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Moving Frames

Classical contributions:

M. Bartels (~1800), J. Serret, J. Frénet, C. Jordan,
G. Darboux, E. Cotton, E. Cartan

Modern contributions:
P. Griffiths, M. Green, G. Jensen

“I did not quite understand how he [Cartan| does this in
general, though in the examples he gives the procedure
is clear.”

“Nevertheless, I must admit I found the book, like most of
Cartan’s papers, hard reading.”

— Hermann Weyl

“Cartan on groups and differential geometry”
Bull. Amer. Math. Soc. 44 (1938) 598601
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Applications of Moving Frames

Differential geometry
Equivalence
Symmetry
Differential invariants
Rigidity
Joint Invariants and Semi-Differential Invariants
Invariant differential forms and tensors
Identities and syzygies
Classical invariant theory
Computer vision
o object recognition
o symmetry detection
Invariant numerical methods
Poisson geometry & solitons
Lie pseudogroups
Invariants of Killing tensors

Invariants of Lie algebras
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The Basic Equivalence Problem

M — smooth m-dimensional manifold.

(G — transformation group acting on M

e finite-dimensional Lie group

e infinite-dimensional Lie pseudo-group

Equivalence:

Determine when two n-dimensional submanifolds

N and N c M

are congruent:

N=g-N for ged

Symmetry:
Self-equivalence or self-congruence:

N=g-N
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Classical Geometry

Equivalence Problem: Determine whether or not two given
submanifolds N and N are congruent under a group
transformation: N =g - N.

Symmetry Problem: Given a submanifold N, find all its
symmetries (belonging to the group).

Fuclidean group — G = SE(n) or E(n)
= isometries of FEuclidean space
= translations, rotations (& reflections)

(R € S0O(n) or O(n)

z— R-z24+a g €R"™
[ 2z € R"
e Fqui-affine group: G = SA(n)
R € SL(n) — area-preserving
o Affine group: G =A(n)
R € GL(n)
e Projective group: G = PSL(n)

acting on RP"~1

—> Applications in computer vision
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Classical Invariant Theory
Binary form:
" (n

k=0

Equivalence of polynomials (binary forms):

Q)= oo @ (28} g= (2 ) et

= multiplier representation of GL(2)
= modular forms

Transformation group:

g: (z,u) (

ax + 3 u )
yr+6  (yx+ o))"

Equivalence of functions <= equivalence of graphs

N ={(z,u) = (z,Q(z)) } C C*
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Moving Frames

Definition.

A moving frame is a G-equivariant map

p: M — G
Equivariance:
g-p(z) left moving frame
plg-z) = . . .
p(z) g right moving frame

pleft(z) — pm'ght(z)_l
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The Main Result

Theorem. A moving frame exists in a neighborhood of a
point z € M if and only if G acts freely and regularly
near z.

G,={glg-z=2} — Isotropy subgroup

e free — the only group element g € G which fixes one point
z € M is the identity:
—> G, ={e} forall z € M.

e locally free — the orbits all have the same dimension as G"
—> (G, is a discrete subgroup of G.

e regular — all orbits have the same dimension and intersect
sufficiently small coordinate charts only once
% irrational flow on the torus

o effective — the only group element g € G which fixes every
point z € M is the identity: g - 2 = z for all z € M iff
g =e:
Gy= N G, ={e;

zeM
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Theorem. A moving frame exists in a neighborhood of a
point z € M if and only if G acts freely and regularly near z.

Necessity: Let z € M.
Let p: M — G be a left moving frame.

Freeness: If g € G, so g-z = z, then by left equivariance:
p(z) =p(g-2)=g-p(2).
Therefore g = e, and hence G, = {e} for all z € M.

Regularity:  Suppose

2, =¢, 2 — % as n — 00
By continuity,

p(2,) = p(9y - 2) = g - p(2) — p(2)

Hence g, — e in G.

Sufficiency: By construction — “normalization”.

