Moving Frames

and
Dzifferential Invariants

of
Lie Pseudo—Groups

Peter J. Olver
University of Minnesota,

http://www.math.umn.edu/ ~ olver

— Juha Pohjanpelto
Jeongoo Cheh

W 0




Sur la théorie, st importante sans doute, mais
pour nous st obscure, des <K groupes de Lie infinis>>>,
nous ne savons rien que ce qui trouve dans les
mémortres de Cartan, premiere exploration a travers
une jungle presque impénétrable; mais cell-ci menace
de refermer sur les sentiers déja tracés, si l'on

ne procede bientot a un indispensable travail de

défrichement.

— André Weil, 1947




Pseudo-groups in Action

Lie — Medolaghi — Vessiot

Cartan ... Guillemin, Sternberg

Kuranishi, Spencer, Goldschmidt, Kumpera, ...

Relativity
Noether’s Second Theorem

Gauge theory and field theories

Maxwell, Yang—Mills, conformal, string, ...

Fluid Mechanics, Metereology
Euler, Navier—Stokes,

boundary layer, quasi-geostropic , ...
Linear and linearizable PDEs

Solitons  (in 2 4+ 1 dimensions)

K—P, Davey-Stewartson, ...
Kac—Moody

Lie groups!
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What’s New?

Direct constructive algorithms for:

e Invariant Maurer—Cartan forms

e Structure equations

e Moving frames

e Differential invariants

e Invariant differential operators

e Basis Theorem

e Syzygies and recurrence formulae

e Further applications
—> Symmetry groups of differential equations =—
Vessiot group splitting

—> (Gauge theories

— (Calculus of variations
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Symmetry Groups — Review

System of differential equations:
Ay(aﬁ,u(”)):(), v=12,....k

Prolonged vector field:

p n )
+ Ox 7 a
2:221 8.7:@ az:l #;0 auJ

where . ,
ol =Dy o= Yure') + S ug,€
i=1 i=1
= @] (z,u: 6™, )

Infinitesimal invariance:

viW(A ) =0 whenever A =0.
Infinitesimal determining equations:

L(z,u; &M, 0™) =0

L.,z oo u® €, 0%, ...)=0
— involutive completion
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The Korteweg—deVries equation

u, +u,,, +uu, =0

Symmetry generator:

0 0 0
\4 T(t,x,U)a+€(t,$,U)8—x+Qﬁ(t,ZE,U)%
Prolongation:
ou, ou, ou,,.
where

t 2

O =@+ up, — Uy Ty — uT, — U gy — ugug,
xr 2

¥ =Pz + Uy@Po, — WyTy — UULTy, — uazgw o uwgu

x

(IO xx:(p$$$+3uxgou+ T

Infinitesimal invariance:

XL

+up®+u,o=0
on solutions

V(S) (ut + uazazaz + uuw) - Spt =+ 2
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u, + Uy, +uu, =0

Infinitesimal determining equations:
90:575_%“7} SDu:_%Tt:_ng

Ttt:Tt:c:Tx:c: :Spuuzo

General solution:

T = ¢y + 3¢,t, § = ¢y + 3t + ¢y, © = c3 — 2c,u.

Basis for symmetry algebra:

o, 0 to.+90,  3to,+x0,—2ud,.

@’

The symmetry group G ;- is four-dimensional

(z,t,u) — (Nt+a, x+ct+b A %u+c)
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Differential Invariants

G — transformation group acting on p-dimensional submani-
folds N ={u=f(z)} C M

Differential invariant I:J"—R
I(g™ - (z,u™)) = I(z,u™)
—> curvature, torsion, ...

Invariant differential operators:

D,,....D,

— arc length derivative

* x Z(G) — the algebra of differential invariants * %

Tresse’s Theorem. 7Z(G) is generated by a finite number of
differential invariants I, ..., I,, meaning that every differ-
ential invariant can be locally expressed as a function of
the generating invariants and their invariant derivatives:

D,I, =D, D, D, I,.

