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Pseudogroups in Action

Lie — Medolaghi — Vessiot

Cartan ... Guillemin, Sternberg

Kuranishi, Spencer, Goldschmidt, Kumpera, ...

Relativity
Gauge theory and field theories

Maxwell, Yang—Mills, conformal, string, ...

Noether’s Second Theorem

Fluid Mechanics, Metereology
Euler, Navier—Stokes,

boundary layer, quasi-geostropic , ...

Solitons  (in 24 1)
K-P, Davey-Stewartson, ...

Kac—Moody

Lie groups!
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What’s New?

Invariant Maurer—Cartan forms and

structure equations

Moving frames
—> direct method
—> Taylor series method

Differential invariants

Invariant differential forms
Invariant differential operators
Recurrence formulae
Tresse—-Kumpera Basis Theorem

Applications
—> Symmetries of differential equations
— Vessiot group splitting

— (Calculus of variations
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Key Ingredients

Groupoids

Variational bicomplex
Equivariant moving frames
Grobner basis methods

No Spencer machinery
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Diffeomorphism Pseudogroups

M — smooth m-dimensional manifold
D =D(M) — local diffeomorphism pseudo-group

z — source coordinates

7 =
»(2) Z — target coordinates

D) = D)(M) c J*(M, M) — n** order jets

Z5 — target jets
7" — ,(n) !
p " (2) (Taylor coordinates)

Local coordinates on D(™):
g™ = (2, Z(”))
Frame bundle:

Fn) — {z=2} C pn)
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Groupoid Structure

Double fibration:

D(n)
‘7(”,)/ \f(n)
M M
o (") — source map
(") — target map

—> Ehresmann

You are only allowed to multiply A(™ . g(™) if
7-(n)(g(n)) — a(”)(h(”))

In other words, composing Taylor series is only well-defined if
the target Z of the first Taylor series is the source of the
second.
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One-dimensional case: M =R

Source coordinate: x Target coordinate: X

Local coordinates on D™ (R)

g™ = (2, X, X, X, X, ., ... ,X,)

T TxrxT?

Infinite jet: g(oo) = (ZIJ,X(OO))

X[hl=X+X, h+iXx K*+3iX H+ -

—> Taylor series at a source point x

Groupoid multiplication of diffeomorphism jets:
(X,X,Xx,Xxx, ...)'(.’E,X,Xx,wa, ...)
:(x,X,Xme,XXme—*_XxxXg, ...)

—> Composition and truncation of Taylor series

The higher order terms are expressed in terms of Bell polynomials according
to the general Faa—di—Bruno formula.
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Lie Pseudogroups

Definition. A Lie pseudo-group G C D is defined by an
involutive system of partial differential equations.

Determining equations:

FM(z,2™) = 0.

G(™ c D) — jet sub-groupoid (subbundle)

Regularity:

(a) =7+l ¢+ 5 (™ is a bundle map,

(b) gé”) c F(™ forms a subbundle of the n*® order frame bundle,

(c) every smooth local solution Z = ¢(z) to the determining system

G(™ belongs to G,
(d) G(™ = pr(n=n") G(»") ig obtained by prolongation.

for all n > n* — the order of the pseudo-group
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Infinitesimal Generators

g — space of infinitesimal generators of G

Locally defined vector fields:

m a 8
v=3 )

Infinitesimal determining equations

L(”)(z, C(n)) —0

—> obtained by linearization

Remark: If G is the symmetry group of a system of differential
equations, then the linearized system is the usual deter-
mining equations for the symmetry group.
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First Example

Involutive system:

Y =y,
u J—
X, =5 Y, =Y, =0, U, =0,
U
X, =X, =0, Y, =1, U=
uU U,
= — z = X = = _Z =
Xa:a: U2 ? Xa:u uY 07 Uxu U ) Uuu O
Infinitesimal generator:
0 0 0 0
Vv =¢( —tp— = alx)7——a,(r)u_—
é(’)x ? u ( )8x o) ou
Infinitesimal determining system:
4 4
ga;:_a7 gu:()? SOU:E7
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Taylor coordinates:
z,y,u, X, U,U_,U,., ... ,U,.
Parametric coordinates:

x?:y?u?f?fw?fw:p? e v dn41

Parametrization of g (1),

X, = fa X, =X,=0,
Y, =Y, =0, Y, =1,

U Jga _1
Um:_?’ UyZO, Uu—f—a:
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Second Example