Q.E.D.
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Geometrical Construction

Normalization = choice of cross-section to the group orbits

K

K — cross-section to the group orbits

O, — orbit through z € M

k € K NO, — unique point in the intersection
e £k is the canonical form of z

e the (nonconstant) coordinates of k are the fundamental
invariants

g € G — unique group element mapping k to z
—> freeness

p(z) =g left moving frame p(h-z)=h-p(z)

k=p(2) 2 = pragne(2) - 2
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Construction of Moving Frames

r=dimG < m=dimM

Coordinate cross-section

K={z=c¢, ... ,2,=c¢.}

left right

w(g,z) =g "'z w(g,2) =g- 2

Choose r = dim GG components to normalize:

wy(g,2) = ¢ e w,(g,2) =c,

The solution
g =p(z)

is a (local) moving frame.

—> Implicit Function Theorem
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The Fundamental Invariants

Substituting the moving frame formulae

9= p(2)

into the unnormalized components of w(g, z) produces the
fundamental invariants:

1(2) = w, 0 (p(2),2) oor Ly (2) = w,,(p(2), 2)

— These are the coordinates of the canonical form k € K.

Theorem. Every invariant I(z) can be (locally) uniquely
written as a function of the
fundamental invariants:

I(z) =H(I{(2),...,I,, .(2))

Y Tm—r
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Invariantization

Definition. The nvariantization of a function F': M — R

with respect to a right moving frame p is the the invari-
ant function I = «(F') defined by I(z) = F(p(z) - 2).

LIF (2,00 2,,)] = Flegy,...c, Ii(2),..., L (%))

C ) m-—rTr

Invariantization amounts to restricting F' to the cross-section
I|K=F|K

and then requiring that I = ((F') be constant along the
orbits.

In particular, if I(z) is an invariant, then ((I) = I.

Invariantization defines a canonical projection

¢: functions +— invariants
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The Rotation Group
G = S0(2) acting on R?
z=(x,u) — g - z=(xcosf —usinfh , xsinf + ucosh)

— Free on M = R?\ {0}

Left moving frame:

w(g,z) — g_l TR= (y,U)

y = xcosf + usinfd v=—xsinf + ucosb

Cross-section

K={u=0, >0}
Normalization equation

v=—xsinf +wucosfd =0

Left moving frame:

6 = tan_lg — 0 =p(x,u) € SO(2)

Fundamental invariant
r=uxr)=vVr2+ u?

Invariantization

L F(x,u)] = F(r,0)
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Prolongation

Most interesting group actions (Euclidean, affine, projective,
etc.) are not free!

An effective action can usually be made free by:

e Prolonging to derivatives (jet space)

—

G . J"(M,p) — J"(M,p)

differential invariants

e Prolonging to Cartesian product actions

G": Mx---xXxXM-—M>x---xM

—> joint invariants

e Prolonging to “multi-space”

am . e )

—> joint or semi-differential invariants

—

invariant numerical approximations
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Jet Space

e Although in use since the time of Lie and
Darboux, jet space was first formally defined by Ehres-
mann in 1950.

e Jet space is the proper setting for the geometry of partial
differential equations.

M — smooth m-dimensional manifold

I<p<m-1
JUV=J"(M,p) — (extended) jet bundle

—> Defined as the space of equivalence classes of p-
dimensional submanifolds under the equivalence re-
lation of n*" order contact at a single point.

— Can be identified as the space of n'™ order Taylor poly-
nomials for submanifolds given as graphs u = f(x)
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Local Coordinates on Jet Space

Jn = J"(M,p) — n*® extended jet bundle for
p-dimensional submanifolds N C M

Local coordinates:
Assume N = {u= f(x)} is a graph (section).
r=(ab,...,2P) — independent variables
u=(ul,...,u9) — dependent variables
p+qg=m=dmM
20 = (™M)= (... 2" .. ug...)

— induced jet coordinates

e No bundle structure assumed on M.

e Projective completion of J*E when E — X is a bundle.
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Prolongation of Group Actions
G — transformation group acting on M

—> ( maps submanifolds to submanifolds
and preserves the order of contact

G(™) — prolonged action of G on the jet space J”

The prolonged group formulae

w™ = (y,v™) = g . z(")
are obtained by implicit differentiation:

= Z P’ (9,2 dxj
p— Q:P_T

Differential invariant [:J" — R
I(g™ . 2y = [(z(")

—> curvatures
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Freeness

Theorem. If G acts (locally) effectively on M, then G acts
(locally) freely on a dense open subset V" C J" for n > 0.

Definition. N C M is regular at order n it j N C V".

Corollary. Any regular submanifold admits a (local) moving
frame.

