
 

Weak Banhart Order Bjorner Brenti Chap3

overall a less subtle order than Bm
hat

DEFINITION PROPOSITION

Given Wis the following define
the

same poset Ep on W called the

fright weakBinhat order
weaker than Bruh at

E meaning new
new

but with same rank function Mw

i ER is the
transitiveclosureof agus if

ses
and linkllus

ii uerw if we us sa S with l us s si
alla ti

for i O s k

iii Uaw if
u w have reduced words oftom

u S SzSm
W S sa Sms s sk

prefix
order

liv usew if Ault law lw

proof All straightforward Ma

REMARK Can similarly define leftweak order Eh

isomorphicto Er via wa wi but Er E
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REMARK Bydefinition theHassediagram
of Er as a graph isthe dual ridgegraph

for themaximal ones chambers in the

Tits one U Eww
c f

Ic wi's
sac C

P x ya
5

WE
ssac Sf

wa ur g

FACT WhenW is finite any rector is in the

interiorof C has the polytope P convexhullof
who wew

withvertices edges I Hassediagramof Er

0 O

o o Called
0 W permutohedra



Some symmetriesofweak order likeBmhat

PROPOSITION When W is finite

i Wo IR W VWEW

ii w to wow
w a woo

bothgive poset
anti automorphisms

of Er

iii w to wowwo is a posetautomorphism
of Er

EXAMPLE

Oz ER
32

321 321

It isIT I I 213 7 132

TF TF 11237
W IT WWO WA WoWWo

W A Wow

U

proof They all follow from
Usrw Ella tlli 110

llwwo lwow l two Lw

and wit www permuting S to



AswithTableanCriterion forBuhat there is a

more efficientencoding rephrasing of Er

PROPOSITION UERW E TH E Ta

is On Er G LTE embeds Er as asubposet

wt Tld

EXAMPLE G ER

321 1121 137,1231

I 1121 137,1237

127,1137
23T 131211237,437

Tfw shown
I I

421

212,4132
12313

COROLLARY When USpew then

Lawler E Ila TWD 2114 11

proofofPROP Theforward implication F
comes from the prefix characterization

UERw U SSz Sh
w sis Susy se

reduied

Tla Tw palindrome si s



For the backward implication
assume Tla eTew

soSissy sis Sk ssn for us s Skreduced

iii Ii
Try to show whas a reducedword ofform

W ssa Si s s shy for each i o1,2 k

by induction on i

BASE CASE EO says nothing whas a reducedword

INDUCTIVE STEP Assumetime for
i

Note titis s Sisi Si S f Tu Eta

and tint tats ti sine sea Sk is reduced

so stringExchangeapplied
to x shows

the sis Sis s Smt so's s gs for some ma

Then we tf Wfs sit s sis sis Smt s s sass w

SSz Sis it sis s Shh i pg



Understanding intervalsLawlerreduces to L1 nil

PROPOSITION One has a poset isomorphism

G Tw er Miler
u

u v

iÉ a as can
3124,3421

r u u v
I 03214

É i

proof Assume Upw Forany EW one has

lat flu Claw flutter view

diultelstllitw 2 luv law z la
Cal lb CD

Nownote
equality inb

ve f Tal equity AND

equality in
F fav pgAND

UVERN



The lattice property and consequenies

Unlike Bm hat orders
when W is infinite

weak Bmhat Er is never directed

EXAMPLE sÉÉÉssis Isis
versus

sis as
W ICD

s s sis
Who

nomesas sit Ifs an

Why never It S sa sa sub have

an upper
bound w Ze Sn Sa Sn

then Dfw sasa a S anyJIRO
Position

andW is finite

Nevertheless Er does always have

meets yay greatest lowerboundofay
and even a meets AA greatestlower

bound of all a e A



PROPOSITION

a Forany
Cox sys Wis

and any x y EW
the meet try

exists in Ir

consequently
b ER is a completemeet

semilattice

i.e all meets AA exist
t Aew

e when it has an upper
bound

the join VA
leastupper

bound

alway exists
Id Inparticular if W is finite

ER is a lattice meets A joins Vexist

qp
Proof Firstshow

a b c la

Given a then if A Lai as as

one has AA fa naa ra nay

weakly
shorter
than

weakfshorter
than az

anditmustterminatesince last
IN

So b follows



Then b o since VA Muppetbands

and c id since when Wis finite

Wo is an upper bound VA
EW

Toprove a show anyexists by intuition on lx

BASE CASE Theset
