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Variational Problems

x = (zl,...,2P) — independent variables
u = (ul,...,u?) — dependent variables
uG = 0 u” — derivatives

Variational problem:

T[u] = /L(a:,u(n))dx

L(z,u™) — Lagrangian

Variational derivative — FEuler-Lagrange equations
E(L)=0
Components: 5
L
E (L)=Y (-D)) =—
D=2 (D) 55




Invariant Variational Problems

G — transformation group

G — invariant variational problem (Lze):

I[u]:/L(x,u("))dx:/P( L DRI® ) w

I',...,I* — fundamental differential invariants
Dy,...,D, — invariant differential operators
DyI* — differentiated invariants
w=w'A---AwP — invariant volume form

Invariant Euler-Lagrange equations
E(L)=F( ... DgI® ... )=0

Main Problem:
Construct F' directly from P.

(P. Griffiths, 1. Anderson )
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Example. Planar Euclidean group G = SE(2)

kK — curvature

d
ds — arc length & derivative — D = e
S

Invariant variational problem

P&,k hyy, --.)ds
[ Plousn,

Fuler-Lagrange equations

E(L) = F(k, Ky, Kgg, ---) =0

s Tvgs

Minimal curves (geodesics):
T[u] :/ds:/\/l—l—u% dx
E(L)=—-k=0

The Elastica (Euler):

2
_ 1 .2 _ ux:/r:da3
Zlu] —/E"G ds—/(1+u2)5/2

E(L):KJSS—I-%K,?’:O

—> elliptic functions
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General SE(2) — invariant variational problem

/P (KyKgy Kggy --. )ds

Invariantized Euler operator

0 9 d

Invariantized Hamiltonian operator

1>] 7

Invariant Euler-Lagrange formula,

E(L) = (D* + k%) £(P) + s H(P).

Elastica : P =
E(P) =k H(P)=—P= -1k

ad




Basic Issues

Classification of differential invariants
(It ..., 1Y) N =777
Invariant differential operators

D,,...,D,

Commutation formulae
[Div Dj] — Z__Xp:lAfj Dy,
Classification of syzygies
F(...D/1* ...)=0
Invariant variational problems

/Pw s E(L)=0
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Moving Frames

—> Mark Fels and PJO
G — r-dimensional Lie group acting on M

Jt=J"M,p) — n'® order jet bundle for
p-dimensional submanifolds N C M

(z,u™) — coordinates on J”

Definition.
An n*" order moving frame is a G-equivariant map

p=p":J" — @G

Equivariance:

g-p(z™) left moving frame

p(g™ - 2(M) = {

p(z(™) . g7 right moving frame
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Theorem.

A moving frame exists in a neighborhood of a point 2(™ € J»

if and only if G acts freely and regularly near z(™).

Theorem.

If G acts locally effectively on subsets, then for n > 0, the
prolonged group action G(™ is locally free on an open
subset of J".

—> Ovsiannikov, PJO
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free — the only group element g € G which fixes one point
z € M is the identity:
g-z=ziff g=ce.

locally free — the orbits have the same dimension as G.

regular — all orbits have the same dimension and intersect
sufficiently small coordinate charts only once ( % irra-
tional flow on the torus)

effective — the only group element g € G which fixes every
point z € M is the identity:
g-z=zforall ze M iff g =e.
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Normalization

Prolonged action:

w™ (g, 2M) = g . 5

Normalization Equations: r=dimG

w, (g, 2™) = ¢, . w,(g,2™) =,

The solution is the right moving frame:

g=p(z") = p(z,u™)
The nonconstant components of
I™M(2) = w™(p(z™), 2M) = p(zM) . (M)

are the fundamental differential invariants
of order <n
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Euclidean Plane Curves G = SE(2)

Assume the curve is (locally) a graph:

C={u=f(z)}

Prolong to J? via implicit differentiation

y=1xcos¢p—using +a

v=zcos¢+using + b
_ sing + u, cos ¢
Y cos¢ —u,sing

} w=Rz+c

_ u.’B.’E

v =
Y9 (cos¢ —u,sin¢)3

_ (cos¢ —u,sing)u,,, —3u2, sing

vy (cos¢p —u,sing)>
Normalization: r=dimG =3
Yy = 0 v=20 ’Uy =0
Right moving frame p:Jt — SE(2)
gb:—tan_lu a:_a:—l—uum b:a:ux—u

all




Differential invariants

vy (1+ u2)3/2
. dr _ (1+u?)u,,, — 3u,u?,
yyy ds (14 u2)3
d?k 3
Vyyyy F F) +3k7 = .-

Invariant one-form — arc length

dy = (cos¢p —u sing)de +— ds=/1+u2 dz

Invariant differential operator

d_ 14 d_ 14
dy cos¢—u,sing dz ds 1+ u2 dx

Theorem. All differential invariants are functions of the
derivatives of curvature with respect to arc length:

ds ds?