X = f(z) Y = fi(z)y+g(z)
f(@)y+g'(z)
U=u-+
f'(x)
Involutive system
X, =X,=0,
Y, =0,
Y, = (U —u)X,,
Uu,=1
Y, =X, #0,
Infinitesimal generator:
V= §g + 9 + 9
Toy ¥ ou
0 0
= a(x) e +[a,(x)y +b(x)] By

Flaga(@)y +b,(2)] 5

Infinitesimal determining system:

§o=ny & =&=My=9,=0 n,=9¢
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Maurer—Cartan Forms for the Diffeomorphism

Groupoid

Variational bicomplex over D(>) c J*°(M, M):

Horizontal forms:

Contact forms:

Y =dg25=d25-Y 25,d%’
1=1

The Maurer—Cartan forms are right-invariant contact

forms on D)/
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Right-invariant coframe on Do)

Key observation: The target coordinate functions Z¢ are right-
invariant.

Decompose
dZG, — O_CL _I_ /1/0,

Right-invariant horizontal forms:
m .
=dy 2=y Z%dz
Right-invariant contact forms:
p*=dg Z¢="*=dzZ°* — Z Z&dz"

py = Dzp® =Dy

—> Maurer—Cartan forms

Invariant total differential operators:

Dge =3 wyD, w2 2W)=(2})""
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One-dimensional case: M =R

Contact forms:
T=doX=dX —-X_dz
T, =DT=dX, - X,  dz
Yoo =D =dX,, - X, do
Right-invariant horizontal form:

Invariant differentiation:

1
Dy =—D
X, *

x

Right-invariant Maurer—Cartan forms:
p="T
T

= D - _Z
125’6 x M X
Xw Taca: T X:m: Ta:

x
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Two-dimensional case:

Coordinates on D(*)(R?):

M = R?

(z,u, X, U, X, X,,,U,, Uy, Xp0s Xpus ---)

Contact forms on D (R?):
T=dX —X_dr— X, du
Y, =dX, — X, doe—X_, du
Y, =dX,— X, dz— X, du
Maurer—Cartan forms:

o=dy X=X dr+ X, du,

_ UuTw_Um Tu
Hx = XmUu_XuUa:
_ XacTu_XuT:c
Hu = X:cUu _XuU:c

Right-invariant differentiations:

_ Uu]D)w _Uw]Du

Dy =
X Xqu - XuUm ,

®=dU -U_dx - U, du
¢ =dU,-U_, . dx—U,, du

¢ =dU,-U_,,dc—-U,, du

oc=dy,U=U,dz+ U, du,

~ Uuq)x_Uw(I)u
Fix = Xqu_XuUw
~ _Xa:éu_Xu@w

Pu="Xx U —X,U,

]D)U N Xqu - XuUa:
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The Diffeomorphism Structure Equations

dulH] =VyulH]A (p[H] - dZ)

do = —du]0] =Vgzu[0] Ao

Invariant contact forms:

ulH] =7Y[h] when H=Z[h]—-Z[0]

Invariant horizontal forms:

o=dZ —u[0]
a 1 a1J a 1 a J
T[[h]]:%:ﬁTJh M[[H]]:%:ﬁMJH
Contact forms Maurer—Cartan forms
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One-dimensional case: M =R

Yhl=Y+ Y, h+2Y, h*+--
oc=X_,dz ,
plHl=p+px H+spxx H +--

Maurer—Cartan form series:
plH]=T[h]

when
H=X[h]-X=X,h+1X, K+ --

Structure equations:
do = px Ao, du[ H] = puH] A (pl H] = dZ),
pulH]) = px +pxx H+spxxx H 4 -
plH] -dZ=-o+pux H+jpxx H + -
In components:
do=p, No
n—1 /.
Aty = = pnyr Ao+ ;) <Z> Hig1 N Py
b I VIS
AL J; n——|—1< j )ﬂj/\ﬂnﬂ—j-