—> Kumpera
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Main Goals

Given a system of partial differential equations:

e Find the structure of its symmetry (pseudo-) group G

directly from the determining equations.
e Find and classify its differential invariants.

e Determine the structure of the

differential invariant algebra Z(G):

> generating invariants: I,....1,

¢ invariant differential operators: Dy, ... , D,
commutation relations

$ syzygies: H(...DyI. ...)=0

—> Gauss—Codazzi relations
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Pseudo-groups

Definition. A pseudo-group is a collection of local diffeomor-
phisms ¢ : M — M such that

o Identity: 1,, €0,
e Inverses: e teg,
e Restriction: U Cdomy = ¢ |U €q,

e Composition: ime C domy = op € G.

Definition. A Lie pseudo-group G is a pseudo-group whose
transformations are the solutions to an involutive system

of partial differential equations:
F(z,0™) =0.

* Nonlinear determining equations

—> analytic (Cartan—Kdhler)

* Kk Key complication: A Abstract object G 777 * %
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Infinitesimal Generators

g — space of infinitesimal generators of

the pseudo-group G

Locally defined vector fields:

4 0
=X 05 L N s
subject to:
Infinitesimal Determining Equations
L(z,¢(™M) =0 (%)

— obtained by linearization

Remark: If G is the symmetry group of a system of differential
equations A(z,u(™) = 0, then (*) is the (involutive
completion of) the usual Lie determining equations for

the symmetry group.
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The Diffeomorphism Pseudogroup

M — smooth m-dimensional manifold

D =D(M)
— pseudo-group of all local diffeomorphisms
z = (x,u) — source coordinates
Z = ¢(z) _ .
Z = (X,U) — target coordinates

D) =DM (M) c J*(M, M) — n*" order jets
—> groupoid

Local coordinates on D(™):
g™ = (2,2 = (... 2 ... 28 ..)
=(...2" .. w0 XYy . U )

The multi-indices A indicate partial derivatives with respect
to z = (z,u)

—> The Maurer—Cartan forms for the diffeomor-

phism pseudo-group are the right-invariant con-
tact forms on D).
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Diffeomorphism Jets and

the Variational Bicomplex

D) < J®°(M, M)

Local coordinates:

source target jet

Horizontal forms:

Contact forms:

O =dg 24 =dz - > 7§ ,dz"
a=1

Maurer—Cartan forms:

lu“i)4 p— Dé@b — ID)Zal o o e ID)ZCbn@b

b=1,...
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Maurer—Cartan forms for D(°)

Key observation: The target coordinate functions Z¢ are right-
invariant.

Decompose
dZCL — O_CL _|_ ILLCL

horizontal contact

Invariant horizontal forms:

=dy 2= Zid

Invariant total differentiation (dual operators):

m

DZ“ — Z (Zl()z)_l]Dzb
b=1
Invariant contact forms:
p=dg 2" =0"=dz" - Z Zbdz"

a=1
oy =050 =D,., --- D,,,0°
b=1,...,m, #A>0

—> Maurer—Cartan forms
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One-dimensional case: M =R

Contact forms:
O=d X =dX - X_dz
O,=D060=dX, —X_  dz
0,, =D30 =dX,, - X, dz
Right-invariant horizontal form:

o=dy X =X, dx

Invariant differentiation:

Dy =—D
X Xg; x
Maurer—Cartan forms:
p=0
©
— ]ID -z
Hx xH X
Xa: @ZL‘ZE o Xa;a: @a:
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Two-dimensional case:

Coordinates on D(*)(R2):

M = R?

(x,u, X, U, X, X ,, U, U, Xp0os Xy -+ )

Contact forms on D2 (R?):
T=dX — X, dr— X, du
YT, =dX, — X, doe— X, du
T,=dX,— X, dr—X, du

Maurer—Cartan forms:

o=dy X =X, dr+ X, du,

- D _ Uu Tm _ Uac Tu
fe = St = X:cUu - XuU:c
Ho ult Xqu o XuU:c

Right-invariant differentiations:

B Xqu - Xqu ’