Theorem. A submanifold is totally singular, j, N C J”\ V"
for all n, if and only if its symmetry group

Gy=1{9| 9g-NCN}

does not act freely on V.
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Moving Frames on Jet Space

(g(n))—l . (1) left

Choose r =dim G jet coordinates

2y s 2y z' or u%
Coordinate cross-section K C J”
21=¢6 ... Z.=0¢,
Corresponding lifted differential invariants:
Wiy, W, y' or v9
Normalization Equations
w, (g, z,u™)=¢, ... w/(g,z,u™)=c

Solution:

g= p(n) (Z(n)) — p(n) (x’u(n)) — moving frame
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The Fundamental Differential Invariants

[(n)(z(n)) — w(n)(p(n)(z(n)% z("))

H'(x, u(")) = ' (p"™(x, u(“)), T, u)

I (z, ut®) = v (1" (2, u™), 2, uM)

Phantom differential invariants

wy=c¢ ... W, =¢c, — normalizations

Theorem. Every n'" order differential invariant can be
locally uniquely written as a function of the non-phantom

fundamental differential invariants in (™).
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Invariant Differentiation

Contact-invariant coframe
. p .
dyl — Z (”)) (n )) dx’

— arc length element

Invariant differential operators:

D, +— D_ZQZ (n))())D‘

Yy x*

— arc length derivative
Duality:
dF =Y D,F -

Theorem. The higher order differential invariants are
obtained by invariant differentiation with respect to

D,,...,D,.
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Euclidean Curves G = SE(2)

Assume the curve is (locally) a graph:

C={u=fz);

Prolong to J? via implicit differentiation

y=cosf(xr—a)+sinf (u—>b)
w= Rz -0)
v=—sinf(r —a)+ cosf (u—0>b)

—sin6 + u, cos 0

v, = :
Y cosf 4+ u,sind

U

— rxr

Yyy = (cos® + u,sinf)3

(cos® +u,sinf)u,, — 3uZ_sinf
v =
yuy (cosf + u,sinf)>
Normalization r=dimG =3

y =0, v =0, v, =0

Left moving frame p:J} — SE(2)

a=ux, b=u, Hztam_lusC
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Differential invariants

U
Vyy F— K = (1 n 2552’;)3/2
v —_— — =
yuy ds (1+wu2)3
d’k 3
Yyyyy T gg2 — 3k

Invariant one-form — arc length

dy = (cosf +u, sinf)dx +— ds=,/14+u2 dz

Invariant differential operator

d 1 d d 1 d
— JEE— — —_— = —_—
dy cosO+wu,sinfd dx ds 1+ u2 dx

Theorem. All differential invariants are functions of the
derivatives of curvature with respect to arc length:

dk d?k
ds’ ds?”’

K,
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Euclidean Curves

Moving frame p: (x,u,u,) — (R,a) € SE(2)

1 1 —u,\ [z
Rl 1) a= ()

Frenet frame

dx T, —y,
61:£:<y8> 62:efz<x8>

Frenet equations = Maurer—Cartan equations:

dx B & de,

—=e = Ke —~£ = —Ke
ds 1 ds 2 ds 1
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The Replacement Theorem

Any differential invariant has the form

I =F(z,u™) = F(y,w™) = F(IM)

= T.Y. Thomas

126




Equi-affine Curves G = SA(2)

z— Az+b A € SL(2), b € R?

Prolong to J? via implicit differentiation

dy = (0 —u,f) dx D, = D,

y=20(r—a)=pFu-b)

v=—7(r—a)+ a(u—0>)

7T oU, Uy
v = — v o U S 4. S
N w6 fu,)?
= (6= u, P
yyyy (a + 51%)7
Nondegeneracy Uy, =0

—> Straight lines are totally singular
(three-dimensional equi-affine symmetry group)

Normalization r=dimG =5

y:(); ’U:O’ ,Uy:O’ 'Uyy:]_, v :0
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Left Moving frame

_1,-5/3

u

3%z
-1/3 iu—5/3

u

3Yxx

d?z

ds?

rrx

u

)
|
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Frenet frame

B dz d?z

e _ —
L ds

Frenet equations = Maurer—Cartan equations:

dz de, de,
=e; — = e, — =Ke

e

Equi-affine arc length

dy +— ds:f/dex:\S/éAédt

Invariant differential operator

D, +— —= D, = D,

Yy dS 3 x 3/ -
Uy VENZ

Equi-affine curvature

U, U — 3u?
LT "XXXL rraxr __
Vgyy +—— K WIE =2, N Zgg
rxr
dk d’k 52
) — — ) — — — 0K
5y S 6y ds2
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Equivalence & Signature

Cartan’s main idea: The equivalence and symmetry
properties of submanifolds will be found by restricting the
differential invariants to the submanifold J(z) = I(j,N|, ).

