
 

Math 8680Fall 2022

combinatorics of reflectiongroups
and invariant theory

syllabus items
Office Hour Times
Discord server link on syllabus
Homework 5 problems by Dec 1
Prerequisites
algebra a bit of rep theory

Overview Let's startwith
seealso B B 511 12

DEF N A real reflectiongroup
is a

finitesubgroup W C Gln R GL V
with V R

generated by real Euclidean reflections

Sy perpendicular
reflectionthrough some
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f codim 1 linear subspace
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Sources of realreflectiongroups
Lie theory root systems
of semisimpleLiealgebras groups

Regularpolytopes P
i convex polytopes PC RIV whose

linear symmetrygroup
WC GLN
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FACTS See EXERCISE9 inPortugalSummer
School list

W is a real reflectiongroup i.e generatedbySH

P is dissectedby all thereflectinghyperplanes
H

into its barycentricsubdivision Sdp

W acts simplytransitively on
maximalflags
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Two surprising anduseful
features for

W a real reflection group in Gla
V R

1 Coxeterpresentation

Pick any
chamber Co

connectedcomponent of

complementof all reflectionhyperplanesH

Then the simplereflections sa sa su S

throughthewalls HaHa Hnof Co

give this presentation forW

W I Si Sa su sit Sj

if Hi Hj have dihedralangle I Hipantimi

Hj
encoded via Coxeterdiagram

nodes

edges

omit edgewhen M if 2
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For regularsimplices

W G symmetricgroup
on 1,2 in

S on sa n i

11121 12,3 in in simpletranspositions

Ej

ImplicationsoftheCoxeterpresentation

G sa sa Sn S 1 Sig if i j122
SiSite

generalize
a lotof symmetricgroup

combinatorics

particularly of inversions of permutations
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This suggests considering Coxetergroups
more generally i.e

a s

si Csis
mi

WE S
withmije 213,41

3010

It turns out to be natural capturing

affinesymmetriesof regular tessellation

EEE
more Lietheory Kae MoodyLie algebras

THEOREM Coxeter1934

Finite CoxetergroupsW
realreflection
groups

thorettina
Coxefresentation



2ndsurprising featureof real reflectiongroups
W e GLO V R

2 Good invarianttheory

Let W C GL V V R

act on V and its basis x xn

thoughtof as variables in IR x Mn RE

Invariant theory asks

a What does the int invariant subalgebra

IRCIN If a RIH WIFE1 flux HutW

look like as a ring Generators relations

b Whatdoes the restof IRE looklike as
an REMmodule Generators relations

Struture ofXisotypic components IRK
WN

as IRI W module



The answers are as simple as possiblefor reflectiongroups

THEOREM ShephardEdd Chergley

For a real reflectiongroup
W

a RIN RI fi ta ifn for some homogeneous

algebraically independent fi ta fu

i.e n generators no relations

b IRI is a free RIM module

no relationsagain
withfreebasiselementsgivenbyanyliftsof

asW representations

a REX fa f E REW
theregularthe winvariantalgebra representation

ofW



EXAMPLE

W G GLO FR
v with basis xxx

so G permutesvariables in 112117 1121 4 2 s

and REME IRIX xz x
8 symmetri
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oinvariantalgebra
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The basiffundamental degreesof w

dideg fr dideg f du deg fr

predict shocking amounts
ofW'snumerology

EXAMPLE Let lglo Coxetergrouplength
of win W

min l w si si sie si f S
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EXAMPLE Let VE ut KR win forwaw

an IRlinearsubspareofV

THEOREM
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The proof uses a THEOREM of Solomon on

Winvariants of IRA's a

Effigies
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The Chevalley ShephardTodd result is really
about complex reflectiongroups Wc Gina

Glo
for Ve E

which are finite subgroups of Glu

generatedby complex reflections
s

sfi hyperplane H c d and

scales the line Ht by some roof ofunity
t I i n Gt i e S diagonalizesto

it
THEOREM
For finitesubgroups W

C GLA Ken

T F A E 1a Ax xnJW Alfie An is polynom

b a x is a free def module
c W is a complex reflectiongrip



Coxeter Catalan combinatorics

dealswith themany
sets associated to

an irreduciblereal reflecton group W

that have cardinality givenby the

W Catalan cat w htddgd.PEnumber

where he max di da du
theCoxeternumber

the multiplicative order ofany
Coxeterelement c sis su

W G anting irreducibly
d 2 d 3 du in h

cat totes ti
Catalan number



Glu Fg analogues

One can also work over Iq and view
We Glu E GLU as afinite reflectiongroup

for Letty

g analogous
to Gn

THEOREM L EDickson 1917

Iq x Xu
GUM

FgIfn fa f is a

polynomialalgebra

wherefr fr fu are the coefficientsof

Tft text tax É HI that title
all linear forms

GH eenxn
in



CompareDickson'sTheorem

Fg x Xu
Gus IFglfn fa f

where TICE text tax t tf e text tiff
all linearforms

ftp.eenxn
in

AND

Rex an
R en es en

where

Illtt x thee the a t ten x

Thereappears to
be a lot of reflectiongroup

combination is happening for Glu Fg

including strange analogies

with Coxeter Catalan combinatorics