Dy

®=dU -U,dx — U, du
¢ =dU,-U, . de—U,, du
¢, =dU,-U,,dc—-U,, du

r=dy,U=U,dx+U,du,

UV~ = UV =
X X X:UUu - XuUa:
o, X0, X,
Vrr = UV =
v v Xa:Uu - XuU:c
v Xqu - Xqu
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The Universal Diffeomorphism

Structure Equations

Maurer—Cartan formal series:
1

WlH] =32 5 ua Y
- Al
— H = (H!,...,H™) — parameters

Universal Structure Equations

dplH] =V gp[H]A(p[H] - dZ)

do=—du|0] =Vyu]|0] Ao

— equate powers of H
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One-dimensional case: M =R

Structure equations:

do=px No dulH] = pu[H] A (u[H] - dZ)

where
oc=X_ dr=dX —p

M[[H]]:M+/LXH+%MXXH2+"'
plH] —dZ =0+ pux H+ypuxx H + -

2

MH[[H]]:MX+MXXH+%MXXXH +

In components:
do=p, No
n—1 n
d:un = _lun—i—l No + Z (Z) :ui—i—l /\ILL’)’L—’L
i=0

[n_+1

3] :
n—27+1(n+1
=0 — E — . A e

Hnt1 j=1 n+1 (] )'LLJ Hnt1-

= (Cartan
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Two-dimensional case: M = R?
Maurer—Cartan form series:
dX =0+ p dY =17+v
plH, K] =p+pgHA+pg K+
gty H? 4 e HE + 5 e K2+ -
vViH K] =v+vy H+ v, K+
tovpg H v vge HE + jvg e K24 -
Structure equations:
(d:u[[}LK]])_(MH[[H?K]] MK[[I_LK]]) . (M[[H»K]]dX)
dv[H, K] vylH, K] vi[H K] v[H,K]—dU
First order structure equations:
dp = —do = —pux No— uy AN,
dv = —dr = —vx No — vy AT,
dpx = —pixx NoO = pxy NT + piy Ny,
dvy = —vxx NO —vxyg AT +vx AMpx —vy),
dpy = —pxy No = pyy AT+ (ix = vy) A by,
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The Structure Equations
for a Lie Pseudo-group

Lie pseudo-group jets: G(*) ¢ D),
Infinitesimal determining equations:

LO...2®...¢ ...)=0 (%)

The Maurer—Cartan forms for G are obtained by
restricting the diffeomorphism Maurer—Cartan forms

1 to G°°) € D),

The resulting forms ,uf’4 are no longer linearly independent:

Theorem. The Maurer-Cartan forms on G(°) satisfy the
invariant infinitesimal determining equations

(... 2% ...phy ...)=0 (% %)
obtained from the infinitesimal determining equations (x)
by replacing
e source variables z® by target variables Z¢

e derivatives of vector field coefficients ¢} by
right-invariant Maurer—Cartan forms p%
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The Fundamental

Structure Theorem

Theorem. The structure equations for the pseudo-
group G are obtained by restricting the universal

diffeomorphism structure equations
dpH] =Vgp[H]AN(p[H] - dZ)

to the solution space of the linearized involutive

system

L(O... 2% ...u4, ...)=0.

& The structure equations are on the principal bundle g<°°>; if G is a
finite-dimensional Lie group, then G(>®) ~ M x G, and the usual Lie
group structure equations are found by neestriction to the target

fibers {Z =c} ~ G.
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Korteweg—deVries Equation

Diffeomorphism Maurer—Cartan forms:

t x U t t t x u t T
/'L7 /*L 9 /'L 9 ,uT7 MX) /*LUa MT? ce :uUa MTT) /J'TX7

Maurer—Cartan determining equations:

Wrr = Hrx = Pxx = 0 =M

Basis (dim Gy 4 = 4):

pt=pt, =yt pP=pt ot =
Structure equations:
dp' = —pt At

dp® = —p' Ap® = 3U pt At — 5 0 At
dp’ =5 p° At

du* = 0.