Equivalent submanifolds should have the same invariants.

However, unless an invariant J(z) is constant, it carries
little information by itself, since the equivalence map will
typically drastically change the dependence of the invariant

on the parameter z.

— (Constant curvature submanifolds

However, a functional dependency or syzygy among the

invariants s intrinsic:

Jp(x) = ©(Jy(2), . -, I ()
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The Signature Map

Equivalence and symmetry properties of submanifolds are
governed by the functional
dependencies — “syzygies” — among the

differential invariants.

Jp(x) = ©(Jy(2), ., I ()

The syzygies are encoded by the signature map
>: N — S

of the submanifold N, which is parametrized by the funda-

mental differential invariants:

N(x) = (J1(2),. .., (@)
—(I,|N, ... ,I, | N)

The image § = Im X is the signature subset (or submanifold)
of N.
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Geometrically, the signature
SCK

is the image of j, IV in the cross-section K C J", where n > 0

is sufficiently large.

YN — j.N — ScK

Theorem. Two submanifolds are equivalent:
N=g-N
if and only if their signatures are identical:

S=S8
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Signature Curves

Definition. The signature curve S C R? of a curve C C R? is
parametrized by the first two differential invariants x and

Kg

Theorem. Two curves C and C are equivalent
C=gqg-C
if and only if their signature curves are identical

S=S8

—> object recognition
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Symmetry

Signature map
> : N — S

Theorem. Let S denote the signature of the submanifold

N. Then the dimension of its symmetry group G =
{g|lg-N C N} equals

dimGy = dim N —dimS

Corollary. For a regular submanifold N C M,

0 < dimGy < dimN

=—> Only totally singular submanifolds can have larger symmetry groups!
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Maximally Symmetric Submanifolds

Theorem. The following are equivalent:

e The submanifold N has a p-dimensional

symmetry group

e The signature S degenerates to a point

dimS =0

The submanifold has all constant differential invariants

HcCG

N = H - {%,} is the orbit of a p-dimensional subgroup

—> In Euclidean geometry, these are the circles, straight

lines, helices, spheres & planes.

— In equi-affine plane geometry, these are the conic sec-

tions.

—> In projective geometry, these are the W curves of Lie

and Klein.
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Discrete Symmetries

Definition. The index of a submanifold N equals the
number of points in N which map to a generic point of

its signature S:

LN:min{#E_l{w}’ wES}

— Self-intersections

Theorem. The cardinality of the symmetry group of N

equals its index ¢ .

—> Approximate symmetries
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Classical Invariant Theory

M =R\ {u=0) GzGL(Q):{(?; ?)

045—67%0}

| ar + u
(z,u) <7x+5’Wx+®%> n#0,1

o=vyr+9 A =ad— [y

Prolongation:
_ar+ I}
- YT + 0
v=o0 "u
_ ou, —nyu
Yy = A on—1
_ o?uy, —2(n = Dyou, +n(n —1)7%u
Vyy = A2 gn—2
Vyyy =
Normalization:
1
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Moving frame:
a=uv1"M"/H g=—gutM/"/H

v = %u(l—n)/n 5 = ul/n . % xu(l—n)/n

H =n(n—Duu,, — (n—1)*u> — Hessian

rx

Nonsingular form: H#0

Note: H=0 if and only if Q(x) = (ax + b)"
—> Totally singular forms

Differential invariants:
J K+3n—-2) dk

Vyyy ! n2(n _ 1) ~ K Yyyyy nS(n _ 1) ~ ds

Absolute rational covariants:

T2 U
2 _
J* = 3 K = e
H = %(Qa Q)(2) - n(n - 1)QQ// - (n - 1)2Q/2 ~ Q:cachy - Qiy
T= (Q, H)Y =2n—-4)QH —nQH' ~Q.H,—Q,H,
U= (@ T =(@Bn-6)QT—nQT’ ~Q,T,—Q,T,

deg@Q =n degH=2n—-4 degT =3n—6 degU =4n—38
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Signatures of Binary Forms

Signature curve of a nonsingular binary form Q(x):

So = {(J(w)Z»K(x)) = ( H(z)3' H(z)?

