lens ... the appearance of
the bands was perfectly distinct and well defined ... the
experiments are communicated in the hope that they may
prove interesting to the cultivators of optical science.”

— Fox Talbot

—> Lord Rayleigh calculates the Talbot distance (1881)



The Quantized /Fractal Talbot Effect
[Shotrossmsbuctodoomotes ]
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e Optical experiments — Berry & Klein

e Diffraction of matter waves (helium atoms) — Nowak et. al.



Quantum Revival

050

O 02 04 0.6 08 1.0

e Electrons in potassium ions — Yeazell & Stroud

e Vibrations of bromine molecules —
Vrakking, Villeneuve, Stolow



Periodic Linear Schrodinger Equation

ou_ o
Yot T 2
ou ou
’U,(t, _7T) — u(taﬂ-) % (ta _7T) — 8_33 (taﬂ-)

Integrated fundamental solution:
1 00 el (kx—k2t)

U(t,l‘) — ﬂ #kz L
0 =—0

For z/t € QQ, this is known as a Gauss sum (or, more generally, k",
a Weyl sum), of great importance in number theory

—> Hardy, Littlewood, Weil, I. Vinogradov, etc.



Periodic Linear Schrodinger Equation

ou_ o
Yot T 2
ou ou
U(t, _7T) — u(taﬂ-) % (t7 _7T) — (9_33 (taﬂ-)

Integrated fundamental solution:
1 00 ol (kz—k?t)

u(t,x) — ﬂ #kz L
0 =—0

For z/t € QQ, this is known as a Gauss sum (or, more generally, k",
a Weyl sum), of great importance in number theory

—> Hardy, Littlewood, Weil, I. Vinogradov, etc.
* x The Riemann Hypothesis!



Integrated fundamental solution:

1 00 ol (kz—k*t)

2 k

k=—o0

u(t,z) =

27

Theorem.

e The fundamental solution du/dx is a Jacobi theta function. At
rational times t = 2mwp/q, it linear combination of delta

functions concentrated at rational nodes =, = 27 j/q.

e At irrational times ¢, the integrated fundamental solution is a
continuous but nowhere differentiable function.



Schrodinger Carpet



Periodic Linear Dispersion

0
8—?; = L(D,) u, u(t,x +27) = u(t, )
Dispersion relation:
u(t,z) =elFr=wt  — (k) = —iL(—ik) assumed real
Riemann problem: step function initial data
0, x<0,
O pr— pr—
w0.0) =0l ={ " 750
Solution:
1 2 X sin|(2j+ 1)z —w(2j+1)t]
t ~ = — :
ut.@) ~ 3 w; 25 +1

* k% w(—k)=—w(k) odd

Polynomial dispersion, rational ¢ = Weyl exponential sums



Water Waves




2D Water Waves

L
|

y=h-+n(t,r) surface elevation

o(t,x,y) velocity potential



2D Water Waves

Incompressible, irrotational fluid.

No surface tension

¢+ 502 +50.+gn=0

7775 — gby o ngcgbx

Ppz t Pyy =0
6, =0

} y:h+77(t7$)

0<y<h+n(tx)

y=20

Wave speed (maximum group velocity): c¢=+/gh

Dispersion relation:

Vok tanh(hk) = ck — Lch?k + -
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Small parameters — long waves in shallow water (KdV regime)
a h?

Oé:E BZZ—QZO(OK)



Rescale:

lt

xr — lx y — hy t— —

c

gate s

n — an O — » c=1+/gh

Rescaled water wave system:

Q Q \
¢t+§¢i+ﬁ¢§+ﬁzo

1 > y=14+an
ntzgqby_oénxqu )

BPpw+ &y =0 O<y<l+4+an

gby:O y:O



Boussinesq expansion
Set

Y(t,z) = ¢(t, z,0) u(t,z) = (bx(t,x,e) 0<60<1

Solve Laplace equation:
ot x,y) =t x) = 5829° Yoy + 11 82U Yy + -+
Plug expansion into free surface conditions: To first order
b+ 1+ 509, =588, =0
e+ Y+ (M) — 58 Vpnps =0



Bidirectional Boussinesq systems:
ut—|—77x—|—Oé’LL’ij—% (92_1)ux33t20
M+ Uy + o (), — 5 B (30% — 1), =0

* % at § = 1 this system is integrable (tri-Hamiltonian)
but ill-posed (17!)



