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Equivariant Moving Frames

Definition.

A moving frame is a G-equivariant map (section)

p: M — G
Equivariance:
g-p(2) left moving frame
plg-z) = . . .
p(z)-g right moving frame

pleft(z) — pright(z)_l




The Main Result

Theorem. A moving frame exists in
a neighborhood of a point z € M if and
only if GG acts freely and regularly near z.
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Isotropy & Freeness

Isotropy subgroup: G,={9g|lg-z=2} for ze M

e free — the only group element g € GG which fixes one point
z € M is the identity
— G,={e} forall ze M

e locally free — the orbits all have the same dimension as G
—> (G, C G is discrete for all z € M

e regular — the orbits form a regular foliation
% irrational flow on the torus
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Normalization = choice of cross-section to the group orbits

k  — canonical form (normal form) of z




Algebraic Construction
—dimG < m=dimM

Coordinate cross-section

K={z=c¢, ... ,2,=c¢.}
left right
w(g,z) =g 1 2 w(g,2z) =09z
=(9y,...,0,) — group parameters

z=1(zy,...,%2,) — coordinates on M



Choose = dim GG components to normalize:

wy (g, 2)= ¢, w,(g,2)=c,

Solve for the group parameters ¢ = (¢,,...,7,)
— Implicit Function Theorem

The solution
= p(z)

is a (local) moving frame.



The Fundamental Invariants

Substituting the moving frame formulae

= p(z)

into the unnormalized components of w(¢, z) produces the
fundamental invariants

L(2) = w4 (p(2),2) oo 1, (2) = w,(p(2), 2)

— (Coordinates of the canonical form k € K.



Invariantization

Definition. The nvariantization of a function
F: M — R with respect to a right moving frame

g = p(z) is the the invariant function I = /(F)
defined by

(Zl) =C .. (ZT’) — Cr’ (Zr+1) — Il(z) s (Zm) — Im—r(z)'

cross-section variables fundamental invariants
“phantom invariants”

| F(2y.-y2,,)] = Fleg,..oyc., Ii(2),..., 1 (2))




Invariantization amounts to restricting F' to the cross-section
I|K=F|K

and then requiring I = /(F") be constant on orbits.
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Invariantization amounts to restricting F' to the cross-section
I|K=F|K

and then requiring I = /(F") be constant on orbits.

In particular, if I(z) is an invariant, then /(I) = I:

I(zyy..,2,,) = I(cy,...vc,, 1i(2),....1 (%))

= Rewrite Rule

The Replacement Theorem

Theorem. Every invariant I(z) can be (locally) uniquely
written as a function of the fundamental invariants.
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Invariantization

Invariantization defines a canonical projection

functions

differential forms

differential operators

variational principles

tensors

numerical approximations

invariants
invariant
differential forms
invariant
differential operators

invariant
variational principles
invariant tensors

invariant numerical

approximations
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¢ Existence of a moving frame requires freeness of the group
action.

& Most interesting group actions (FEuclidean, affine, projective,
etc.) are not free!

(> Freeness typically fails because the dimension of the under-
lying manifold is not large enough, i.e., m < r = dimG.

& Thus, to make the action free, we must increase the dimen-
sion of the space via some natural prolongation procedure.

e An effective action can usually be made free by:



e Prolonging to derivatives (jet space)
G JW(M,p) — J"(M,p)

— differential invariants

e Prolonging to Cartesian product actions
G Mx--+xM — Mx---xM

—> joint invariants

e Prolonging to “multi-space”
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—> joint or semi-differential invariants
—> invariant numerical approximations



e Prolonging to derivatives (jet space)
G J(M,p) — J*(M,p)

— differential invariants

e Prolonging to Cartesian product actions
G": Mx---xM — Mx---xM

—> joint invariants

e Prolonging to “multi-space”
G™ . ) o ppn)

—> joint or semi-differential invariants
— invariant numerical approximations



Equi-affine Curves G = SA(2)

2 Azt € SL(2), c R?
Invert for left moving frame:
= T — — U —
y=i(@—a)=Flu-0) } P
v=—7(r—a)+ao(u—>)
— =1




Prolongation:

y=0(@—a)=F(u-1",)
v=—7(r—a)+ta(u—">)
_ — Uy
Uy—— — um
_ Uy
W)
o ( o ua;) a:a:a:+3 u2
Yyyy = (0 — Bu, )
_ ua:a:a:a;( o um)2+10 ( B ua:)umm mmm+15 2’LL3
Yyyyy = — (0 — Ju,)?

yyyyy



Normalization: r=dimG =5
y=0(x—a)—J(u—"0)=0
v=—7(x—a)+a(u—>0) =0

- /u/x -
Uy = = ", =0
umm o
RO TR L,
Uyyy = — ( — Bu )5
uscscscsc( T ux)2+10 ( T ux)uxxuxxx+15 2u:3m:
Vyyyy = (0= Fu, )T
v _

Yyyyyy



Equi-affine Moving Frame

p: (z,u,u,,u, ., u,.) — (A b) e SA(2)
A= o Y Uy o %uaja?/e) Upra
— = u 3y u_1/3 - %u—5/3u .

Nondegeneracy condition: U, 7 0.