K
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Euclidean Curves

Left moving frame ,B(m,u(l)) = ,0(37710(1))_1

a==cx b=u 0 =tan ' u

Frenet frame

dx T, —y,
8e(z) met=(

Frenet equations = Maurer—Cartan equations:
dx de, de,

— =€ — — K€ — = — ke
1
dS 1 2
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The Variational Bicomplex
=—> Vinogradov, Tsujishita, 1. Anderson

Infinite jet space
J® = lim J"
n— oo
is the inverse limit

M=J" ¢« J' « J? « ...

Local coordinates

2 = (z,u™®) = (... 2t wd )

Coframe — basis for the cotangent space T*J°:

Horizontal one-forms

dzt, ..., dxP

Contact (vertical) one-forms

p
7 =duj— 3 uj;dz’
i=1

Intrinsic definition of contact form

6]j N=0 = 0=> A569
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Bigrading of the differential forms on J*°

. r=+4# of dx*
Q"= Q"°
T, s=7 of 05
Vertical and Horizontal Differentials
Bicomplex
dy : Q™5 —  Qrfbs
dy : Q™ —  Qstl
F(z,u™) — differential function
p .
dy F =) (D,F)dz" — total differential
i=1
or 90‘ - ot
Z . Bug variation
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The Simplest Example. M =R? z,ucR

Horizontal form

dx

Contact (vertical) forms
0 =du—u,dx

0, =du, —u,, dx

Hx:c - du:z:x — Ugpryr dx

Differential F=F(x,u,u,,u,,, ...)

oF oF oF oF
dF = 9 d:r:—|—8—u du+8ux duw—i—aum du,, + -
oF oF oF

— (D.F 9
(D F)dz + (91194_(9%c T Ouy,

Total derivative

_OF OF OF

D_F U

= —u

0 _|__9ww_|_...
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Lagrangian form

A= L(z,u™)dz € QU

Vertical derivative — variation
dX = dy A
(0L, oL oL .

Integration by parts
dy (A6) = (D, ,A)de N0 — A0, Ndz

= —[(D,A)0+ A0, Adz
SO
AO . Ndx ~ (D ,A) ANdx mod im d

Variational derivative

OL OL OL
~ === _D —— 1+ D? ...
d\ oA <8u $8Uw+ * B, )0/\ dx
=E(L) O A dx

—> FEuler-Lagrange source form.
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Variational Derivative

Variation:
dy = QPO — QP!

Integration by Parts:

o QP — Fl=qpl g 0]

— source forms

Variational derivative or Euler operator:

§=mody: QP — F!

A=Ldx — E_(L) 0% A dx

q
a=1

Variational Problems — Source Forms
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Invariantization

Functions —— Invariants

Forms ——  Invariant Forms

Fundamental differential invariants

I™M(z, u™) = o(z,u™) = p(z, ™) - (z,u™)

Hi(a:,u(”)) = (2" Ij‘é(x,u(l)) = 1(uk)

—> The constant differential invariants, coming from the
moving frame normalizations, are known as the
phantom invariants

Invariantization

(F(z,u™)) = FIIM(2,0™)]

Replacement Theorem:
If J is a differential invariant, then «(J) = J.
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Invariantization of Differential Forms

Prolonged group action
w™:GxJ*  —
(g,2™)  — gz

Moving frame section

™. " — GxJ"

Composition = fundamental differential invariants
w™ o g™ (2(M) = p(2(M) . z(n) = (M) (5(n)
Invariantization of differential functions:
L(F) = o*ow™ (F) = FoIl™
Invariantization of differential forms:
L(Q) = o™ (m;(w* Q).