— Cartan
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Two-dimensional case: M = R?
Maurer—Cartan form series:
dX =0+p dY =o+ [
plH, K] =p+pg H+pg K+
‘otgg H +pyg HE + 5pgpe K2+ -0
plH, K] =p+figH+ g K+
+‘oligg H + g HE + 5 g K2+ -+
Structure equations:
(dM[H,K]]) _(HH[[HaK]] MK[[HaK]]) . (M[[HaK]]—dX)
dil H, K1) \pglH,K] figlH K] Al H, K] - dU
First order structure equations:
dp=—do=—pux No— puy Ao,
dfi = —ds = — fix Ao — iy A G,
dux = —pxx N0 = pxy NO + py N iy,
diix = —fxx No — fixy Ao+ fix ANpx — By),
dpy = — pixy No — pyy NG+ (px — By) A py,

diiy = —fixy N — fiyy N0+ fix A py
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The Structure Equations
for a Pseudo-group

The Maurer—Cartan forms p(*) are obtained by restricting

the diffeomorphism Maurer—Cartan forms to the pseudo-group
G(©) — p(eo),

Theorem. The right-invariant Maurer—Cartan forms satisfy
the right-invariant linearized determining equations

LO)(Z,u™) =0, (+)
obtained from the infinitesimal determining equations

LM (z,¢M™) =0
by replacing

e source variables z by target variables Z

e derivatives of vector field coefficients (§ by
right-invariant Maurer—Cartan forms u%
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Theorem. The structure equations for the pseudo-group are
obtained by restriction of the diffeomorphism structure

equations
dplH] =VyulH]A (p[H] - dZ)
to the kernel of the linearized involutive system

LMz, ™) = 0.
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U
X = f(x U=
@ (@)
Linearized determining system
é.ac -7 fu =0 Pu = i
U U

Maurer—Cartan forms:

u

U

—u fy.dx+ f, du
72
,u:dX—gdx:df—fzdx, ﬁ:dU—Umdax—gdu:—g(dfx—fmdw)
_du dU-U,dz _df, — fy,dz _ o

u

o =

dz = f,dz, 5:U$dx+gdu:
u

Uu

(dfpy — frad) + “T2= (af, — £, do)

2 Iz
po—_u dU-Ugdz _ _ Yy~ fygde
HU - u U - fm
Right-invariant linearized system:
Px = — K py =0 by = u
X U U U U
First order structure equations:
LAo _ N LAc
dy = —do = T dp = —pfix No — i
" - Ly N (G +2[0)
diixy = —fixx No — =% U

P 22




Action on Submanifolds

J"=J"(M,p)

— nt? order jet bundle for p-dimensional submanifolds

Local coordinates

W= (™M)= (...t wS )

Variational Bicomplex

Horizontal forms:

Contact forms: »
= du§ — Y uf,dz’
i=1
Decompose the differential:

p .

D, ; — total derivative
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Prolongation

The action of the diffeomorphism pseudo-group D on
submanifolds N C M induces an action of the jet groupoid
D™ on J* by prolongation.

e The prolonged group transformation formulae are obtained

by implicit differentiation.
Pull-back diffeomorphism bundle:
D) g(n)

M ——- J"
Local coordinates g(™ = (2(™, ¢(™) on £():
2N = (g, u™)
g™ = (2,2M) = (z,u, X, UM™)

Groupoid — double fibration
g(n)

(n) (n)
" \TJn.

J’I’L
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Example M = R?

Local coordinates on J® = J*°(R?,1):

2(°) = (2,u(®)) = (z,u,ug,u,,, ...)

Induced coordinates on &(®) — J°:

(z(oo), Z(OO)) —

(,uy vy, -, X, U, X, X Uy Uy Xy Xy Xy Uss - - )

uu?

Total derivative operator on £(°°)

0 0
D.=D +u D, ‘v, ~—+vu, ., 7—+ -,
0 0 0 0 0 0 0
Dx_%+XwaX+UEaU+XmaXZ+UmaU$+X“aXu+UwaUu+""
0 0 0 0 0 0 0

Horizontal one-form:
dgp X =D, X dz = (X, +u,X,)dx
Implicit differentiation operator:
1
Dy=—=—-D
X.’L’ + u.’L’ X’LL ?

Prolonged action of D(*°) on J*:

T u
DX X, +u,X,

D2UD_X - D, UD2X
Uxx =D3U = D X)?
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Moving Frames for Pseudo—Groups

Pull-back pseudo-group jet bundle:

g(n) — =)

M — J"
—> In the finite-dimensional Lie group situation,

H™ ~ J"x G

Definition. A (right) moving frame of order n is a right-
equivariant section p(™ : V* — H (™) defined on an open
subset V" C J™.