dp' = Cly p? A p*
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Lie-Kumpera Example

u
X = f(x) U=
f'(x)
Linearized determining system
Y ¥
gm - - gu =0 Pu =
u U

Maurer—Cartan forms:
—uf,.de+ [, du

o= L dr—f de, T=U,de+Z du=
u

U 2
p:dX—gda::df—fxdx, V:dU—dex—gdu:—%(dfx—fmd:c)
u U fx
_du  dU-Uydx _ df, — [, dx ~0
Hx = u U - fx ) Hy =
vy = %(dUm U da) - %(dU—Uz dar)
u u
__d_u+dU—deI__dfx—fwmd$
T U B fa
Right-invariant linearized system:
v v
Px=~1 py =0 'uT
First order structure equations:
VAo VAT
dp = —do = 7 dv=—vy No —
vy AT+ 2v)

U

b 22




Action of Pseudo-groups on Submanifolds

G — Lie pseudo-group acting on p-dimensional
submanifolds — solutions to differential equations:

N={u=f(x)} C M

Jv=J"(M,p) — n* order jet bundle
Local coordinates
V= ()= (.2 wg )
Prolongation

Prolonged action of G (") on submanifolds:
(z,u™) — (X, U™
Coordinate formulae:

UG = Fg(x,ul™, g™)

—> Implicit differentiation.
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Moving Frames for Pseudo—Groups

In the finite-dimensional Lie group case, a moving frame is

defined as an equivariant map
pM . Jr s @

However, we no longer have an abstract object to represent
our pseudo-group G, and so the moving frame will be an
equivariant section of the pulled-back pseudo-group principal

jet bundle:
oS0 J— V()

M —— J"

Definition. A (right) moving frame of order n is a right-
equivariant section p(™ : V" — H( defined on an open
subset V™ C J".
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Freeness

Proposition. A moving frame of order n exists if and only if

G acts freely and regularly.

& In finite-dimensions, freeness means no isotropy. For
infinite-dimensional pseudo-groups, one must restrict to

the transformation jets of order n.

Isotropy subgroup

QZQ) = {g(n) c ggn) ) g(n) () — (n) }

Definition. The pseudo-group G acts
o freely at 2™ € J" if QS(Q) = {1

e locally freely if
o Qi@) is a discrete subgroup of gé”)

e the orbits have dim = r, = dim gg”)
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Freeness Theorem

Theorem. If G acts locally freely at z(™ e J",

then it acts locally freely at any z(*) € J* with

for k£ > n.
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Normalization

& To construct a moving frame :

I. Choose a cross-section to the pseudo-group orbits:
ug" = c,, k=1,...,r, =fiber dim G
II. Solve the normalization equations

KR

Fr(z,u™,g™) = ¢
for the pseudo-group parameters

g™ = o (g, )

III. Invariantization maps differential functions to

differential invariants:
v Fz,u™) — I(z,u™) = F(p™(z,u™) - (z,u™))

— an algebra morphism and a projection:

Lol =1L

I(:C,u(”>) = L(I(x,u(”)))
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Invariantization

> Functions — differential invariants
W(z') = H v(uG) =19

e Phantom differential invariants: 15" = ¢,

e The non-constant invariants form a functionally inde-

pendent generating set for the differential invariant
algebra Z(G)

e Replacement Theorem
J(...oztows ) =Tz u™) = o J(z,u™))
=J(... H ... Iy ...)
> Differential forms — invariant differential forms

W(dx') = W' i=1,...,p

> Differential operators —

invariant differential operators

t(D,:) =D,

1

1=1,...,p

W 28




Recurrence Formulae

The recurrence formulae connect the differentiated
invariants with their normalized counterparts.