Bidirectional Boussinesq systems:
ut+nx+&uux_% (92_1)ux:ct20
N+ uy +au), — 58 B0° —1)uy,, =

* % at § = 1 this system is integrable (tri-Hamiltonian)
but ill-posed (17!)

Boussinesq equation
_ 1 2 1
Uy = Upy + 504 (u ):ca: o Eﬁuxasxa:
Regularized Boussinesq equation

_ 1 2 1
Uy = Ugy T §Oé (’LL ):Bx + Eﬁuxa:tt

—> DNA dynamics (Scott)



Unidirectional waves:

wmn—tar e (5= 10) nh -

Korteweg-deVries (1895) equation:
M+ + 5007, + G5 Tpgn =0

— Due to Boussinesq in 1877!

Benjamin—-Bona—Mahony (BBM) equation:

M+ + 50NN, = 5B Nyee =0



Shallow Water Dispersion Relations

Water waves + Vk tanh £
: k
Boussinesq system +
1+ 3 k?
. . 1
Boussinesq equation + k14 3k?
Korteweg—deVries k — %k?’
k

BBM




Water waves w = Vk tanh k sign k




Water waves: t> 1000 w = Vk tanh k sign k




Water waves w = Vk tanh k sign k

k\vﬁ W\ | 4 m M\A

U\M
t=1 t=2 t=295
AN
/,,Wv W\ \H WNWMWM\A M%
Ww \MW‘MW/\MVA \ : ]QAAVW%WW W\/\/\
t=10 t =20 t =35

t =50 t =175 t =100



Square root dispersion w=1/|k|signk




BBM equation w

- J1+ 1k




BBM equation: t> 1000




k

BBM equation: t> 10,000 W =
J1+ 1k




k

BBM equation W —
V14 2k
K / | ﬁ/\\ | Lﬂﬂ/\w\ M
N g I |
=1 t=5 t =10

W

7 MWVW M . VAN\” M\W\A \ M
| W Ky,

b= 90 t =100 + = 1000



Boussinesq equation w=ky/1+:k?




Boussinesq equation w=ky/1+:k?

%\W P N WW

WWWWV W\/uw

\ /\\JMMM H’/\ WM\J\M %\ MWW

30 15 10




Regularized Boussinesq equation k

T4 iR2




Regularized Boussinesq equation t > 1000 W

T 14 ik2




Regularized Boussinesq equation t > 10,000 W

T 14 ik2




Regularized Boussinesq equation k

L\(% W ANIT] N %




Dispersion Asymptotics

* The qualitative behavior of the solution to the periodic
problem depends crucially on the asymptotic behavior
of the dispersion relation w(k) for large wave number

k — £ o0.
w(k) ~ k°
o o= — large scale oscillations
e 0<a<1l — dispersive oscillations
o a=1 — traveling waves
e 1 <a<2 — oscillatory becoming fractal

e a>2 — fractal/quantized



Linearized Benjamin Ono equation
Uy = /H[Um;] wpo (k) = k2 sign k.