Proposition. A moving frame of order n exists if and only if

G(™ acts freely and regularly on an open subset of J”.
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Freeness

Isotropy subgroup

5(773) _ {g(n) e ggn) ‘ g™ . (M) = ;) }

z

Definition. The pseudo-group G acts
o freely at 2™ e Jif S = {1}

n)

e locally freely if Si(n) is a discrete subgroup of ggn)

Theorem. If G™ acts locally freely on an open subset of J* for n > 0
then it acts locally freely on an open subset of J* for all k£ > n.

—> Grobner basis for the symbol module

Theorem. Suppose G™ acts freely and regularly on V* C J". Let
K™ C V" be a (local) cross-section to the pseudo-group orbits. Given
2" ey if p(™ (z(™)) € £ denotes the unique groupoid jet such that

IM (M) = (M) (M) (M) e K.

Then p(") cY" — £ ig 4 moving frame for G. The local cross-section
coordinates of 1) (2(™)) provide a complete system of functionally
independent n'? order differential invariants for the pseudo-group
action.
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First Example

Horizontal coframe

dy X = f, dz, dy Y =dy,
Implicit differentiations
1
DX:f—Dw, Dy =D,.
T
Prolonged pseudo-group transformations on surfaces S C R3
fa
u u u
Ux="75~"73 Uy =~
T T T
u 3u_ f u 3u f2
UXX a:3w . ac4wx . :flxw + 5wx
xr xr xr xr
u U u
Uxy = xzy - 3m Uyy = %
T x x

Coordinate cross-section

XZO, U:]., UX:07 UXXZO'

Moving frame

f:07 fa::uﬂ f$$:u$7 fwm:c:uwa:'
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Differential invariants

Uy — J = ;y
Uxy — Jy= —L_—et Upy — Jy
Horizontal invariant coframe
dy X — udz, dgY —— dy,
Invariant differentiations
D, = 1 D D,=D
17, e 2 y

Higher order differential invariants: D" Dy J

Jy =Dy = Ullgy — Uty 7.,

Jy=DyJ = v g 2
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Taylor Series Method

u
X — X ; Y f— , U —
f(z) y (@)
Taylor parameters frn = fra
1
n=0 :
Taylor expansions for prolonged pseudo-group action
X = f[h] Y=y
ulh, k] _ u[fT'[H] K] 1
U H,K — = — UmnHm Kn
L KT="5 th) = £ THTT 2 mint U

Normalization equations
U[H,0] =1 or UHh,O]:fhﬂh]

Solution:

H=flh]= [ ulh0]dh = [ =1m_1,
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Differential invariants
U[H,K] +~— I[H,K]=1+KJ[H, K],

where

H™ K"  u[h,k] —u[h,0]
ol (1) ku[h,0]

JIH,K]= > J,

m,n>0

when
H:/ u[h,0]dh =uh+Lu, h>+ Lu, h3+--.

— The Taylor coeflicients J,,, , = I,,, | are the

m
fundamental differential invariants.

Explicitly,
uY, — U

U U U
JIH K] =44 =0 H 4 WK

2
U Uy, — YU, Uy, — SUULU,

zTy y y by 112
+ Qud H

+uumyy — Uglyy HK + Uyyy K24 ... .
2u3 6u
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Second Example

+

X:fa Y:fxy+ga U:U‘Fw
Horizontal coframe

dy X = f,dz, dyY = (f,,y+9,)dec + f, dy.
Implicit differentiation

1 f..y+g 1
Dy=—D — =% 7% wD D, =-—-D_,
X fm T f2 Y fz Yy

Prolonged pseudo-group transformations on surfaces S C R3

www+ww_ $£L‘+$u T $$+w

UX:u_$+f y+g 2(f y g)y_2f(fg 9z)
U, f

U, = -2 4 7zz

Y, f2

Uxx =

U _ u:cy_fa:xuy—i_(fa:xy—'_giv)uyy_'_fmﬂw_2 '7325”
u

UYY:%

—> free at every order > 2.
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Normalizations