Equi-affine arc length

dy=(0—u,)de +— ds= Ju,, dx

Equi-affine curvature

2
v K — i) UprUpgar — 3 Upra
Yyyy } 94,5/3
TT
dk
Yyyyyy 3 %
d?k

(%

~

| 2
yyyyyy 52 K



The Classical Picture: N
t
zZ
3 1, —-5/3
A — Up e 3 Upy' Ugpgy o (t n
o u 3u U_1/3—1U_5/3U o ?
€T xTrxT xTrxT 3 Txx TIrx



Frenet frame

t_dz n_d2z
ds’ o ds?’

Frenet equations = Pulled-back Maurer—Cartan forms:

dz_ dt_

@z _ dn_
ds ds

n, — =k t.
ds



Binary form:

Q(z) = f: (Z) ay, "

k=0

Equivalence of polynomials (binary forms):

Q)= e+ @(2E0) 9= (2 ) eare)



Action of G = GL(2) on R? (or C?):

(z,u) )(ozx—i—ﬁ) ¢ ) n#0,1
Yz +0 " (yr+0)"
Prolongation:
axr+ [
— = 0
Yy T+ g=7T+
v=0 "u A=ad— By
oUu, —nyU
v =
Yy Ao-n—l
0% uy, —2(n—1)you, +n(n—1)y*u
Yyy = A2 gn—2
v =

yyy



Normalization:

T+
vV = _nu:l — —
U, —NYU
Uy: n—1 =0
~ Puy, —2(n—1)yo0u, +nn—1)%u 1
Uyy = 2 n—2 _n(n—l)
v =

yyy



Moving frame:

_ u(l—n)/n\/ﬁ _ _xu(l—n)/n\/ﬁ

u(l—n)/n _ ul/n o % xu(l—n)/n

1
n

Hessian:

H=n(n-1uu,, —(n—1)%u#0

Note: H=0 if and only if Q(x)= (ax +b)"
— Totally singular forms

rxr

Differential invariants:
N J B ; K +3(n—2)
- B n3(n —1)

4

yyy n2(n — 1) vyyy '



Absolute rational covariants:

T2 U
_ K= —

2
SE T

H=3%Q, Q% =nn-1)QQ" - (n—1)°Q” ~Q,,Q,, — Q2,
T=(Q H)Y =(2n-4)QH —-nQH' ~Q,H,—Q,H,

U= (@ D" =(Bn-6QT—nQI" ~Q,T, - Q,T,

* % The equivalence and symmetry properties of nonsingular
binary forms (of arbitrary degree) are entirely determined
by their signature curves parametrized by (+, ) or, equiva-

lently (J, K).



Differential Invariants

A differential invariant is an invariant function 7: J* — R
for the prolonged (pseudo-)group action

(g™ - (z,u™)) = I(z,u™)

—> curvature, torsion, ...
Invariant differential operators:

Dy,...,D —> arc length derivative

p

e If I is a differential invariant, so is D,I.

7. — the algebra of differential invariants




The Basis Theorem

Theorem. Given a Lie group (or Lie pseudo-group™) acting on
p-dimensional submanifolds, the corresponding differential
invariant algebra 7 is locally generated by a finite number
of differential invariants

I, ... .1,
and p invariant differential operators
Dy, ... ,D,

meaning that every differential invariant can be locally
expressed as a function of the generating invariants and
their invariant derivatives:

D,I,=D;D, D, I

—> Lie groups: Lie, Ovstannikov

— Lie pseudo-groups: Tresse, Kumpera, Kruglikov-Lychagin,
Munoz—Muriel-Rodriguez, Pohjanpelto—O



Key Issues

e Minimal basis of generating invariants: I,,..., I,

for the invariant differential operators:
p

[Djvpk] — Z D,
1=1

—> Non-commutative differential algebra
e Syzygies (functional relations) among

the differentiated invariants:
¢(...D,;I. ...)=0



Recurrence Formulae

D,.(F) = (D,;F) + 3. R (v()(F))

k=1

— invariantization map

— differential function

— differential invariant

— total derivative with respect to z*
— invariant differential operator

— infinitesimal generators of
prolonged action of G on jets

— Maurer—Cartan invariants (coefficients of
pulled-back Maurer—Cartan forms)



Recurrence Formulae

D, (F) = (D,F) + 3 Rf (v (F))

k=1

& If /(F) = cis a phantom differential invariant, then the left
hand side of the recurrence formula is zero. The collection
of all such phantom recurrence formulae form a linear
algebraic system of equations that can be uniquely solved
for the Maurer—Cartan invariants RF.

O Once the Maurer-Cartan invariants I are replaced by
their explicit formulae, the induced recurrence relations
completely determine the structure of the differential
invariant algebra 7 !



The Differential Invariant Algebra

Thus, remarkably, the structure of 7 can be determined,
using linear differential algebra, without knowing the
explicit formulae for the differential invariants, or the
invariant differential operators, or the moving frame,
or, even, the group transformations!

The only required ingredients are the specification of the
cross-section, and the standard formulae for the
prolonged infinitesimal generators.



The Differential Invariant Algebra

Thus, remarkably, the structure of 7 can be determined,
using linear differential algebra, without knowing the
explicit formulae for the differential invariants, or the
invariant differential operators, or the moving frame,
or, even, the group transformations!

