Math 3592H Honors Math I
Final exam, Friday December 16, 2016
Name:

Instructions:

3 hours, closed book, no electronic devices, but a standard 8.5 by 11
page of notes (front and back) is allowed.

There are 8 problems, worth a total of 100 points.

1. (12 points; 6 points each part)
Consider the linear transformation A : R* — R* defined by
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(b) the kernel (nullspace) of A.
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2. (12 points) Use Newton’s method to approximately solve the system
s + 3
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starting with a; = (_01 , and finding the next approximation aj.

(Make sure to clarify your procedure for the sake of partial credit.)
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3. (12 points total; 6 points each part)

x
Define f : R® - R by f (y) = @ Ttz
z

(a) Compute the Jacobian matrix Jf(X) at a general point X.
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(b) For which unit vector U in R? will the directional derivative of f at
X = 0 in the direction @ be largest? Explain.
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4. (12 points) Describe, with explanation, the set of all points in R?
where this function is differentiable:
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5. (13 points total)
Recall the trace of a matrix X in Mat(n,n) is Tr(X) := Y0 | Ziy.
Prove or disprove.

(a) (7 points) The function f : Mat(n,n) — R given by f(X) = Tr(X)
is differentiable at every X = A in Mat(n,n), with

Df(A)(H) = Tx(H)
for all H in Mat(n,n). » . : B
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(b) (6 points)The function g : Mat(n, n) — Mat(n,n) defined by
E(X) = Tr(X)* - X |

is differentiable everywhere on Mat(n,n).
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6. (13 points total) Let  in R be a constant, and A(z) = B g] :
(a) (3 points) Compute A(z)?, A(z)3.
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(b) (3 points) Give a formula for A(z)" as a function of n = 1,2,.. .,

with proof.
A(X\‘“ = n?( 4] \03 mdclion on W R
Swce e_checked dhrelxuse cases w=1,3,> wbove |
ok ke Mdudbve step

/\QX)V\: A(x\ . A(J‘C)\M‘l

( K A (w—t)?( 1
chb‘b\/) ,}

=01 ©
“mx"




(c) (3 points) Compute explicitly the entries of the 2 x 2 matrix
A(x)?  A@) | Az)
or e T T
leaving no summations in your answer.
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(d) (4 points) For TR — Mat(2,2) given by T(z) = eA® | consider the
linear map Df(7) : R — Mat(2, 2), its derivative at z = 7 ='3.14159....
Write down the 2 x 2 matrix Df(r)(h), that is, the linear map Df ()

evaluted on A in R.
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7. (13 points total) For each € in [0,27), consider the linear trans-
formation Ag : R® — R3 which rotates about the x3-axis and whose
restriction to the (z1, z2)-plane rotates by an angle 6 counterclockwise.

(a) (4 points) Write down the matrix Ay representing this map with
respect to the standard basis €y, €,, €3.
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(b) (5 points) Prove there are exactly two angles ¢ in [0, 27) for which
Ay is diagonalizable with eigenvalues in R and eigenvectors in R

Q(AG%): &E({I\’;—A> = Jdet -5 =mb

~ sl £-co8® o
O o) -1

(<]

= %—4X @—m®§+sTm°S>

= (£ -—t> C—ka—— 2okS <o B+ 5\;‘19)

=1 ) £ Acosd+ ’l> | | -
¢ X/?:.:‘s/cvw 2eesBy YulD
C——MC—’F’DMW[a 'l? = &
+ = Qooss:g\)-smw '
3

r’—”—*‘*w‘""“—-*'”"”“—‘> t = cos® 2TSIN®

Since Hhese efgenvalues lie M R <« 0=0,« L
wndk Since A = i‘ 3,,‘,"3‘1 A= [’éf‘%‘] are. o((‘o\@ovm.\\‘zuble _;Uf\ese ovedhe only 2 sud
6o )2 00 1

(c) (4 points) For which angles 6 in [0,27) is Ay diagonalizable if we
allow eigenvalues in C and eigenvectors in C3?

Stce /XP(&) = (‘k— 1 X‘PZ— 28 O+ 1)
=(t- /\> (+ ’@os®+tms>>@c— (cos®- tsim®)>

hes dt‘sb;gg% vrgg_ts Memener D€ [Oj.rn) ~ {O)Tt_?])
| ﬁ@wﬂ( \oeé(memh"}ab\e oOver @3 W\“H/\O-\ze cases,
But s o\(vew‘ﬂ dfox@w\( zable over K (o heree
also over CCS> e € {C’)TF”S , S°o s

Avaﬂw\im‘o(e v _O_t_\_[ e [co;n) over CS.

avghs.



10

8. (13 points total) Consider an m x n matrix A and n X m matrix B,
so the product AB is well-defined and square m x m. Recall that the
rank of a matrix is the dimension of its image, considered as a linear
transformation.

(a)‘ (4 points) Prove that fank(AB) < rank(A).
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(b) (4 points) Prove that rank(AB) < rank(B).
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(c) (5 points) Prove that if AB is invertible then A is surjective, B is
injective, and m < n.
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