Hilbert transform

HIfl(x) = H + f ()

|
3 |
T
Q 8
S
=
Q@\/

QL
<

periodic Hilbert transform

Wiw=> Y f W ay— o colie -]

k=—o0



Benjamin—0Ono equation: irrational times

w = k? sign k

1




Benjamin—0Ono equation: rational times

w = k* signk

-y




Benjamin—Ono equation w=|k|* signk

NMMWW MMW\W MM
MW\WW\ W\M W

L

30 157

5|)—l <



(Geveralized Revival

Theorem At a rational time ¢ = wp/q, the solution to the periodic initial-boundary value
problem for the linearized Benjamin—Ono equation on the interval —7m < x < 7 is a linear
combination of

e translates f(x + wj/q) of the initial condition u(0,x) = f(x), and
e translates g(x + mj/q) of its periodic Hilbert transform: g(x) = H[f](x),

for 7 =0,...,2¢q — 1.

» L. Boulton, PJO, B. Pelloni, D. Smith



T rigonometric ﬁypergeometﬂc functions

(©. @) . k .
Sh() = S5 () = Y Smf; :j] )z
n=0
%ﬁ:[ <27T]l)10g 2sin( —1—%1)
— © s (27;]'[) sign (3;—}—27Tl/l-€)27T — (z + 27l /k) |

N &




Si(z) St (x) S (x)

S (x) S (x) S (x)



Si(z)

83 (@)

S3 ()



Benjamin—Ono equation w=|k|* signk

NMMWW MMW\W MM
MW\WW\ W\M W

L
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T rigonometric ﬁypergeometﬂc functions

SH () = Skl(a:) _ i sin(nk + j)x

— nk + j
1< 2171
=3 o (e

N
k

+cos (27le) sign (z 4 2wl /k) ™ — (z + 27Tl/k:)] |

N &

k 2

k

dsk s . 21l g 2Tl 1 ] 2mlj ml
_J S, I E i S

** Produces the periodic fundamental solution

/

*%* The cotangent is the Hilbert transform of the delta function



Linearized Intermediate Long Wave Equation

1
L[’U,] — I(S [uxx] — 5 U, ws(k) = k? coth(dk) — %
1 > T
Lifl@) = —55 | coth| 35 (@ —y)| Flw)dy
Periodic kernel:
I(;[f](gg)__2_1(S _ﬂ [ Z Cch<216(x_y)+%>




Linearized Smith Equation

5 N U f ‘|£C$_—yy‘|/\/5 ) flu)dy

K (z) denotes the modified Bessel function of the second kind

Periodic kernel:

SsLf] =

™ f / Z . fw_—yy++22nnﬁﬂ| \/\[ ) Fu) dy

n=-—aoo
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Periodic Korteweg—deVries equation

ou D%u ou
E_CX@_FBU/% u(t,x +20) = u(t, )

Zabusky—Kruskal (1965)
a =1, £ =.000484, (=1, u(0,z) = cos 7.
Lax—Levermore (1983) — small dispersion
a — 0, g =1.
Gong Chen (2011)
a=1, B = .000484, (=1, u(0,2) = o(x).



Zabusky & Kruskal — birth of the soliton




Periodic KdV — dispersive quantization




Time =0.015 Time =0.15
T T T T

Time =0.3 Time =15 Time =3

Figure 13. Korteweg—deVries Equation: Irrational Times.



Time = 0.1pi Time = 0.25pi
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Figure 14. Korteweg—deVries Equation: Rational Times.
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Time = 0.01 ) )
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©

Figure 15. Quartic Korteweg—deVries Equation: Irrational Times.



Time = 0.01pi
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Time = 0.5pi
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Figure 16. Quartic Korteweg—deVries Equation: Rational Times.



Periodic Korteweg—deVries Equation

Analysis of non-smooth initial data:
Estimates, existence, well-posedness, stability, ...
e Kato
e DBourgain
e Kenig, Ponce, Vega
e C(olliander, Keel, Staffilani, Takaoka, Tao
e (Oskolkov
e D. Russell, B-Y Zhang

e Frdogan, Tzirakis



Operator Splitting

Flow operators: ®,(t), @, (1)

Godunov scheme:
u§(t,) = (DL (A @y (AE))" u,

Strang scheme:
u(t,) = (B (5 A1) (AL @y (5 At))" ug
Numerical implementation:

o 'F'T for ®; — linearized KdV

e FI'T + convolution for ®,, — conservative version of
inviscid Burgers’, using Backward Euler + fixed point
iteration to overcome mild stiffness. Shock dynamics
doesn’t complicate due to small time stepping.