The only required ingredients are the specification of the
cross-section, and the standard formulae for the
prolonged infinitesimal generators.

Theorem. If G acts transitively on M, or if the infinitesimal
generator coefficients depend rationally in the coordinates,
then all recurrence formulae are rational in the basic differ-
ential invariants and so 7., is a rational, non-commutative
differential algebra.
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Theorem. (Fels-O) If the moving frame has order n, then the
set of normalized differential invariants of order < n + 1
forms a generating set.
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Theorem. (Fels-O) If the moving frame has order n, then the
set of normalized differential invariants of order < n + 1
forms a generating set.

Theorem. (O-Hubert) Given a minimal order cross-section,
meaning that, for each £k =0,1,...,n,
Z(x,u®)=¢,, ... Z (z,u®)=c

Tk T’

defines a cross-section for the action of G(*) on J*, then the
differential invariants (D, Z;) fori =1,...,p, j = 1,...,r
and, in the intransitive case, the order zero invariants, form
a generating set.

Theorem. (Hubert) The Maurer—Cartan invariants and, in
the intransitive case, the order zero invariants serve to
generate the differential invariant algebra 7 ..



Curves

Theorem. Let G be an ordinary™ Lie group acting on the m-
dimensional manifold M. Then, locally, there exist m — 1

generating differential invariants xq,...,k Every other

m—1-
differential invariant can be written as a function of the
generating differential invariants and their derivatives with

respect to the G-invariant arc length element ds.

* ordinary = transitive + no pseudo-stabilization.



Curves

Theorem. Let G be an ordinary™ Lie group acting on the m-
dimensional manifold M. Then, locally, there exist m — 1

generating differential invariants xq,...,k Every other

m—1-
differential invariant can be written as a function of the
generating differential invariants and their derivatives with

respect to the G-invariant arc length element ds.

* ordinary = transitive + no pseudo-stabilization.

— m=3 — curvature k & torsion T



Euclidean Surfaces

Euclidean group SE(3) = SO(3) x R? acts on surfaces S C R3.

For simplicity, we assume the surface is (locally) the graph of a function

z = u(z,y)

Infinitesimal generators:

V1:_y5x+$8y> Vo= —ud, +x0,, VSZ_U8y+y8u’

e The translations w,, w,, w, will be ignored, as they play no role in the
higher order recurrence formulae.



Cross-section (Darboux frame):

r=y=u=u, =u, =u,, =0.

<
8
<

Phantom differential invariants:
(z) = (y) = t(u) = (u,) = 1(u,) = (uy,) =0

Principal curvatures
Ky = (U’m:p)7 Ko = (U’yy)

Mean curvature and Gauss curvature:

H = 5(ky + Ky), K =k,

Higher order differential invariants — invariantized jet coordinates:
oIk,

I, = (ujk) where U’jk = W

J

Power series (Monge) normal form:

u(@,y) = 5612 + 56097 + g I502° + 5 Iy @'y + ey’ + G lpga’ + -

% & Nondegeneracy condition: non-umbilic point x, # ..



Algebra of Euclidean Differential Invariants

Principal curvatures:

Koy = (U

k1 = [(u:m:)7 yy)

Mean curvature and Gauss curvature:
_ 1 _
H = 5(ky + Ky), K = KKy
Invariant differentiation operators:

D, =D,), D,=(D,)

— Differentiation with respect to the diagonalizing Darboux frame.



Algebra of Euclidean Differential Invariants

Principal curvatures:

Koy = (U

k1 = /(uacm)7 yy)

Mean curvature and Gauss curvature:
_ 1 _
H = 5(ky + Ky), K = KKy
Invariant differentiation operators:

Dlz/(Dm)7 DQZI(Dy)

— Differentiation with respect to the diagonalizing Darboux frame.

The recurrence formulae enable one to express the higher order differential
invariants in terms of the principal curvatures, or, equivalently, the mean and
Gauss curvatures, and their invariant derivatives:

_ — & 2
Ly, = t(ugy) = Py Ky, Ky, Diky, Dykiy, Dyky, Dok, Diky, - )

=@, (H,K,D,H,D,H,D,K,D,K,D?H, ...)



Recurrence Formulae

Doty = Dyslug) = Y R [ (o, ul )], k>
k=1
L = /(ujk) — normalized differential invariants

RE — Maurer—Cartan invariants



Recurrence Formulae

3
(D'Lujk) Dz (ujk) o Z Rf [(pf{k(x, Y, u(j—i_k)) ]7 Jt+k=1
k=1
L = (uj ) — normalized differential invariants
RF — Maurer—Cartan invariants

@Ik(0,0, 100 = [ ik (2, y,ul0H) ]

— invariantized prolonged infinitesimal generator coefficients.