Nonsingular: H(x) # 0 and (J'(z), K'(x)) # 0.

Signature map

S:N, — S,  N(x) = (J(@)% K(x)

Theorem. Two nonsingular binary forms are equivalent if

and only if their signature curves are identical.
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Maximally Symmetric Binary Forms

Theorem. If u = Q(x) is a polynomial, then the following

are equivalent:

e ()(z) admits a one-parameter symmetry group

e 77 is a constant multiple of H?

e Q(x) ~ 2* is complex-equivalent to a monomial

e the signature curve degenerates to a single point

e all the (absolute) differential invariants of @) are constant

e the graph of () coincides with the orbit of a

one-parameter subgroup

—> diagonalizable
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Symmetries of Binary Forms

Theorem. The symmetry group of a nonzero binary form

Q(x) # 0 of degree n is:

e A two-parameter group if and only if H = 0 if and only if

() is equivalent to a constant.

—> totally singular

e A one-parameter group if and only if H # 0 and T7? is
a constant multiple of H? if and only if Q is complex-

equivalent to a monomial 2¥, with k # 0, n.

—> maximally symmetric

e In all other cases, a finite group whose cardinality equals

the index
Lo :min{#Z_l{w} ’ w ES}

of the signature curve, and is bounded by

on — 12 U= cH?
Lo <
4n — 8 otherwise
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The Variational Bicomplex

—> Dedecker, Vinogradov, Tsujishita, I. Anderson

Infinite jet space
J* = lim J"
n— o0

Local coordinates

209 = (>N = (o2t ud )

Horizontal one-forms

det, ... daP
Contact (vertical) one-forms

p
G=du§ - Y uf,di
1=1

Intrinsic definition of contact form

0ji ,N=0 — 0=> A509
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Bigrading of the differential forms on J*°

i} r=4 of dx
QT =P Q"°
"8 s=# of 69

Vertical and Horizontal Differentials

Variational Bicomplex:

dH . Qs Qr—i—l,s

dV : Qr,s _ Qr,s—l—l

F(x,u(™) — differential function
p .
dy F =Y (D,F)dz' — total differential
i=1
di, F = — 09 —  ‘“variation”
v a,J auJ
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The Simplest Example. M =R? z,u€R

Horizontal form

dx

Contact (vertical) forms
0 =du—u,dr
0, =du, —u,, dx

emm — duxa: — Uppy dx

Differential F=F(x,u,u,,u

oy o)

dF:a—Fda:+a—qu+a—qu + or
ox ou ou *

OF OF OF

Trr
ou,..

Total derivative

F F F
D F 0 0 U +87uxm+...

= — U —|——
v ou * Ou, " Ou,,

o + ...
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Lagrangian form

A= L(z,u™)dz € QU1

Vertical derivative — variation
d\ = di, A = dy, L Ndzx
oL oL oL
= —0+—0 0 - A d Qb1
(c’?u +6u$ x+c’9um ve ¥ ) vs

Integration by parts
dy (A0) = (D, A)dx N —A0, Ndx

=—[(D,A) 0+ A0, | Ndx
SO
AO Ndx ~ —(D_,A)0 Ndxr mod im dy

Variational derivative — compute modulo im d; :

oL oL 5 OL
dA ~ O\ = ((,%L—Dx%%—l?xauwx—---)@/\ dx
=E(L) 0 A dx

—> FKuler-Lagrange source form.
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Variational Derivative

p = 7 independent variables

Variation:
CZV:Q]U’0 —  qopl

Integration by Parts:

o QP —  Fl=pl /d,or b

— source forms

Variational derivative or Euler operator:

5:7TodV: Qp,O E— fl

q
A=Ldx — Y E_(L)6%A dx
=1

Variational Problems — Source Forms
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The Variational Bicomplex

dv dv dv dv 9
003 4 13 _du du_ op-1,3 4 op3 T r3
dv dv dv dv 9
002 41 12 du du__op-1,2 9 qp2 T 2
dv dv dv dv 9
Q0.1 411 _du du_op-11 4 op1 T rl
dy dy dy dy /
Q0.0 41 10 _du . At p—1,0 _2H _ p,0

p = # independent variables

qg = # dependent variables
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Invariantization of the Bicomplex