* % They can be found using only the infinitesimal
generators and linear differential algebra

Key Items:

e Determination of a minimal basis I,..., I, of differential
invariants: D1,

e Commutation formulae for the invariant differential opera-
tors:

p .
[DjJDk:] — Z K;,k D,
i=1

e Syzygies (functional relations) among differentiated invari-
ants:

O(... DI ...)=0

e Equivalence and signatures of submanifolds and characteri-
zation of moduli spaces

e Computation of invariant variational problems:
/L(... D I% .. )w

e Group splitting of PDEs
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Fundamental Recurrence Formula

Normalized differential invariants:
o « -
D,y =15,+Mj,
— M}Z — correction terms

Key formula:

p .
dg 15 = Y (DS ) w ZI cwh
=1
where
VI =@y =0 (... H . IF oy )

are the invariantized prolonged vector field coefficients,

(¢t =4 = () iy

are the (horizontal) pulled-back Maurer—Cartan forms.
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p .
dg 15 = > IF,w' +vl(...2%...)
=1

Invariantized infinitesimal determining equations

CH,...,HP, I',...)I% ... 4% ...)=0

& Solve the phantom recurrence formulas
p .
0=dyI§ = Y I, +97(..7%...)
i=1

for the basis pulled-back Maurer—Cartan forms:

p

b b
YA = Z ‘]A,z’w
i=1

Substitute the results into the non-phantom recurrence formu-
lae to obtain the correction terms.

@ Only uses linear differential algebra based on the choice of
cross-section.

@ Does not require any explicit formulas for the moving
frame, the differential invariants, the invariant differential
operators, or even the Maurer—Cartan forms!
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Syzygies

Theorem. Complete system of basic syzygies:

(6 (07 «
Dyply =cj + M7 g,

DJIgK - DKIgJ — gK,J - gJ,K?
where
e /9 is a generating differential invariant
o [9;, = c5) is a phantom differential invariant

o [{, and If; are generating differential invariants with

KnJ=g.
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Korteweg—deVries equation

Cross section:
H'=.(t) =0, Iy, = t(u) =0,
H? = (z) =0, I, =t(u,) =1
—> phantoms

Normalized differential invariants:

Uy

uy + uu,,)3/5

Iy, = (u,) = (

Uy + 2uu,, + uzum
(t, + uu, )85

Iy, = L(uy) =

utx + uuxa:
6/5
U’t + ’U,’U,a) /

Iy = u(uy,) = (

u

Ty = t(u,,) = (u, + ;Z )4/5
Uu

IOS = L(ua::cac) = U _:x?ju
t x

Replacement Theorem:
U’t + uuac + uacac:c

Ozl’(ut—i_uux—i_uwxx):l_'_IO?): u, + uun
t x

Invariant horizontal one-forms:

W = o(dt) = (u, +uu,)¥? dt,
w? = o(dz) = —u(u, +uu,)Y? dt + (u, + uu,)® dz.
Invariant differential operators:
D, = u(D,) = (u, + vu,) 35D, + u(u, +uu,)>°D_,
D, =uD,) = (u, +uu,)~/°D,.
Recurrence formulae:




Invariantizations of prolonged vector field coefficients (v, = p™pu,):

L(T) =71 L(ﬁ) = Yo, L(SO) =73 L(@t) = —1y173 — %'Ma

W($”) = =174 Wp") = —21,173 — %IQO’M
Phantom recurrence formulae:
0= dHHl :W1+’71,
0= dy H®> =w? +1,,

0=dgly= Ilow1 + 101“)2 + 1 = w' + 101“}2 + V3

0= dylyy=Low' + 11w + 9" = Lw' + ;0 — Iy — 5 Vs

— Solve for 7, = —w!', 4, =—w? < y3=-w'—I,w?
V4 = % (Iyo + Ioy)w' + % (I, + I§) ).

Recurrence formulae:
dy Iy = T30 + Tpow? — Tpy v,
dy Iyg = Lypw' + Ipw? — 211,75 — 2120749
dyr Iy = Iyw' + Tow? — Topys — 20017,

dy Lo = 12“)1 + Io:aw2 - %Ioz’m,

Recurrence formulae:

D1101 = In - %131 - %IOIIQO? DQIOI = 102 - 313’1 - %1011117

D1I20 = ISO + 2Ill - 2101120 - %IQQW D2I2O = I21 + 2101111 - §I§1[20 - §111[207

5

Dyl =1y + Ips — 21—01111 - 2111[207 Dylyy = 11y + Ig 1o — 2131111 - 21121,

leoz - 112 - %101102 - %1021207 D2102 - Io3 - %131[02 - %102[117

Generating differential invariants:
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Iy = u(u,) = (u, 4 uu, )3/5