L =Dl — Z ©*(0,0, 10k Rr
k=1

L1 =Dyl — Z 0% (0,0, 10+ RE
k=1




Prolonged infinitesimal generators:

prv, =—-y9,+x9, —u,0, +u,0,

—2u,,0, + (u,, —u,,)0

Ugy

yy = 2Ugy Oy, T

prvy, =—ud, +xd, + (1 +u? )0y, + uy w0,

+3u. w0 .t

T T Uy (ymm T xy x yy Yy

prvy =—ud, +y0, +u,u,0 +(1+u )0,

T YT Uy

+2u,u )8 , T Quyuy, +u,u, )0, + -

+ (uy g, +2uyu,, )0, + (2u,u,, +u,uy,)0, +3u,u, 0, + -

T yy Y Yy Uy



Prolonged infinitesimal generators:

prv, =—-y9, +x9, —u,0, +u,0,

—2u,,0, + (u,, —u,,)0

Ugy

vy - 2uwyauyy o

prvy, =—ud, +x0d, + (1 +u? )0y, +uy w0,

+3u,. w0 .t

T T Uy (ymm T 'y x Yyy Yy

prvy =—ud, +y0, +u,u,0 +(1+u )0,

T YT Uy

+2u_u )8 , T Quyuy, +u,u, )0, + -

+ (uyug, +2uyu,, )0, + (2u,u,, +u,u,,)0, +3u,u, o, + -

T yy Y Yy Uy

I k= (ng)
Phantom differential invariants:

1002110:[01 =1;;,=0

Principal curvatures:
Iyy = Ky Toy = kg



Phantom recurrence formulae:
. . 2 2
ky = Iy = D11y — Ry = — Ry,

0= 111 - D1101 - Rzl)) - —R‘;’,
Iy, =Dy — (ky — “2)]?& = — (K — ’12)317

0= 111 - D2110 - R% - —R%,

Ko = log = Dylyy — R;’ = —R;’,

Iy =Dylyy — (kg — “2)R% = — (K — “2)35-



Phantom recurrence formulae:
_ _ 2 2
ky = Iy = D11y — R = — Ry,

0=1y =Dl — Rzl)) = _sza
Iy =Dy — (kg — Kg) Ry = — (ky — ky) Ry,

0=1Iy, =Dylyy— Ry = — I3,

Ky = Iog = Dylyy — Ry = — Ry,
Iy = DyIyy — (kg — Kg) Ry = — (5 — p) R

Maurer—Cartan invariants:

1 _ 2 __ 3 _
Rl —_— 9 Rl —_/{/1, Rl —0,
2 2 2
Rl - — 9 R2 — 9 RSZ_KJ2-

Commutator invariants:
Iy _ DRy Iy _ Dyky




Phantom recurrence formulae:

Ky = Iyg =Di1y — R% = —Rf,

0= 111 - D1101 - Rzl)) - —R‘;’,

Maurer—Cartan invariants:

Commutator invariants:

Iy, =Dy — (ky — “2)]?& =— (K — ’12)317
02[11 :D2]10_Rg - —Rg,
Ko = Ing = Dyl _R;’ = —R;’,
Iy =Dylyy — (kg — “2)R% =— (K — “2)35-
Ri=-VY,, R=-k, R}=0,
R%:_ 3 R%I, Rgz_ﬁé
Iy Dy Ly Dyky
[D17D2]:D1D2_D2D1: Dl_ D2>




Third order recurrence relations:

Iyo = Diky = Ky s Iyy = Dokiy = Ky g, L1y = Dikig = Ky s Loz = Dakiy = Ko,



Third order recurrence relations:

Iyg =Dk = K115 Iy =Dyky = K12 Iy =Diky = Ko 15 Iy3 = Dokg = Ko 2;

Fourth order recurrence relations:

3 K2
o 1,2 3
Iy = Fyp — ——— +3k1,
K1 = Ko
3’41,2"52,1 Ki1R1,2 — 2"51,2"52,1
I J— et et Rl I
31 = F1,12 = Ry T ’
: K1 — K : Ki— K
1 2 1 2
’111”‘321_2’1%1 2 ’112"@22_2”%2 2
Iyy = Kygp +—— — KRRy =Ry T — + KiRg,
: Ky — K : Ky — K
1 2 1 2
3”‘31,2’12,1 Ko 1Ko 2 — 2"61,2’12,1
g = Kooy + ——— = Ko 12 — ;
’ Ry — Ko ’ Ry — Ko
3 K2
- 2,1 3
K1 = Ro

* The two expressions for I, and I, follow from the commutator formula.



Fourth order recurrence relations

7o 3/{%72 5 43
40 = K111 = T Ok,
K1 2
I 3Kq 9K 1 . Ki1F1,2 2Kq 994
31 — R112 — = Ky91 T 3
K1 — Ko K1 — kg
2 2
Ki,1R21 2"92,1 2 Ki,2R2 2 2"51,2 2
I, =k + + K{K5 =K — + KIK
22 1,22 1Ka 2,11 1F2,
Ki— K Ki— K
1 2 1 2
= 3’<¢1,2"92,1 . Ko 1Ko — 2"51,2"92,1
13 = Koo1 +—— = Ko 12— — ’
K1 — Ko K1 = Ko
3 K2
_ 2,1 3
Iog = Ko oo+ + 3Ky
K1 = Ro

% %k The two expressions for I,, imply the Codazzi syzygy

2 2
Ki1Ko1t Kiokgo — 2"52,1 - 2"<51,2

— KiKo(ky — ko) =0
, Ky — fig 12(1 2) )

which can be written compactly as
K =riky=—=(Dy+ 1)V, = (Dy+ 1)
—> Gauss’ Theorema Egregium



Generating Differential Invariants

¢ From the general structure of the recurrence relations, one proves that the
Euclidean differential invariant algebra Zgp 5y is generated by the prin-
cipal curvatures k4, K, or, equivalently, the mean and Gauss curvatures,
H, K, through the process of invariant differentiation:

[ =®(H,K,D,H,D,H,D,K,D,K,D?H, ...)
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¢ Remarkably, for suitably generic surfaces, the Gauss curvature can be
written as a universal rational function of the mean curvature and its
invariant derivatives of order < 4:
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and hence Zgp, 5y is generated by mean curvature alone!