X =0,

Y =0,

U =0,

UY - 0,
UX = 0,
UYY == 1,
UXY = 0,
UXX - O,
Uxxy =0,
Uxxx =0,

Differential invariants

UXYY

UYYY

UXXYY
UXYYY
UYYYY

f=0,

9=-YIs

9y = — U fg =Y [z
fmc =T Uy Jg

Ggz = — Uy fw _yfxxw
Jo ==ty

Joaa = \Jttyy (Ugy +vuy, —uy),

J— _ _ 2 _ 2
Gzzz = Vbyy (Ugy — utly, — 2uu,, — 2u u, + uu, )

- yfxxxx’
fxxa:a: = ?
gZC.’IIJZ =
| J = — Uty yy + Uzyy + 2uyuyy
1 3/2
Uyy
U
s _ yyy
/2 3/2 7
Uyy
—  Js,
s Jy,
|—> J5-
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Invariant coframe

dy X +—— w'= — /Uy, dz,

dpY +— w?= —\/ty, (dy —udz).

Invariant differential operators

D, = (D, +uD,), D, = D,.

EWH
N
N
N
N

Higher order differential invariants

DI D J,, DT DI J,.

—> Syzygies come from the recurrence formulae.

Y 34




Taylor Series Method

X=f Y=fuy+g U=u+7f”@]’fgw,
Taylor expansions
X = f[r], Y =y+ fi[h](k—a[R]),
UL, K] = ulh k] + 220 (4~ a[n]) g, [0,
’ ’ Sulh]
when
H = f[h], K =y+ fp[h](k—a[R]).
Also (z+h)
_ AN
a(:v—l—h)——y—fw(x_l_h)
Normalizations

U[H,0] =0, Uy[H,0]=0, Upgy[0,0]=1.

Y 35




Solution to first normalization equations

U[H,0]

First order nonlinear ODE

ay =0, a; =u,

Uy = Uy + U,

Solution to second normalization equations

UglH,0]=0 = fulh]= _uy[[h’7a[[h’]]]]fh[[h]]'

First order linear ODE

ulh,a[R]] = ay[R].

a, = (D, + uDy)j_lu.

f0:O7 f2:_uyf17 f3:(uxy+uuyy_u12;)f1?

fk - fl (Dm +U’Dy _uy)k_l(l)

Solution to third normalization equation

so that

f1:\/%

fn = \Jtyy (Dg +uD, —u,)™ (1),

Fundamental differential invariants

U[H, K]

JIH,K]=—

Ulhyyy T Ugyy T 2uyuy

Y

2u%2

uyy:fl

a

m

k> 2.

2

= (D, +uD,)™ 'y,

—  K?(1+J[H,K])

Uyyy
3/2
buyy

K+ ...
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Recurrence Formulae

The recurrence formulae serve to connect invariantly differentiated dif-
ferential invariants and differential forms with their higher order normalized

counterparts.

—> Using moving frames, they can be found using only the infinitesimal
generators and linear differential algebra

Applications:

e Determination of a minimal basis I', ..., I of differential invariants:
I =DglI®

Commutation formulae for the invariant differential

operators:

p .
[Djapk] - Z C;',k D,
i=1

Syzygies (functional relations) among differentiated
invariants:

(... DI ...)

Il
o

Equivalence and signatures of submanifolds

Computation of invariant variational problems:

/L(... D I% .. ) w
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Lifted Forms

Definition. The lift of a differential form w on J* is
Q=X (w) = m, (1) w).

—> Right-invariant form on £(°°) — J°,

Differentials:
d; Q= A(dw) de 2 = vE(Q)

Lifted infinitesimal generator:

q
v = 2”’ + 3 V5 e
a=1 K

#K >0

= dg X" V% = daUg
The coeflicients of VSI,OO) are obtained from the coeflicients ¢% of a pro-

longed vector field by replacing;:

e source jet variables u§ by their lifts U§
(prolonged transformation formulae)

e derivatives of vector field coefficients (5 by

right-invariant Maurer-Cartan forms p4
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Invariantization

Definition. If Q is any differential form on J°°, then its invariantization is

the invariant differential form
() = (PN [A(Q)] = (o))" [7,((r)* Q)]
—> Invariantization defines a projection from functions and forms to

invariant functions and forms.

