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Variational Problems

r = (x%,...,2P) — independent variables
u=(ul,...,u?) — dependent variables
uG = 0 u” — derivatives

Variational problem:

T[u] = /L(x,u(”))dx

L(z,u™) — Lagrangian

Variational derivative — Fuler-Lagrange equations
E(L)=0

Components:

E.(L)=Y (-p)’ 2
J Ouj




Invariant Variational Problems
G — transformation group

G—invariant variational problem

I[u]z/L(m,u("))dx:/P( DRI L) w

—>  Lie
I',...,I* — fundamental differential invariants
Dy,...,D, — invariant differential operators
Dy 1> — differentiated invariants
w=w!'A---AwP — invariant volume form

Invariant Euler-Lagrange equations

E(L)=F( ... DpI® ... ) =0

Main Problem:
Construct F' directly from P.

(P. Griffiths, 1. Anderson )




Example. Planar Euclidean group G = SE(2)

uZULU

K = — curvature
(1+u2)3/2

ds =y/1+u2dx — arc length

d 1 d

T ds M1+ u2 dx

D

— arc length derivative

Invariant variational problem

/P(li,lis,/{ss, ... )ds

Euler-Lagrange equations

E(L)=F(k,kyKygy ... ) =0




Euclidean Curve Examples

Minimal curves (geodesics):

I[u]:/ds:/\/l—ku% dx

E(L)=—-xk=0

The Elastica (Euler):

2
_ 1, .2 _ u:/vacdaj
I[U]—/—K} ds-/(1+u2)5/2

N

E(L)z/«:ss—i—%/@g:o

— elliptic functions




General Euclidean—invariant variational problem

Invariantized Euler-Lagrange expression

> . OP d
D= —
g 8/% ds
Invariantized Hamiltonian
- 0P
= Z K (-D) — — P
> ¢ Ok,

Invariant Euler-Lagrange formula

E(L) = (D + k%) £(P) + k H(P).

Elastica : P = %KL
E(P) =k H(P)=—P=—1x?
E(L) =k, +3K" =




Moving Frames

—> Mark Fels and PJO
G — r-dimensional Lie group acting on M

Jv=J"M,p) — n'" order jet bundle for
p-dimensional submanifolds N = {u = f(z)} C M

2 = (pu™)y= (... 2" .. ug ..)

—  coordinates on J"

Definition.

An n*" order moving frame is a G-equivariant map

p=p"™ . VCI"—G

Equivariance:

g- p(z™) left moving frame

p(g™ . (M) = {

p(z™) . g7t right moving frame

Note pleft(z(n)) = pm’ght(z(n))_l




Theorem.

A moving frame exists in a neighborhood of a point
2" ¢ J" if and only if G acts freely and
regularly near z(™).

Theorem.

If G acts locally effectively on subsets, then for
n > 0, the (prolonged) action of G is locally
free on an open subset of J™.

—> Ovsiannikov, PJO




free — the only group element g € G which fixes one point
z € M is the identity:
g-z =z if and only if g = e.

locally free — the orbits have the same dimension as G.

regular — all orbits have the same dimension and intersect
sufficiently small coordinate charts only once ( % irra-

tional flow on the torus)

effective — the only group element g € GG which fixes every
point z € M is the identity:
g-z =z for all z € M if and only if g = e.




The Normalization Construction

1. Write out the explicit formulas for the

prolonged group action:

w™ (g, 2 = g(m . )

—> Implicit differentiation

2. From the components of w(™, choose r = dim G normal-

1zation equations:

wy (g, z(”)) = ... w,.(g, z(")) =c,

3. Solve the normalization equations for the group parame-

ters g = (94,---,9,):

g =p(z") = p(a,u™)

The solution is the right moving frame.