Jet projection: w;ropu® o— 0
u® — Maurer—Cartan forms
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Invariant Variational Complex

e Fundamental differential invariants

Hi(a:,u('"’)) = (2" Ij‘é(:c,u(l)) = 1(uk)

e Invariant horizontal forms

w' = 1(dz")
e Invariant contact forms
95 = 1(05)
Differential forms
0= Q°

Differential




Euclidean Curves

Fundamental normalized differential invariants

(z)=H=0
v(u) =1,=0 phantom diff. invs.
v(u,) =1, =0
L(u’a:x) - 12 =k L(uxxa:) - I3 = kg L(uxa:xw) - I4 = Kgs + 3K’3

Invariant horizontal one-form
dy = (cos ¢ —u,sing)dx — (sin¢g) 0 + da — vd¢

d;y=m;(dy) = (cos¢ —u,sing)dr — (sing) 6

Wdr) =™ (d,y) =w = w + n
= 14+u2der + R
1+ u?

Invariant contact forms

V14 u2

() =9 =
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The Key Formula

di(2) = (dY) + ZT: VA v, ()]

k=1

Vy,...,V,. — basis for infinitesimal generators g

Invariantized dual Maurer-Cartan forms:

Duality

* % %  All recurrence formulae, syzygies,

commutation formulae, etc. are found by applying

the key formula with €2 replaced by the basic forms

and functions!
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Euclidean Curves

Prolonged infinitesimal generators

vlzaw V2:au

vy =—u0,+z0, +(1-|—u)3 +3u,u,, 0, +---

I TT " Ug

Horizontal recurrence formula
dy L(F) = 1(dgF) + (vi(F) 7" + t(vo(F))7* + o(v3(F)) 7

dyl =Dl w W(dyF) =D, F)w
— D =d/ds

Use phantom invariants

0=dy H=1(dgz)+> (v (@) =+~
0= dy Iy = e(dgu) + D o(v (w) 7" =~
0=dy I, =(dgu,)+ > « NA* =Ko+ 77,
to solve for
V'=—w v =0 V¥ =—kw
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Ky, =1, — 315

Kaes = 15 — 19131,
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Vertical recurrence formula

dy 1(F) = i(dy F) + 1(v(F))e' + 1(vo(F)) e* + 1(v5(F)) e

Use phantom invariants

0=dy, H=¢! 0=dyI,=19+¢ 0=dy,I, =9, +¢°
to solve for
el =0 2 =—19=—406) e=—9,=—u6)

Key recurrence formulae:

dy, k= (D? + K%) 9

dyw=—-rk9N\w
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Plane Curves

Invariant Lagrangian: A= P(k,k,,...) @

Invariant vertical differential

~ OP

n

Invariant Integration by Parts

Fd,(DH)Aw ~ —(DF)d,HAw— (F-DH)d,w

dy X =E(P) dyk Aw+H(P) dyw

Vertical differentiation formulae
dy, k = A(D) A — “Eulerian operator”

dyw=B()Aw B — “Hamiltonian operator”

dy A = E(P) A(W) Aw + H(P) B(9) A w
= [A*E(P) - B*H(P)| YN w

Invariant Euler-Lagrange equation

A*E(P) — B*H(P) =0
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Euclidean Plane Curves

dy, k= (D* + k*) 9

Eulerian operator

A:D2+K,2 A*:D2+H2

dyw=—-KUVA\Nw

Hamiltonian operator

Euclidean—invariant Euler-Lagrange formula
E(L) = A*€(P) — B*H(P)
= (D? + k%) E(P) + k H(P).
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Recurrence Formulae:

D,H' = §i + M
Dilg = I ; + My ;

) « :
M;, My ; — correction terms

e The correction terms can be computed directly from the

infinitesimal generators!

Commutation Formulae:

p
k
[Dz’?Dj] — ;Az’j Dy,
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Generating Invariants

Theorem. A generating system of differential invariants
consists of

e all non-phantom differential invariants H* and I¢ coming
from the un-normalized zero*" order lifted invariants y?,
v®, and

e all non-phantom differential invariants of the form I i
where I§ is a phantom differential invariant.