Functions —— Invariants

Forms —— Invariant Forms

e Fundamental differential invariants
H'(z,u™) = u(a")  I(e,u) = o(uf)
e Invariant horizontal forms
w' = i(dz") = W' + o

e Invariant contact forms
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Invariant Variational Complex

— 1. Kogan, PJO

Differential forms

Differential

dH 7,8 Qr+1,s

dV : Qr,s _ Qr,s—l—l

d . Qr,s Qr—l,s—|—2
W .

dy, + dyy dyy + dyy dyy =0
dy, dyyy + dyyy dy, =0 dg, =0
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The Key Formula

d () = (dQ) + kz: VA v, ()]

Vi,...,V — basis for g

VP = ot = 4 e k=1,...,r
,ym c Ql,() = QO,l

— pull back of the dual basis Maurer—Cartan forms via
the moving frame section

ofJ® - B®

* %+  All recurrence formulae, syzygies,
commutation formulae, etc. are found by applying
the key formula for various forms and functions 2
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Euclidean Curves

Lifted invariants
y=w"(x) =2xcos¢p —using + a
v =w*(u) =xcosd+using +b

_ sing¢ +u, cos ¢
N COS ¢ — U, Sin @

* Uy
v, =w (U, )=
vy (1) (cos ¢ — u, sin ¢)3
o —w*(u ) = (cos¢p —u,sing)u,, — 3u_sine
yuy v (cos¢p —u,sin¢)?

dy = (cos ¢ —u, sin¢) dx — (sin¢) 0 + da — v de

d;y =m;(dy) = (cos ¢ — u,sin¢)dx — (sin¢) 0

D = ! D 0 =du—u,dx

Y cosp—u,sing °

Normalization

Right moving frame p: Jt — SE(2)

¢=—tan 'u a=—
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Fundamental normalized differential invariants

) =H =
v(u)=1,=0 phantom diff. invs.
l’(ux) - Il -
L(umm) - 12 =K
l’(ummm) - IS — K’s
L(ummmm) - I4 - K’ss + 3%3

Invariant horizontal one-form

W(dr) =0*(d,y) == = w + n

Invariant contact forms

0
v(f) == ——
V14 u?
2 —
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Prolonged infinitesimal generators
Vi= 8:1: Vo = 8u

vy=—ud, +20, +(1+u2)d, +3uyu,,9, -+

dyl =D, w
Horizontal recurrence formula
dy t(F) = t(dF) + (v (F) 7' + u(vo(F))7* + u(v5(F)) 7
Use phantom invariants
0= dyy 7 = ldya) + Y (v, (@) 7" = @ + 7",
0= dy Iy = t(dyu) + > v(v(w)y" =77
0=dyI, =uldgu,)+> (v, (u))¥ =rkw+ 73,

to solve for
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Recurrence formulae

K’sw - d'H K= d?—[ (12) - l’(dHumm) + L(VS(umgc)) 73

= 1(Uyy, dr) — (U u,,)) kw = I;w

Rgs™W = d?‘[ (13) — l’(dHummm) + L(VS(ummm) 73

dr) — 1(duu,, +3u> ko =1, — 3w

- L(U zrre

TLITX

k=1, I, =k
kg = Ig I, =k,
Ky, =1, — 305 I, = kg, + 3K°
Koo =I5 — 19151, I, = kgyy + 1967k,
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Vertical recurrence formula
dy u(F) = u(dy F) + u(vy(F)) e’ + 1(vy(F)) e + 1(vy(F)) £
Use phantom invariants
0=d,H=¢'
0=dyI, =19 +¢
0=d,I, =9, +¢

to solve for

DY =0, DY, =, — K2V

dyw=—-rkUANw
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Example
(1, 2%,u) € M = R? G = GL(2)
(', 22, u) — (ax' + B2 vzl + 622, \u)