10




4. Substitute the moving frame formulas

g = p(z™) = p(z,u™)

for the group parameters into the un-normalized components
of w(™ to produce a complete system of functionally indepen-

dent differential invariants of order < n:

I (z,u'™) = wy(p(z'™), 2"))

Ek=r+1, ... ,dimJ"
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Euclidean Plane Curves G = SE(2)

Assume the curve is (locally) a graph:

C={u=f(z)}

Prolong to J? via implicit differentiation

Yy=1xcosop—using + a

v=2xcos¢+using+ b
_ sing +u, cos ¢
V' cos¢p—u,sing

} w=Rz+c

_ uwx

v =
Y9 (cos ¢ — u,sin¢)3

_ (cosé —u, sing)uy,,, — 3u? sin ¢

yvy (cos¢p —u,sing)?
Normalization: r=dimG =3
y=20 v=20 v, =0
Right moving frame p:JI — SE(2)
¢=— tan" 'u a:_a:—i—uux p= "tz U
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Differential invariants

u

v _— — =
yuy ds (1+u2)3
d*k 3
Yyyyy ds? +3r% =

Invariant one-form — arc length

dy = (cos¢p —u,sing)dr +—— ds=,/14+u2 dz

Invariant differential operator

d 1 d d 1 d
- = — — —_— = —_
dy cos¢ —u,sing dx ds 1+ u2 dx

Theorem. All differential invariants are functions of the
derivatives of curvature with respect to arc length:

dk d?k

ds ds?
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Euclidean Curves

Left moving frame p(«x, u(l)) = P(%U(l))_l

@‘2

a=ux =u 0 =tan"lu,

= 1+u2< ) a:@)

Frenet frame

t_d_x_<xs> Il—tJ‘—(_yS)
ds Y T

Frenet equations = Maurer—Cartan equations:

dx de de
%Z 1 —2:—14181

ds
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Invariantization

The process of replacing group parameters in transformation
rules by their moving frame formulae is known as nvari-

antization:
Functions —— Invariants
- Forms —— Invariant Forms
Differential Invariant Differential
—
Operators Operators

Fundamental differential invariants

Hi(x,u(")) = (") I?g(l“,u(l)) = 1(uf)

—> The constant differential invariants, coming from the
moving frame normalizations, are known as the
phantom invariants

Invariantization:

[F(oo2t ou ) =F(. HY LIS L)

Replacement Theorem:

If J is a differential invariant, then «(J) = J.
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Euclidean Curves

Fundamental normalized differential invariants

Wz) = H =
W(u) =1, =0
(u,) =1, =
)= L=k Uuy,,) =T =k

In general:

L F(z,u,u,,u

xx? u.’L’ZIZZIJ’

u

phantom diff. invs.

[’(ux:cacx) = I4 - K/ss + 3'%3

vwwer - )) = F(0,0,0, 5, K, K, +36%,...)

Invariant one-form

dy = (cos ¢ — u, sin ) dx — (sin¢) 0

w=(dr) =

w + n
= Jl+u2de + —= ¢
— O=du—u,dz
Invariant contact forms
(6) = 9 — 7 (0.) = ¥, 1+u?)0, —u,u,,b

V1+u2
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The Variational Bicomplex
= Vinogradov, Tsujishita, I. Anderson
Infinite jet space
J = lim J"
n — oo

Local coordinates

209 = (z,u™®) = (.. 2t wg )

Horizontal one-forms

det, ... dzP

Contact (vertical) one-forms

9 =duf — Z uhdaj

1=1

Intrinsic definition of contact form

6ji. ,N=0 — 6=> A509
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Bigrading of the differential forms on J*°

r=4 of dx
— @ QT,S
T8 s=# of 09
Vertical and Horizontal Differentials
d= dyg + dy
Variational Bicomplex:
dH . Qs N Qr—l—l,s
dV N OLLE N Qr,s—i—l
F(z,u(™) — differential function
p .
dy F =Y (D,F)dz' — total differential
i=1
dy F = Z 8—% 09 —  ‘“variation”

’
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The Simplest Example. M =R? z,ucR
Horizontal form
dx
Contact (vertical) forms
0 =du—u,dz
0,=du, —u,, dx

eww — duazaz — Uppyr dx

Differential F=F(x,u,u,,u,,, ...)