L common lower bounds

Z Er x y

yi contains no s e S e.g if lato

sit
n Then n xny

INDUCTIVE STEP L contains some St S

We'llshow any ZEL of
maximum lengthhas zany

First we claim
s Er x y SER z

Otherwise sz z and if we start with

Z S Skreduced

x S Susi sereduced since Zerky
yes sus si reduced

then Syfy
x ssi Susi si se forsome i
yess sus g sit forsome

strong
Exchange

so Sz SS Sk ER MY SZE E contradiction



Given we h 73 want to show way

Pick any ses with
swan

i e sew SER x y Egg.gs'RE

Nowwe'll repeatedly use a

Lifting like FACT If
ses has soggy then

U E W 7 Su Er SW

proof I I
eluteintecan ILLICIT

lit l la i DM

Letz sxxsy whichexistsby induction
Ills x la

Then
w Ze x y

Also Z's SX Sy

FACT FACT

Sz Ee X YSw SZE SX Sy
H

H Sz EL
Sw SZE Sxnsy Z y

else El z

So SZÉandl sz 1121 12571112
Henie sez

BISWERZESZ
IF WE Z B1



Thelatticeproperty has some nice consequences

THEOREM
WordProperly B BThm

3.3.1

i Everyexpression we say sq can
betransformed

to a reducedexpression by
a sequente

of

nil moves and braid moves

Letters
SiSi SissiSj 5

I I
Sjsis Si Sj

Iii Any 2 reducedexpressions
for w canbeconnected

by a sequente of
braid moves

proof Prove ii first by induction on q llw

Assume we 8,52 Sk both reduled
sisal si

If sis we're done byinduction
applied to s w

Otherwise sits and Sisi few Wo Wessi
s usEpw

So can write w S S sa

Gsis si s s s
connbyintuition

s s s I s g
getconnby

abraidmove

I can by
intuition

S s Sk



Is
Y sis si

Picture

É it

I lowprove
i byinduction on q

in at sis sq

Ifnotreduced so q lo
find smallest i suchthat

sq
sqso redacted

sit SqSq
Si sit sqsq not reduced

ByExchangeProperty sit sqsq sis it si sqsq
for some j with it is js q andthese

two redutedwords

are connectedby braid moves using Iii

Hence we s Sisit sq conn by braid
S Sit Sj Sq moves

d nil move
Sn sit Sit Sj Sq a shorter so

donebyinduction
Id



Here's a topologicalMobiusfunction consequence
COROLLARY For any

Cox Sys W S and new

Than 3

Wider Egoyan
if i'w w y
for some JES

Infallible otherwise

and henceMlaw f if
52 if a new My
otherwise

REMARK We know ChW I 1Wafer
so WLOG u I anyway inthinking

aboutthis

EXAMPLE Wet

Isla
o sis sisso on s 103 8589

1 45
ER

0 is fasto

I s 0175,28 If a point
contractible

MCW labeled

j9É És



stiff Asmentionedearlier WLOG v1

On the open interval P G W
er

the map P Is P

s eS

gives a co
closureoperator on the poset

P

DEF N la f is order presenting Ky fatefly

b f x Z X FXEP

o f f i e fffixt fix

fall 3 of la lb I s are easytocheck
here

TYLER'm't For any co
closuremap f P P

on a poset one has a homotopyequivalence
14.2

A ffp
Iff

F G P

and even a strong deformationretraction

Afp AP



Whydoesthishelp

If w w Wy then

f p subposetof Er on wonk p K E J

0 J inside Booleanalgebra 2J

andDHP I 261,5 I barycentric e g
52

Subdivision
ofboundaryof
simplexwithvertexset

It wotwolf then

f p has w Wy where Ji
SES saw

as a topelement and offp is a cone

so contraitible By

EXAMPLES G IG
Themap f on n no is shown

Rhino I f PsystÉ
it S Sz



12 WG Nora

FDcircle I
Dfw e of p

ISi

5253

Ils
barycentricsubdivision

ofboundaryof

9



P 11,4213
p

017,421325

DP 41230

1
I of IP

53 Sy

TaxelementoffP
gives a cone

vertex



Comingbank to that

If'iÉn'm't For any co
closuremap f P P

Iggy
on a poset one has a homotopyequivalence

Afp
Iff

F G P

and even a strong deformationretraction

Afp AP

sketih
proof The inclusion ffp Ip

and themap P
Is f P

are both order presenting
so theygive

simplicialmaps
acontinuous

Of IP E Op

op I of p

The composites flp is P I flp have foi Ifip
P I flp is p its Ip

andposetmaps fig Pt Q having f eg are always

homotopil So toi la iof a top
Thismakes i a deformation retraction By