A=ad — [y

—> C(lassical invariant theory

Prolongation (lifted differential invariants):

g =T - ) = AT (et + )

v=\A"1u
auy + Yy Buq + duqy
TN TN

Q?uyy + 209Uy + Y Uy,

V11 = b\

_afuyy + (ad + By)upy + Y0ug,
V12 = b\

B2uyy + 2080uyy + 6%y,

Ugg = b\
Normalization
yl =1 y2:0 v, =1 vy, =0
Nondegeneracy
! % + 22 % #0
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First order moving frame

a B\ _ [(z' —u,
v &) \x?  wy

Normalized differential invariants

J=1 J?2=0
7 U
- zlu, + 220
1 2
I, =1 I,=0
1\2 1.2 2\2
7 _ (@) ugy 4 22 2y + (27) ug
11 xtuy + x2u,
1 1 2 2
| Ugthyy + (T7Uy — TU ) Uy + T2U Uy
12 — 1 2
T U+ TUq
(ug)?uy; — 2uq Uty + (uq)u
7= o) Uy 1UgUqg 1) U
22 =

wluy + 22u,
Phantom differential invariants
I I,

Generating differential invariants

1 Iy Iy Iy
Invariant differential operators
D, =a'D, + 22D, — scaling process
Dy = —uyD +uy Dy — Jacobian process
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Recurrence formulae
D, J'=6-1=0 D,J'=5§,-0=0
D, J?=6]-0=0 D,J?=65—-1=0

D=1 —-I(1+1,)=—-10+1,) Dl=1I,—-Il,=-II,

Dy =1y =1, =0 Dyly =1, =11, =0
Dyly =11, =1,=0 Dyly = Iyy = Iyp =0
DIy =Ty + (1= 1)1, Dolyy = Ii1p + (2 = I4y) 1o,
Dilyy = Iyp — 1111 Dolyy = Iy + (1 = I4;) 15

Dylyy =I5 + (111 - 1)122 - 21122 Dylyy = Iggy — I 51y
—> Use I to generate I;; and I,
Syzygies
Dy1y = Dylyy = —2I,
D1y, = Dylyy = 2([11 - 1)122 - 21122
(D1)2122 - (D2)2111 =
= 21, D1 + (5112 - 2)171112 + (3111 —5)Dy 1y, —
— (21, = 5) (I — VI, +4(1, — DT,

Commutation formulae

Dy, Dy] = —11,D, + (I}, — 1)D;
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Invariant Variational Problems

I[u]:/L(x,u("))dx:/P(... D I% .. ) w

I,...,1, — fundamental differential invariants
Dy I — differentiated invariants
w=w!A--- AwP — contact-invariant volume form

Invariant Euler-Lagrange equations

E(L)=F(... DpI* ...)=0

Problem.
Construct F' directly from P.

—> P. Griffiths, I. Anderson
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Example. Planar Euclidean group G = SE(2)

Invariant variational problem

/P(/i, KgyRggy -+ )ds

Euler-Lagrange equations

E(L) = F(k,kg, Kggy ... ) =0

The Elastica (Euler):

2
us. dx

I[u]:/%ﬁstz/(1+u§)5/2

Fuler-Lagrange equation

E(L) =k, +1r°=0

= elliptic functions
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P(k,k Ky, .. )ds
[ Plrarr

Invariantized Euler operator

s n O _d
E=2 (Drg- P=gg

n=0 n

Invariantized Hamiltonian operator

H(P) = Z Ki—; (_D)j —— — P

P> i

Invariant Euler-Lagrange formula

E(L) = (D* + k%) £(P) + k H(P).

Elastica
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Euler-Lagrange Equations

Integration by Parts:

o Pl — Fl=Qp! Jd, Qe

— Source forms

Variational derivative or Euler operator:

§=mody, : Q" — F!

Variational Problems ——  Source Forms

q
b:A=Ldx — Y E|(L)0*Adx

a=1
Hamiltonian
m - 0L
H(L)= ) ug (=D, — — L
a=1 i>j>0 Ous
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The Simplest Example. M =R? z,ucR

Lagrangian form
A= L(z,u™)dz

Vertical derivative

oL oL oL
— [ [ .« e . Ql’l
<8u9+a%9m+8um9m+ )/\d:)se

Integration by parts

dy (A0) = (D, A)dx N0 — A0, Ndx
=—[(D,A) 0+ A0, | Ndx

Variational derivative

oL oL ., OL
A = (a—DW%+Dmaum—--.>eA dx

= E(L)O A do € F*
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Plane Curves

Invariant Lagrangian
/ P(k,kgy,...)w

x — fundamental differential invariant (curvature)
w = w +n — fully invariant horizontal form
w = ds — contact-invariant arc length

Invariant integration by parts

d, (Pw) =E(P) dyr Aw —H(P) dyw

Vertical differentiation formulae
dy, k = A(V) A — Eulerian operator
dyw = B(U)\Nw B — Hamiltonian operator

=—> The explicit formulae follow from our fundamental recurrence

formula, based on the infinitesimal generators of the action.