OF oF oF OF
dF = e d;r;—|—% du + ou du,, + u

oF oF oF
= (D, F)de + =-0+ D 0, + .

Total derivative

_OF OF OF

D F=—
v ou u”j+8u um+8u

X rxr

u$$$+'.'

me_|_...
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Lagrangian form

A= L(z,u™)dz e Qb1

Vertical derivative — wvariation
d\= dy A= dy, L Adz

(g 2y, 2
~\ du ou., * Ou

x xrx

Her---)/\dac e Qb

Integration by parts
dy (AO) = (D, A)dz A0 — A0 Adz

=—[(D,A)0+ Al | Ndx
SO

AO Ndx ~ (D,A)OANdxr mod im dy

Variational derivative — compute modulo im d; :

oL oL 5 OL
d\ ~ 5A—<&L—Dx8%+Dxaum—--->0/\ dx
=E(L) 0 A dx

—> Fuler-Lagrange source form.
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Variational Derivative

Variation:
dy: QP° —  Qr!

Integration by Parts:

o QP — Fl=qpl /4,000

— source forms

Variational derivative or Euler operator:

§=mody,: QP — F!

q
A=Ldx — > E_(L)6*A dx

a=1

Variational Problems — Source Forms

21




Invariant Variational Complex

e Fundamental differential invariants

Hi(z,u™) = (2}

e Invariant horizontal forms

' = i(dx")

e Invariant contact forms

18 (z,uM) = o(u

«
K

)

95 = u(63)
Differential forms R
Q* — @ Qr,s
Differential
d?—( Qs N QT—Fl,S
dV Qs _ Qr,s—l—l
dW : Qs _ Qr—l,s—{—Q
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The Key Recurrence Formula

Q) = (d) + 3 A 1fv, ()

k=1

— basis for infinitesimal generators g

— invariantized dual Maurer—Cartan forms

M = Vi +€k - Ql’OGBQO’l

* % & All identities, commutation formulae, etc.,
in the variational bicomplex can be found by
applying the key formula with 2 replaced by

the basic functions and differential forms!
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Euclidean Curves

Prolonged infinitesimal generators

Vlzax V2:au

vy =—ud,+z0, +(1+u)8 + 3uju,, 0, +-

XX ~Ug

Horizontal recurrence formula

dy t(F) = o(drF) + (v (F)) 7" + u(vo(F)) v + u(vs(F)) 7

dy I =DI w WdyF)= D, F)w
= D=d/ds

Use phantom invariants

0=dy H=1uldyz)+> uv,.(x)y" =w+7!

0= dy Iy = tldgu) + > v(v, (u)y* =~

0= dy Iy = uldpuy) + 3 )V =rw+77,
to solve for

V'=—-w 72 =0 V=—kw
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Horizontal recurrence formulae

K’sw — dH k= d’H (I2> = L(dHu:cac) + L(V?)(u:cac)) /73

dx) —t(3u,u,,)) ko = I;w

rrx

Rgs™W = dH (IS) - L(dHu:cacw> + L(V3(U’mwm) /73

dz) — t(duyu,,, +3ur ) kw =1, — 35 @

= L(U’ zVrrT

TLXXIT

k=1, I, =k
kg = Is I, =k,
Ky, =1, — 305 I, = kg, + 3K°
Koo = 15 — 19151, Iy = K, + 19575,
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Vertical recurrence formula

dyt(F) = u(dy F) + 1(v(F))e' + 1(vy(F))e® + 1(v3(F)) &

Use phantom invariants
0=d,H=¢'

to solve for

0=dy,I,=9+¢

™
—
I
)
™
[\
I
|
=)
I
|
o~
—~
)
~
™

0=dy,I, =9, +¢&

Y= =—u0)