In other words, every other differential invariant can, locally,
be written as a function of the generating invariants and
their invariant derivatives, Dy H", D15,

—> Not necessarily a minimal set!
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Syzygies

Theorem. All syzygies among the differentiated invariants
are differential consequences of the following three funda-
mental types:

D,H' = §! + M}

— H' non-phantom

Dilg =c,+ Mg,

— I% generating

(87 — —
— I g = w, = ¢, phantom

(8% (64 _ (8% (8%
Diltx —Drlfy = Mik s — Mk

— I, I, generating, KNJ =&

—> Not necessarily a minimal system!
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General Framework

Fundamental differential invariants

It .. I¢
Invariant horizontal coframe
wl, ..., wP

Dual invariant differential operators

D,,...,D,

Invariant volume form

w=w A AwP

Differentiated invariants
% =DXI*=D, ---D; I

—> order is important!

a 32




Eulerian operator
- 8
dVIO‘:ZAg(ﬁ) .A:(.Ag)
B=1

—> m X ¢ matrix of invariant differential operators

Hamailtonian operator complex

. q . . . .
dyw! =) Bi,g(ﬁﬁ) A’ Bl =(Bls)
B=1

—> p? row vectors of invariant differential operators

W = (D"t A AT T AT A AP
Twist invariants
Twisted adjoint
D} = - (D, + Z,)

1




Invariant variational problem
/ P(I™) =

Invariant Eulerian

Invariant Hamiltonian tensor

1 1 1 opP
Hj(P):—P5j+Z oI ’3DK8]
a=1 J K J,’L,K

Invariant Euler-Lagrange equations
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ScM=R3

Euclidean Surfaces

coordinates z = (x,y,u)

Group: G = SE(3)

z2+— Rz +a, R € S0O(3)

Normalization — coordinate cross-section

Left moving frame

o t17t2 - TS

® 1

a==z

R=(t; t,n)

Frenet frame

unit normal

a 3>




Fundamental differential invariants

k! = L(Uy,) K2 = L(uyy)

—> principal curvatures

Frenet coframe
w' =(dz') =w' + 7' w? = 1(dz?) = w? + n°
Invariant differential operators
D, D,

—> Frenet differentiation

Fundamental Syzygy:
Use the recurrence formula to compare

L(Uggyy) with ) 2
K11 = 1 L<uyy)
1,2 1,2 212 12
KK 1t KoKy — 2("3,1) - 2("5,2)
Kop — K1 + ol _ o2 —rR (R = k%) =0

—> (Codazzi equations
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Twist invariants

dy @) = — dyyw' = Zyw' N w?

7, = — Zy = ——

Twisted adjoints

DT:_<D1‘|‘Z1) D2T:_(D2‘|‘Zz)

Gauss curvature —  Codazzi equations:
K =r's* = DIT(Zl) + DQT(Z2)

- = (D1 + Z1)Z1 - (Dz + Zz)Z2

K is an invariant divergence

—> Gauss Bonnet Theorem!
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Invariant contact form

¥ = u(0) = t(du — u, dz — u, dy)

Invariant vertical derivatives

dV ’%1 - L(ewx)

(DY +Zy Dy + (k1)) 9

dy, k* = 1(6 (D3 + Z, D, + (k%)*) 9

yy)

Eulerian operator

( D% + Zy Dy + ("51)2 )
D2 + Z, D, + (k?)?

1
dy, @' znlﬁAwl—m(DIDQ—ZQDl)ﬂ/\w'Q

1
————(D,D, — Z,Dy) Y ANw' + K> I A @

dy, % =
v kKl — Kk

Hamiltonian operator complex

B%:K;l 1 0
o ) B% = m(Dﬂ)Q — ZyDy) =-B;
2 =K

a 38




Fuclidean-invariant variational problem

/ P(r™M)w! Aw? = / P(x™) ds

Euler-Lagrange equations
E(L) = AYE(P) - BT H(P) =0,

Special case: P(k!, k?)

E(L) = [(D))>-DJ - Z, + (x")?] % +

oP
+[(DH? =D Z + (5] 5 5 + (5 +5°) P

Minimal surfaces: P=1
k'+k2=2H =0

Minimizing mean curvature: P =H = (k' +K?)

[(6")? + (5 + k' + K| =2H*+ H - K =0.

N[ —

Willmore surfaces: P = 1(k")? + (k?)?

A(k'+ K% + 2(k" + %) (' —K*)*=2AH +4(H* - K)H =0

Laplace—Beltrami operator

A= (D1+Zl)D1+(D2+Z2)D2:_D1T'Dl_DzT'D2
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