Invariant Euler-Lagrange equation

A*E(P) — B*H(P) =0
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General Framework

Fundamental differential invariants

1 ¢
IY...,1
Invariant horizontal coframe
wl, . .., P

Dual invariant differential operators

Dy, ... ,Dp
Invariant volume form

w=w A ANwP
Differentiated invariants

% =D"J*=D, ---D, J°

— order is important!
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FEulerian operator
q
dy I* =" AG(07) A=(A3)
B=1

—> m X q matrix of invariant differential operators

Hamiltonian operator complex

, qa . : :
dyw = Bl;0°)nw' Bl =(Bl,)
B=1

—> p? row vectors of invariant differential operators

wy = (1)@ A AT T AT A AP

Twist tnvariants

Twisted adjoint
D'T — _(Di + Zi)

1
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Invariant variational problem

/ P(I™)

Invariant Eulerian

oP
E(P)=Y D]
Invariant Hamiltonian tensor
. q oP
H;(P) = — P& + Z > 1%, Dk
a=1 J K o1°, J,z,K

Invariant Euler-Lagrange equations

p

ATE(P Z (B])THI(P) = 0.
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Euclidean Surfaces

SCcM=R? coordinates z = (z,y,u)

Group: G = E(3)

z+— Rz+a, R € O(3)

Normalization — coordinate cross-section

Left moving frame
a=z R=(t tyn)

o t,,t, €TS — Frenet frame

e n — unit normal
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Fundamental differential invariants

k= (u k2= u(u

mx) yy)

—> principal curvatures

Frenet coframe
w' = 1(dz') = w + 7' w? = 1(dz?) = w? +7n°
Invariant differential operators

D, D,
— Frenet differentiation

Fundamental Syzygy:
Use the recurrence formula to compare

1 2
_ ko9 = Diu(uy,)
L(Uyy) with , ,
li,ll = le(uyy)
ki k2 + kL k2 — 2(k2)2 — 2(KkL)2

— (Codazzi equations
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Twisted adjoints

Gauss curvature —  Codazzi equations:

K = r'r? = DlT(Z1) + DzT(Zz)
- (Dl + Zl)Zl - (DQ + ZQ)ZQ

K is an invariant divergence
— Gauss—Bonnet Theorem!
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Invariant contact form
¥ =(0) = v(du — u, dx — u, dy)

Invariant vertical derivatives

dV l{l - [’(emm) (D% + Z2 D2 + ("{’1)2 ) ?9

dy, k% = (0 (D3 + Z, Dy + (k%))

yy)

Eulerian operator

A = D} + Zy, Dy + (k')?
D3+ Z, D, + (k%)

dyw' = —k'"INw + ———(D,D, — Z,D, )¥ AN w?,

k! — K2

1
Hamiltonian operator complex

Bi=—r pm_ 1 pp _gpy—_p
B%:—K,Q, 6’2:&1_%2( 172 7 42 1)—_ 1
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Euclidean-invariant variational problem

/ P(k™)w! A w? :/ P(k™) dA

Fuler-Lagrange equations

E(L) = AT&P) - BT H(P) =0,

Special case:  P(x!, k?)

B(L) = [(DI)? 4D - 7, + ()] s +

oL ~
FIDY? + D] 2, + ()] o — (5 + )L

Minimal surfaces: P=1

(k' + K%)= —2H =0

Minimizing mean curvature: P=H= %(fil + Kk?)

> [(“1)2 + (5% = (5" + f‘ézﬂ —k'k?=—-K =0.

Willmore surfaces: P = 1(k')? + 3 (k?)?

Ak +K%) + 2

Laplace—Beltrami operator

A= (Dl + Zl)Dl + (D2 + Zz)Dz - _DlJr 'Dl - DzT ‘Dz

172