Generating Differential Invariants

¢ From the general structure of the recurrence relations, one proves that the
Euclidean differential invariant algebra Zgp 5y is generated by the prin-
cipal curvatures k4, K, or, equivalently, the mean and Gauss curvatures,
H, K, through the process of invariant differentiation:

[ =®(H,K,D,H,D,H,D,K,D,K,DH, ...)

¢ Remarkably, for suitably generic surfaces, the Gauss curvature can be
written as a universal rational function of the mean curvature and its
invariant derivatives of order < 4:

K =V(H,D,H,D,H,D:H, ... ,DyH)

and hence Zgp, 5y is generated by mean curvature alone!

& To prove this, given
K=rky=—(D;+V))Y, = (Dy+ 7))

it suffices to write the commutator invariants ', Y., in terms of H.



The Commutator Trick

K =rkg=—(D;+ 1))V, = (Dy+ 1))

To determine the commutator invariants:

Non-degeneracy condition:

D,H  D,H
det (DlpJH D2DJH) ?é 0,

Solve (x) for V|, VY, in terms of derivatives of H, producing a universal formula

K =VU(H,D,H,D,H, ...)

for the Gauss curvature as a rational function of the mean curvature and its
invariant derivatives!



Definition. A surface S C R? is mean curvature degenerate if, near any
non-umbilic point p, € S, there exist scalar functions F| (), F,(t) such that

e surfaces with symmetry: rotation, helical;
e minimal surfaces;

e constant mean curvature surfaces;

o 777

Theorem. If a surface is mean curvature non-degenerate
then the algebra of Euclidean differential invariants
is generated entirely by the mean curvature and its
successive invariant derivatives.



Minimal Generating Invariants

A set of differential invariants is a generating system if all other differen-
tial invariants can be written in terms of them and their invariant derivatives.

Euclidean curves C C R3: curvature x and torsion 7
Equi-affine curves C' C R3: affine curvature xk and torsion 7
Euclidean surfaces S c R3: mean curvature H

Equi-affine surfaces S C R3: Pick invariant P.
Conformal surfaces S C R3: third order invariant J;.

Projective surfaces S C R3: fourth order invariant K.

= For any n > 1, there exists a Lie group Gy acting on surfaces S C R3
such that its differential invariant algebra requires n generating invariants!

& Finding a minimal generating set appears to be a very difficult problem.
(No known bound on order of syzygies.)



Invariant Variational Problems

According to Lie, any G—invariant variational problem can
be written in terms of the differential invariants:

I[u]:/L(m,u(”))dx:/P(... DI% .. ) w

... If — fundamental differential invariants

— invariant differential operators
DI — differentiated invariants

wW=wA---AwP — invariant volume form



If the variational problem is G-invariant, so
Tlu] = /L(m,u(”))dx: /P( DRI ) w

then its Euler-Lagrange equations admit G as a symmetry
group, and hence can also be expressed in terms of the differ-
ential invariants:

Main Problem:

Construct F' directly from P.
(P. Griffiths, 1. Anderson )



Planar Euclidean group G = SE(2)

K= q _:655)3/2 curvature (differential invariant)
ds = /1 +u2dx — arc length

d 1 d
D=—= — arc length derivative

ds /1 + u2 dx

Euclidean—invariant variational problem

/L:r;u dZC—/P/i,KJS,KSS,.. ) ds

Fuler-Lagrange equations
E(L)~ F(k,k K, ... ) =0

Y S SS?



Euclidean Curve Examples

Minimal curves (geodesics):

I[u]:/ds:/\/1+ug dx

E(L)=—xk=0

—> straight lines

The Elastica (Euler):




General Euclidean—invariant variational problem

/Lxu dx—/P/-i,/is,/-iSS,.. ) ds



General Euclidean—invariant variational problem

/Lxu dx—/P/-i,/is,/-iSS,.. ) ds

Invariantized Euler-Lagrange expression

0 ., OP d
Z 8/{ D_£

n=0



General Euclidean—invariant variational problem

/Lxu dx—/P/-i,/is,/-iSS,.. ) ds

Invariantized Euler—Lagrange expression

o0 . OP d
Z c’?/i D_£

n=20

Invariantized Hamiltonian

1>7 )



From the Invariant Variational Bicomplex

Y — invariant contact form (invariant variation)
dy = A ()
Invariant variation of curvature
A,{:D2+/€2 A* — D2 4 g2

dy, (ds) = B(¥) A ds
Invariant variation of arc length:

B=—k B*=—k

Invariant Euler-Lagrange formula

E(L) = A*E(P) — B*H(P) = (D? + %) £(P) + s H(P).