Periodic Linear Dispersive Equations

—> Chousionis, Erdogan, Tzirakis
Theorem. Suppose 3 <k € Z and
iu, +(—i0,)*u =0, r € R/Z, u(0,z) = g(x) € BV

(7) u(t,-) is continuous for almost all ¢

(i) When g & |J H'/?%¢, then, at almost all ¢, the real and imaginary parts of
e>0

the graph of u(t, -) has fractal dimension 1 +2'=% < D <2 — 21-F,

Theorem. For the periodic Korteweg—deVries equation

Uy + Uy, +uu, =0, r € R/Z, u(0,z) = g(z) € BV

(7) u(t,-) is continuous for almost all ¢

(i) Wheng ¢ U H 1/24€ then, at almost all ¢, the real and imaginary parts of
e>0

the graph of u(t, -) has fractal dimension 2 < D < I.



Theorem. (Erdogan, Shakan)

Suppose ¢, are the complex Fourier coeflicients of a function
of bounded variation. Let w(k) ~ |k|'/? as k — oo, then, for
any t = 0, the “dispersive” Fourier series

U(t, CIZ) N Z ¢ ei(km—w(k) t)

k=—o0

converges to a function whose real and imaginary parts have
graphs whose maximal fractal dimension D, satisfies the

following estimate:
<D, <L

N



The Fermi—Pasta—Ulam—Tsingou Problem
—> Los Alamos Report, 1955

I 1 4 4 U 10y ¢ ¢ 1440 QU 10 8¢

> PJO + Ari Stern



The Fermi—Pasta—Ulam—Tsingou Problem
—> Los Alamos Report, 1955

Our problem turned out to have been felicitously chosen.
The results were entirely different qualitatively from what
even Fermi, with his great knowledge of wave motions, had
expected. ... To our surprise, the string started playing a
game of musical chairs, only between several low notes, and
perhaps even more amazingly, after what would have been
several hundred ordinary up and down uvibrations, it came
back almost exactly to its original sinusoidal shape.

— Stanislaw Ulam, Adventures of a Mathematician, pp. 2267




The Fermi—Pasta—Ulam—T'singou System

_, d*u,,
dt?

M — F(un—l—l o un) o F(un o un—l)

— un—l—l o 2un T Uy _q - N(un—|—1 o un) T N(un o un—l)‘
Forcing function and potential
F(y)=y+N(y)=V'(y), where V(y)=3y"+W(y)

Classical potentials: N(y) = ay®, =23
Toda lattice: N(y) = ae’Y



Continuum Limit

Periodic problem: m masses on a circle of unit radius with
intermass spacing h = 27/m. We suppose m — o0.

Rescale time: t+—— ht

c = puh — wave speed

Assume the displacements are obtained by sampling a
function u(t, x) at the nodes:
u, (t) =u(t,z,), where xr, =nh=21n/m.

Taylor expansion:
U, 1(t) =u(t,z, £h) =uthu, +sh’u, ++h’u, + -,



Continuum Models

Uy = CQ(K[U] + Mu])
Linear component

Klu] = u,, + Sh%u +O(h?)

TXxrI
Quadratic nonlinear component:

M[u] =2ahuyu,, + :ah’uu + sah’uu,, + O(R)

r T 1 I 4 0 B T " XxTxT
Bidirectional continuum model = potential Boussinesq equation

_ 2 1 1.2
Uy = C (ua:ac—'_Zahuxuacx—i_Eh ux:cx:c)

Unidirectional model = Korteweg—deVries equation:

u, = c(u, +ahuu, + 2—14h2uxm)



Linear FPU

Discrete wave equation:

d*u,
dt2 — ﬁ(un—kl o 2un T un—l)?