Uy + 2uu,, + uzum
(t, + uu, o5

Iyg = t(uy) =
Invariant differential operators:
D, = u(D,) = (u, + vu,)~%°D, + u(u, + uu)~>°D_,
Dy, = u(D,) = (u, +uu,) */°D,.
Fundamental syzygy:

D%101 + 21012)1[20 - D2120 + (% I20 + % IOl) D1101

2 7 g2 24 73
—Dyly — % Io1 150 — 55 151190 + 55 151 = 0.
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Lie—Tresse—Kumpera Example

u
X = f(il?), Y =y, U=
f'(x)
Horizontal coframe
dy X = f,.dx, dy Y = dy,
Implicit differentiations
1
Prolonged pseudo-group transformations on surfaces S C R3
X=f Y =y U=_"2
Ja
U u u
U, — -z _ “Jzz U, — Y
TR Yot
R B T
u u
Uoo = Yoy _ Yy Jea Ueo — 99
R R S,

—> action is free at every order.

Coordinate cross-section
Moving frame

f:07 f.’t:u7 f$$:u$7 f:ca:x:uxac'

Differential invariants

Uy
Uy — J=-—=2
U
uu,., — U, U
_ zy zy _ gy
Uxy — J1= W Uyy — Jy= u




Horizontal invariant coframe

dy X — udz, dyY — dy,

Invariant differentiations

Higher order differential invariants: D' D% J

uu,,.,, — u,.u

J1=DJ = :Eyu3 — =Jy,
uuyy—ui 2

—> All higher order differential invariants are obtained from J by

invariant differentiation




(o0

Vi =70, —um 0, — (uvy +2u,%)0,, —u,m 0,,
Phantom invariants:
0=dH =w' +7, 0=dl,=J, @+ — 7,
0=dlyy=Jw*+9 -, 0=dl,=Jy3@ + U5 — s,
Solve for pulled-back Maurer—Cartan forms:
v=—w, vy = Jy @ + 9y,
m=Jw +9, V3 = Jyw” + U,
Recurrence formulae: dy = w?
dJ =J, @'+ (Jy — J) @w? + 9y — J 9,
dJ, =Jsw +(J,—3JJ) @+, —JI, — J, 0,
dJy = Jywt + (J5 — J Jy) @ + 95 — Jy 0,
D, J=J,, DyJ=Jy,—J% dy, J =0y — J 9V,
D J,=Jy, DyJy=J,—3JJ,, d,J, =9,—J09,—J,7,
DiJy=Jy, Dydy=Js—JJ,, dy, Jy =05 — Jy U,

—> All higher order differential invariants are obtained from J by
invariant differentiation

Invariant horizontal forms
do! = —Jwl Aw? + 09 A wl, dw? = 0.

Commmutation formula
[D17D2] - JDI'

Y 38




Grobner Basis Approach

Identify the cross-section variables with the complementary
monomials to a certain algebraic module 7, which is the pull-
back of the symbol module of the pseudo-group under a certain
explicit linear map.

—> (Compatible term ordering.

—> Algebraic specification of compatible moving frames of

all orders n > n*.

Theorem. Suppose G acts freely at order n*. Then
a system of generating differential invariants is
contained in the non-phantom normalized differ-
ential invariants of order n* and those differen-

tial invariants corresponding to a Grobner basis

for the module J>" .
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The Symbol Module

Linearized determining equations

L(z,¢"™) =0
r=(ry.. "), R=(Ry,...,R,))
R = {P(T, R)= > P,r) Ra} ~ R[r]eR™ C R[r, R]
a=1
S CR — symbol module
$=(81,--+,5,), S=(8,--,5,),

q
Q= {T(S,S) =Y T,(s)S, } ~ R[s]eR? C R[s, 5]
a=1
Define the linear map

q
s;=B;(r)=r,+ > U Tyt s i=1,...,p,
a=1

Prolonged symbol module:

N — leading monomials s’S,
—> normalized differential invariants I

JC' — complementary monomials s% Sg

— phantom differential invariants I I’;
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