/Lxu da?—/Pli,/is,liss,.. ) ds

FEuclidean—invariant Euler-Lagrange formula

E(L) = (D*+ k%) E(P) + kH(P) =
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The shape of a Mobius strip
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The Mobius sirip, obtzined by wking a rectangelar stdp of
plastic or paper. twisting one end theough 180", and then
joining the ends, is the canonic exanmple of u one-sided surface.
Finding its characteristic developable shape has been an open
problem ever since s first formulation in refs 1,2, Here we
wse the imvariant varigtional bicomplex formalism to derive
the first eguilibrivm eguations for 2 wide developable strip
undergoing large deformations, theceby giving the frst non-
trivial demonstration of the potential of this approach. We then
formulate the boundary-value problem for the Mobies steip and
salve it numerically. Solutions for increasing width show the
formation of creases bounding nearly flat riangular regions, a
feature also familiar from fabric draging” and paper crumpling™,
This could give new insight nte enespy localization phenomena
in unstectchable sheers®, which might help to predicl points
dmo{mmtg. It coubd also eid our understanding of the

1l mﬂp}rm:-al prupertios of rana-
md mu'rn&mpk Mabius m—lp structures”

11 s Exir to day that the Mobius steip 3 one of the few wons
of mathematics that have been absorbed into wider culture. It
s mrthematical bezuty and inspired artists such as Escher™, In
engineering, pulley belts are often used in the form of Ml itrips
Lo wear "ok’ sdces equally. At a mocl: sorsller seabe, Miibius stzips
have recently been formed in ribbon-shaped Nhle; crystals under
certadn erowtl conditions invalvine a Bree temperature eradient™.

Figure 1 Phato of 2 paper Mabius strip of aspect ratin 2. Trg sinp adopts a
hermelersic shape netenshity of e rateral causes the surtacs 1o be
deveiopabie, Bs stright genaratoss A ciwn 2nd e colourng wirns acoondiog o
1z bending enargy cansty.
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Figure 2 Compubed Miibives airips. The kit panef chime T res-Emensional sheoes for w =017 (8], 0.2 ), O 5 gy, 0.8 4, 1.0 e and 1.5 (T and the ight pare! the
cormsponding crainpmets oo S plane. The colouring changess dccoeding i the kol bending ey density, from vidlet far regions of low berding fo red for rogions of

rign bending acaes e indivicusily pojusted). Solution & ey be compared velh e peper modsl 0 Fig. © on which Ta generatoe Tiekd ant density ooiousing have
mon prinind



The Infinite Jet Bundle

Jet bundles
M=J" ¢ J' « J? «— ...
Inverse limit

J* = lim J"
n— o0

Local coordinates
29 = (g, u)y = (... 2t ows L)

—> Taylor series



Differential Forms

Coframe — basis for the cotangent space T J>:

e Horizontal one-forms

det, ..., dzP

e Contact (vertical) one-forms

T =dug — Z uhdx

1=1

Intrinsic definition of contact form

0i . N=0 — 0=> A569



The Variational Bicomplex

—> Dedecker, Vinogradov, Tsujishita, 1. Anderson, ...

Bigrading of the differential forms on J°°:

r = # horizontal forms

Q= Q"
s s = # contact forms

Vertical and Horizontal Differentials
dH : Qr,s SN Qr—|—1,s
dy : Q™ — QDT



Vertical and Horizontal Differentials

F(z,u(™) — differential function
p .
dy F =Y (D,F)dz' — total differential
i=1
dy F' = Z 6uJ — first variation

dy (dz') = dy (dz") = 0,

dy (6 Zdw N 05

1=1

dy, (69) =0

Z



The Simplest Example

x — independent variable
(z,u) € M = R?
u — dependent variable
Contact (vertical) forms
0 =du—u,dz

0, =du, —u,, dx



0=du—-u,de, 0, =du,—u,,de, 0. =du,, —u,,., dx
Differential:
dF:g—i daz—I—g—Z du+gi; duw—i—ai}; du,, + -
= (D;I;F)d‘”+g_§8+ ;Z 0.+ ai}; 0.+
= dg '+ dy I
Total derivative:
D;,;F:g—i%—g—i uw%—;iC u$$+8iix U, A



R — Q00

The Variational Bicomplex

dyv

91,3 du
dy

01,2 du
dyv

Q1.1 du
dyv

Ql,O du

dm

du

du

dm

dy




R — Q00

The Variational Bicomplex

dyv
dm
91,3
dy
1,2 dum
dy
11 9m
dyv
dm
Ql,O

Lagrangians

dm

du

du

dm

dy




dm

The Variational Bicomplex

dyv
91,3 dr
dv
1,2 dum
dy
11 9m
dyv
Ql,O du
Lagrangians

PDEs

dm

du

du

dm

dv

Qp_]-ao

(Euler—Lagrange)

dy




dm

The Variational Bicomplex

dyv
91,3 du
dv
1,2 dum
dy
1,1 du
dyv
Ql,O dn
Lagrangians

PDEs

dm

du

du

dm

dv

Qp_]-ao

(Euler—Lagrange)

dy

T

T

Helmholtz conditions



dyv

R — Q0.0

dm

dm

conservation laws

The Variational Bicomplex

dyv
91,3 du
dV‘
012 dn
dV‘
Ql1 _da
dyv
Ql,O dn
Lagrangians

PDEs

dm

du

du

dm

dyv

Qp—l,O

(Euler-Lagrange)

du

)

T ‘Fg
1)
1)

Helmholtz conditions



The Variational Derivative

E = T o dv
dy, — first variation
s — integration by parts = mod out by image of dj
)P0 dL Pl . Fl=gqrly dyy Qr—1.1

q
A=Ldx — Za—ﬁaAdX — > E_(L) %A dx
uJ a=1

Variational First . Euler-Lagrange
problem variation source form



The Simplest Example: (z,u) € M = R?