Bidirectional continuum model

2 1 272
Uy = C Ugy + 12 € h Uprra
* linearized “bad Boussinesq equation” — ill-posed.

Dispersion relation:

w? =p,(k) = k(1 — 5h%k*) <0 for k>0



Regularized Bidirectional Models

Sixth order linearized model:
) 1 1.2 1 14
Uy = C (uasx + Eh Uprax + %h Uprrxxx )7
Dispersion relation:

w? = pg(k) = Pk*(1 — 5h°k* + 55 Rk ) >0 forall &k # 0

Alternatively, replacing

u, = c *u,, + O(h?)

I
leads to the linear Boussinesq equation
_ .2 1 72
Uy = C Uy, + 75 h7U

xxtt

Dispersion relation:

0 for all k#0



FPU Lattice Dispersion Relation

Substituting u(t,z) = ' #*=«?) evaluated at = x, = nh into
the linearized FPU system

d*u c?
dth — ﬁ(un—l—l R 2un + un—l)a
produces
2
_w2€i(kmn—wt) _ % (ei(kazn—i—kh—wt) o 2ei(kazn—wt) + ei(kxn—kh—wt)>
2c? :
= —h—CQ(l — coskh)e! (Fon—wt),
Discrete FPU dispersion relation:
2 c? 4c? c*m? kn
2 - . _ & 2 l o . 92 b
W= (1 —coskh) 7o sin skh —5sin”



The Continuum Riemann Problem

Step function initial data:

u(0,z) = o(x)

i sin(27+1)x
=0 27+1

l\DlH

u,(0,2) =0

Bidirectional solution
1 2 & cosw(2j+1)t sin(2j+ 1)

u(t,:z:):§+— >

T = 2j +1

Unidirectional right-moving constituent:
1 2 & sinf(2j4+ 1)z —w(25+1)t]

f )= -4 2
up(t;z) 2+w2% 27 +1



The Discrete Riemann Problem

1, 0<n<m,

u, (0) =< 0, —m <n <0,

1 _
5, n=-—m, 0, m.

Discrete Fourier Transform:

Linear FPU solution:

112l 241 t . (2j+1
u(t,az)wi—l—ajz::() Cot( ]22)W cos(cqz: sin( ‘7;7: )W>sin(2j—|—1)a},

Right-moving constituent:

1 1 m/2 274+ 1
uR(t,x)~§+— > cot( )
7=0

2m 2m

cmt . (2j4+ 1w
T m '

Sin<(2j+1):€— sin



KdV

Figure 1.

-3

L
-2 -1 1

Boussinesq FPU

Bi- and uni-directional solution profiles at t =

1
57'('.
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T t=127

Bi- and unidirectional FPU solution profiles.



t=1/h t=23/h t=mn/h

Figure 3. Bi- and unidirectional FPU solution profiles.



KdV Boussinesq FPU

Figure 4. Bi- and unidirectional solution profiles at t = 1/h?.



3\\/)';”’\%‘1 T —
KdV Boussinesq FPU
Figure 5. Bi- and unidirectional solution profiles at ¢ = 400,000.
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KdV Boussinesq FPU

Figure 6. Bi- and unidirectional solution profiles at ¢t = 247 /(5h?) ~ 400,527.
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KdV Boussinesq FPU

Figure 7. Bi- and unidirectional solution profiles at t = 247 /h?.



FPU
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Figure 8. Truncated unidirectional solution profiles at t = 247 /(5h?) ~ 400,527.
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Figure 11. Revival and lack thereof.



Future Directions

General dispersion behavior explanation/justification
Stability analysis

Improved numerical solution techniques

Other boundary conditions

Nonlinearly dispersive models: Camassa—Holm, ...

Discrete systems: Fermi—Pasta—Ulam, spin chains, ...

Higher space dimensions and other domains: tori, spheres, ...

Experimental verification in dispersive media?