Key recurrence formulae:

dy k= (D* + k*) ¥

dyw=—-KVNw
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Plane Curves

Invariant Lagrangian:

A= L(z,u™)dx = P(k,k,,..)w

Y S

Euler-Lagrange form:

dy\ ~ E(L)dNw

Invariant Integration by Parts Formula

Fd,(DH)Aw ~ —(DF)d,HAw—(F-DH)d,w

oP

~ E(P) dyk Nw+H(P) d,w

Vertical differentiation formulae

dy, k = A(9) A — “Fulerian operator”

dyw=B(W)\Nw B — “Hamiltonian operator”

dy\ ~ E(P)AW)Aw+H(P)BW) Aw
~ [A*E(P)-B*H(P)| YA w

Invariant Euler-Lagrange equation

A*E(P) — B*H(P) =0
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Euclidean Plane Curves

dyk = (D* + )V
Eulerian operator

A =D? + r? A" =D? + K2

dyw=—-KUNw
Hamiltonian operator

B=-k B*=—k

Fuclidean—invariant Euler-Lagrange formula
E(L) = A*¢(P) — B*H(P)
= (D* + k%) E(P) + kH(P).
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Invariant Plane Curve Flows

G — Lie group acting on R?

w — invariant horizontal form (arc length)
Y — invariant contact form

C(t) — parametrized family of plane curves

(G-invariant curve flow:

dC'
—=F\|C
o C]
Infinitesimal generator:
v=I1t+Jn
e [, J — differential invariants
e t — ‘“unit tangent”
e n — ‘“unit normal”
t, n — basis of the invariant vector fields dual to the invari-

ant one-forms:
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D — invariant arc length derivative

B — invariant Hamiltonian operator

Theorem. The curve flow generated by
v=1I1t+Jn
preserves arc length if and only if

B(J)+ DI =0

Proof: Cartan’s formula for Lie derivatives:
v(iw) =d(v Jw)+v _Jdw
=dl+v | (BW) A w)
=[DI+B(J)]w modv
Corollary.
(v, D] =0

e Every curve flow is equivalent, modulo reparametrization
to an arc length-preserving flow.

Y
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Evolution of Differential Invariants

k — curvature (generating differential invariant)
dy, k = A(V)

A — invariant Eulerian operator

Theorem.

Under such an arc-length preserving flow,
ky = R(J) (%)

where

R=A-kD'B

In surprisingly many situations, (x) is a well-known integrable
evolution equation, and
R is its recursion operator!

Hasimoto

Langer, Singer, Perline

Mari—Beffa, Sanders, Wang

Qu, Chou

and many more ...

el

Why??77?
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Examples

Euclidean plane curves:

— A =D?+ K, B=—k

_ 3.2
s) _/{sss+§/£ K

Ky = R(Kk

—> modified Korteweg-deVries equation
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Equi-affine plane curves

G = SA(2) = SL(2) x R?
dy, k = A(V), dy,w = B(U) \Nw

A=D £ 3RD 4 3n D+, + 42

_1p2_ 2
B—gD 5K

R=A-rkD'B
:D4+§/<;D2+§/£SD+%&SS

4,2 | 2 —1
+5Kk°+ 56D K

K’t:R(K’s)
:/£5S—|—2/<:/<588—|—%/<:§—|——|—8/12/£S

—> Sawada—Kotera equation
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Euclidean space curves in R3:

G = SE(3) = SO(3) x R?

D? + (k* — 72)
A= 2 3 2 2k3
T 9o KT, — 2K T KTg,g — K Ty + 2K°T
;DS K2 Dy K2
—27D, — T
ng &Dg n K2 — 12 D. I-i87'2 — 2KTT,
K K2 K K2
B=(k 0)

Recursion operator:

— vortex filament flow

— nonlinear Schrodinger equation (Hasimoto)
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