Lagrangian form: A= L(z,u™)de € QL0



The Simplest Example: (z,u) € M = R?

Lagrangian form: A= L(x,u(”)) de € Qb0
First variation — vertical derivative:
d\ = dy A= dy, L Ndx
oL oL oL
= —_— 9 9 9 ... d Ql,l
<8u +8uw QC—F&uMj oz T )/\ T €



The Simplest Example: (z,u) € M = R?

Lagrangian form: A= L(z,u™)de € QL0
First variation — vertical derivative:
d\ = dy A= dy, L Ndx
OL OL oL
= =0 0 0 _+---|Ad Qb!
<8u +(9usC w+8um ez ¥ >/\ vs
Integration by parts — compute modulo im dy; :
L L L
d\ ~ 0X= a——Dx 0 + D? O Nonde € F
ou ou, ou,,,
=E(L) O A dx

— FEuler-Lagrange source form.



To analyze invariant variational problems,
invariant conservation laws, etc., we apply
the moving frame invariantization process

to the variational bicomplex:



The Invariant Variational Complex




The Invariant Variational Complex

— invariantization associated with moving frame p.



The Invariant Variational Complex

/. — invariantization associated with moving frame p.

e Fundamental differential invariants
Hi(z,u™) = /() I8 (z,u™) = 1 (u$)



The Invariant Variational Complex

/. — invariantization associated with moving frame p.

e Fundamental differential invariants
Hi(z,u™) = /() I8 (z,u™) = 1 (u$)

e Invariant horizontal forms

e Invariant contact forms



The Invariant “Quasi—Tricomplex”

Differential forms

OF =@ O
Differential )
d= dy + dy + dy,
d, Ors .y Qrtls
dV Qr,s BN Qr,s-l—l

Key fact: invariantization and differentiation do not commute:

4:(Q) # 1(d9)



The Universal Recurrence Formula

4/(Q) = (dD) + Y vF A 1w, ()

k=1
V{,...,V, — Dbasis for g — infinitesimal generators
vl ...,v" — invariantized dual Maurer—Cartan forms

— uniquely determined by the recurrence formulae
for the phantom differential invariants



di(Q) = 1(dQ) + il VEA v ()]

* x % All identities, commutation formulae, syzygies, etc.,
among differential invariants and, more generally,
the invariant variational bicomplex follow from this
universal formula by letting €2 range over the basic
functions and differential forms!



* &k

* &k

di(Q) =(dQ) + il VALV ()]

All identities, commutation formulae, syzygies, etc.,
among differential invariants and, more generally,
the invariant variational bicomplex follow from this
universal formula by letting €2 range over the basic
functions and differential forms!

Moreover, determining the structure of the differential
invariant algebra and invariant variational bicomplex
requires only linear differential algebra, and not any
explicit formulas for the moving frame, the differential
invariants, the invariant differential forms, or the group
transformations!



Euclidean plane curves

Fundamental normalized differential invariants

(@) = H =
(u)=1I1,=0 phantom diff. invs.
(up) =1, =0
(Uge) =L =& (Upee) = I3 = Ky (Upge) = Iy = Figy + 3K
In general:

(F (0, Uy Uy Uy Uy U - ) = F(0,0,0, 5, k0, oy + 362, ... )




Invariant arc length form
dy = (cos ¢ — u, sin @) dx — (sin @) 0

w = (dz) = w + n

Invariant contact forms

0 1+u§, Qw—uwume
b= i) = — 9, =)= LU

Vv1+u2




Prolonged infinitesimal generators

v, =0, vy =0, vo=—ud, +x0, + (1 +u2 )0, +3uyu,, 0,

Basic recurrence formula

di(F) = ((dF) + ((vy(F)) v + ((vo(F)) v* + (v5(F)) v
Use phantom invariants
0=dH = i(dz) + 1(v1(z)) " + ((vo(2)) V* + (v3(2)) v’ = w + 17,

0 = dly = 1(du) + (v, (W) V! + (vy(w)) 17 + (vy(w) 1P = 9 + 12,

0= dl} = i(duy) + 1(vy(ug)) " + 1(va(uy)) VP + 1(v3(u,)) v° = ko + 9y + 17

to solve for the Maurer—Cartan forms:




Recurrence formulae:
dl{ = d (U’x:c) = (du:cx) + (Vl(uac:c)) Ul + (V2(u:cac)) U2 + (V3(u:cac)) V3

[ A 4

Therefore,
Dk = k, = I3, dyk =19, = (D? + k) ¥

where the final formula follows from the contact form recurrence formulae
dd=di(0,) =AY, d¥, =d(f) =AWy rK>I)— kI, AD

which imply
9, =DV, V=D, +r>9=(D*+x*)V



Similarly,
dw = 1(d*z) + v A (v (dz)) + V2 A L(vy(da)) + V3 A 1(vs(de))