Invariantization of the jet coordinates and basis one-forms gives the funda-

mental differential invariants and invariant one-forms:
Jt = 1(z") @' = 1(de') = W' + 1’
1§ = u(u9) U5 = 1(09)
— invariant coframe
Pulled-back Maurer—Cartan forms:

P(09) — (p(00)Y% y(00),

— These are determined from the recurrence formulae
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The coefficients of v

Fundamental Recurrence Formula

du(Q) = o] dQ+vi(Q)]

P .0 0
(OO) — 7 a -
Ve ;77 6xi+§(¢K6u§
where 7' = (p(*))* = Y = (p!%)* Uk

(o0)

longed vector field by replacing;:
source jet variables u§ by their invariantizations I§ = ¢(u%)

derivatives of vector field coefficients ($ by the pull-backs v§ of the

Maurer—Cartan forms

are obtained from the coefficients ¢% of a pro-

All recurrence formulae for differential invariants and
invariant differential forms follow from specialization.

In particular, the formulae for the pull-backs of the
Maurer—Cartan forms v§ are found by solving the recur-
rence formula for the phantom differential invariants.
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First Example

Prolonged infinitesimal generator:

V(%) =ad, —ua, 0, — (ua,, +2uya,)0, —uyamauy

0 —

TT :c) Uy

+3u.a.. +3u

( a:a::v r ITT

—(uyam—i—quyam)Buy u, a,.0,  —---

YY T " Uyy
Lifted infinitesimal generator:

(Oo)_,uax Upx 0y —

— Upxx +2Ux px) 0y, — Uy px Oy, —

Normalization
X:O, U:]., UX:O7 UXX:O7
Fundamental differential invariants:
L(.’E) = F = 07 L(y) =Y, L(’U,) = IOO = ]-7
W(uy) = I1p =0, L(uy) =1y =,
t(u
Invariant horizontal forms:

w' = 1(dz) = udz, w? = (dy) = dy,

Invariantized contact forms:

9=1u(0), J,=10,), UIy=1(8,),

Recurrence formulae:

vfpoo) =v0, —uv,0, — (uvy+2u,v,)0, —u,v,0

zz) = 12 =0, L(ny) =1,; = Jy, L(uyy) = Ipy = Jy,

Uy
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Phantom invariants:

0=dH =w' +v, 0=dl,=J @ +9; — v,

Solve for pulled-back Maurer—Cartan forms:

v=—wl, vy = J, w? + 9,
= Jw? + 9, vy = Jy w? + Vs,
Recurrence formulae: dy =

Yy
dJ = J, @' + (J, J2)w + 39, — J 9,

dJ, = Jyw' + (Jy

dJy = J, @' + (Jy — J Jy) @° + 05 — Jy ¥,
D,J=J,, DyJ=J,—J> dy,J =19, — J 9,

DyJy=Jds, Doy =Jy=3JJy, dydy=04—-J0-

DiJy=Jdy  Dody=Js—J Jy, dy Jy = V5 = J, 9,

—3JJ) T+, —JO, — J, 0,

3

J, Y,

—> All higher order differential invariants are obtained from J by invari-

ant differentiation

Invariant horizontal forms
do! = —Jw' Aw? + 9 A=l dw? = 0.

Commmutation formula

[D1aD2] = JDI‘
Invariant contact forms

dd =" N9, + @A (9, — ).

D=0, Dy =1,—J0,

and soon ...
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Taylor Series Method

Differential invariant series

(ulh,k])=I[H,K]=1+ KJ[H,K].

Recurrence formulae

dI[H K| =9[H, K|+ I4[H K]|w' + I [H K]w?® -
Pulled-back Maurer—Cartan forms:
v[H]=v[H] - v[0] :1/1H—|—%VQH2—|—

Normalization:
I[H0]=1 = I4[H,0]=0, dI[H,0]=0.
Uy[H] = I ][ H,0]w*+9[H,0]

D[H] = /(IK[[H,O]]w2 +9[H,0])dH

Complete system of recurrence formulae:

dy I[H, K] =14]H K]w'+ [IK[[H,K]] - a% (I[[H,K]] /IK[[H,O]]dH>] w

or, in components,

j .

Jj+1
DI, =144 ks Dol =T — > ( ; )Iik I ;1

i=0

Also 9
dVI[[H,K]]:ﬁ[[H,K]]—a—H(I[[H,K]]/ﬁ[[H,O]]dH),
or, in components,
j .
J+1

2
’
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