In particular,
dyw=—-KVNw

Key recurrence formulae:

dy k= (D* + k%) 0 dyw=—-kdAw




Plane Curves

Invariant Lagrangian:

A= L(z,u™)dz = P(k,k,,...) ™

Euler-Lagrange form:

dyX ~ E(L)9Aw@

Invariant Integration by Parts Formula

Fdy,(DH)Aw ~ —(DF)dy,HAw— (F-DH)d,w

dyA=d,PANw+ Pdy,w
OP
=> EPN dyk, Nw+ Pd,w

~ E(P) dyrk Aw+H(P) dyw




Vertical differentiation formulae
dy k= A() A — “Eulerian operator”

dyw = B(¥) ANw B — “Hamiltonian operator”

dy A~ E(P) A(W) Aw + H(P) B(W) A w
~ [A*E(P) - B*H(P)| Y A w

Invariant Euler-Lagrange equation

A*E(P) — B*H(P) =0




Evolution of Invariants and Signatures

G — Lie group acting on R?
C'(t) — parametrized family of plane curves

G—invariant curve flow:

dC
— =V =I1t+Jn
dat "

e [, J — differential invariants

e t — ‘“unit tangent”

e n — ‘“unit normal”



t, n — basis of the invariant vector fields dual to the invariant

one-forms:
(t;w) =1, (n;w) =0,
(t;v) =0, (n;v)=1.

C,=V=I1t+Jn

e The tangential component It only affects the underlying
parametrization of the curve. Thus, we can set I to be
anything we like without affecting the curve evolution.

e There are two principal choices of tangential component:



Normal Curve Flows

C,=Jn
Examples — Euclidean—invariant curve flows
e C,=n — geometric optics or grassfire flow;
o C,=kKn — curve shortening flow;
e C,=r'Y3n — equi-affine invariant curve shortening flow:

¢
¢,

C,=n

equi—affine »

modified Korteweg—deVries flow;

thermal grooving of metals.



Intrinsic Curve Flows

Theorem. The curve flow generated by
v=It+Jn

preserves arc length if and only if

B(J)+DI=0.
D — invariant arc length derivative
B — invariant arc length variation

dy, (ds) = B(Y) A ds



Normal Evolution of Differential Invariants

Theorem. Under a normal flow C, = Jn,

Ok Ok
OF _ A (J s — 7).
ToAl, Teoaw)
Invariant variations:
de:Aﬁ(rl9>, dv H}S :Alis(ﬁ)
A_= A — invariant variation of curvature;

A =DA_+ kK, — invariant variation of «,.
S



Euclidean—invariant Curve Evolution

Normal flow: (), =Jn

Ok 29

o = AxlJ) = (D7 + %) J,

a"{s 3 2

v = A, (J)=(D°+r"D+3kk,) J.

Warning: For non-intrinsic flows, 0, and 9, do not commute!

Grassfire low: J =1
Ok o oK

— = K~ S =3KK
ot

ot S

— caustics



Euclidean Signature Evolution

Evolution of the Euclidean signature curve
ky = D(t, k).

Grassfire flow: 9% 0D
ET —3xk® — K2 I

Curve shortening flow:

0P
o =®? 0, — KD, + 4K7D.
Modified Korteweg-deVries flow:
0P

= = P3P, +3P°D, D+ 3kD°



Canine Left Ventricle Signature

Original Canine Heart

MRI Tmage Boundary of Left Ventricle



Smoothed Ventricle Signature




Intrinsic Evolution of Differential Invariants

Theorem.

Under an arc-length preserving flow,

k,=R(J)  where R=A-rD'B (%)



Intrinsic Evolution of Differential Invariants

Theorem.

Under an arc-length preserving flow,

k,=R(J)  where R=A-rD'B (%)

In surprisingly many situations, (*) is a well-known integrable
evolution equation, and R is its recursion operator!

—

—
—
—

Hasimoto
Langer, Singer, Perline
Mari-Beffa, Sanders, Wang

Qu, Chou, Anco, and many more ...



Euclidean plane curves
G = SE(2) = SO(2) x R?
dy, k = (D + K°) 0, dyw=—-KkINw
— A =D?+ K, B=—-k

R:A—/{SD_IB:D2—|—/€2—|—KJSD_1'/€

_ 3 2
8) _Rsss+§/€ K

Kk, = R(k

—> modified Korteweg-deVries equation



Equi-affine plane curves

G = SA(2) = SL(2) x R?
dy, k = A1), dyw = B(W)ANw

A:D4+%/£D2+%/$SD+%/£SS+%/$2, B D* — 2k,

1
3
R=A-xD'B

:D4—|—%/€D2—|—%/€SD—|—%RSS—|—%/€2—|—%/€SD_1-/'i

_ _ 5 5 5.2
Ky = R(’%s) = Ry + gK/K'SSS + §/€s’%ss + §/€ K
— Sawada—Kotera equation
Recursion operator:

—

R=R-(D*+3k+3KD7").



3
KTge — KTy + 2K°T

S ,12

—27D, — T,
1 K K2 — 712 K.T2 — 26TT
~D; — = D? + Dy 4 ="
K K K K

B=(xk 0)



Recursion operator:

R=A- (“8)@18

— vortex filament flow

—> mnonlinear Schréodinger equation (Hasimoto)
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