
 

Parabolic subgroups and longest element

We'vealready encountered

DEF N For JES in aCoxetersystem W S

call the subgroupthey generate J Wg

a standard parabolicsubgroup
of w

PROP NJ J is in itself a Coxetersystem

withexpectedCoxetermatrixdiagram mi ijet

proof Buid the Coxetersystem WSJ thathas
thatexpectedmatrix mis i get and its own

geom rep n W GLU where VE IR

But then note that V is isometrictothe

J dimesubspace Yj spankKj joy C V
on whichW actsfaithfully and one

obtains an isomorphism W I GL V

IS
WI Es GLN



Let'salso take care of our earlier worryaboutly well

PROPOSITION When WEWy b w L w Elsa

proof Starting with any word
w sj sj sie

that only uses Sj E J the Deletion
condition

lets us repeatedly omit letters
togetto a

reducedword of lengthbtw stillonlyusing s EJ

COROLLARY For siES SiENT ES sie J

so the map 25 standardparabolic
subgroups

J WJ
is a bijection
Inparticular S minimallygenerate

W

proof If SiEng then

1 lls lg si SiEJ



A ubiquitoustool that we've alreadyencountered

THEOREM Parabolicfactorization

Given a Coxetersystem Wis and Jes

every well has
a uniquefactorization

W V U

where La UENJ
and b veWJ É veW Aus II FseJ

Furthermore it satisfies
c lew la llu lengthadditive

d et min ecw w eww

e v is the unique element

ofthe coset wWyachievingthis
minimum length

REMARK Asusual W Es wi givesthisversion

THM Every weW has a unique factorization
W U V

with Ca e w l a la

b U EWJ
Ic Ve JW veW lls u A YET

min lengthcosetreps
for WJW



Beforeproving it let's understand it for

EXAMPLE G W EE EY
it s in in S

For JES Wj Ga xGay
xGam Ga

aYoung

for a composition a lay am of a subgroup

e g G W o 8 8 8 8 W
1121 123 134 5 56 6771781 89

J 5,52
Sy55,86

G W o 8 0 8 W
1121 123 5 56 67 89

63 64 62
91,237 4,516,73

98,93

Parabolic factorizations of w 1332557839

w 1 457 3 11 1 7 8763158788
sortedbetweenbars

V u in WJ W

w 1332587 9 1237581 11123456789418295673
ashuffleofincreasing

U V in WyJW alphabets 1230456708



THEOREMParabolicfactorization

GivenaCoxetersystemWis andJes

everywellLas unique
factorization

theregYÉJEaw Aus A Fst
Turtygemiteigtetijiengthadditive

d et min ecw weww
e v istheuniqueelement
ofthecosetwWyachievingthis

minimumlength

proof Existence Pick any
ve wWy ofminimum length

so Irs Au Use J and henie veWJ

Then we v r for some NEW J

Toshow a note Uw Ell la But we claim

this must be an equality otherwise

write re si si sie reduced

M Sj Sj sie
reduced and Sj E J

andDeletionCondition says we can omit two

generators from
W Si si Sien Sj Sja Sj in toshorten

it

Neither one can come from V by our choice of
V

so both would come from u

contradicting u Sj sis sie
reduced



Uniqueness If we hadanothersuch factorization
we v u with U'EW

V EWJ

then x'eww shows v v u with n'fly
and y achieving min length

in WWJ frombefore

and du luella from theproof of la

But then Lu's A KStJ

forces n't 1 else pick set with da
s alla

and get the
contradiction

lev's Kun s s last la s

allultlla lui

conclusion Vl Y

and every ve WJ is the unique
element of Wy achieving

the

minimum length in
that coset My

The uniqueness of lengthadditiveparabolic

factorization W WJ W
W v m

lb lutein

has consequences for length generatingfunctions



DEF N Given a Cox system Wis
and AEW defineAq Iight 7487

EXAMPLES Nq Eiga É E
O

G For W W of Ism o
o

If mo one has

way p p's p p fi
A o 1 2 3 M l m

Wcg 8 28 28 2834 29m q

it g itqtq tqm
2
q mtg

If mo one has c o o o o

W g
1 29 28 2834
1 248 51 8 If



2 For W W 03 3 3
o G

S Sz Sm t

Wig ÉwqM Igqiu
9AM agg tqn i.IE

M
cnlgWig
whereWEG

since for ea ik ieGn i can add new letter n
before

my

letters creating n t inversions
n 2or h

e g n 4

9,0 E3
435 Its
3 4 12 2 2 4

3 1 42 2 1 3
Mu I 2

3 1 24 2 0 2

COROLLARY WG Ent Cn i q 137,12111g
byinduction for W Gu n

qon



PROPOSITION For W S and JIS

one has WG WI WJ q
or equivalently WY Mfg

proof comes
fromuniquelength additivefactorization

w v 4

lately te la with veWJ new

Wid Ewq EI.gg Iwo Ew

WJ Wyld Ba

EXAMPLES n For W Eg Ilm take 5 5

W g 2
q

m
q if m so

Hq it q q gmt

Wes q w q



M
so p

g

cosets
WW

s

2O
o 4 o

o5 4 minimum

15 1129292 cosetrep
VEW

s

Wes In s W
3
312,512,525,52

and same when m o Wa 9 fitg fifty

c o f signs
si l 52 g

4 3 2 I 0 1 2 34

L o o o o



2 When W WIFE 39 G we saw

any JES corresponds toWy G Ga Gx xG
for 2 4,22 4m some compositionof n

Then W q Gulg n
q

Wylqt Ga.ly Gang Ca q6tq
1am

n
and W q Mft ggg.tt jfa.aa am

814ft t
Way

I qinulwl

shuttleswof I.IE IiIifalphabets
1 22 4

atleast Cada Ig Is

e g n 4 9 1212 W G
we Jw

shuffleof info1222 O O WjGxG
1234 7122 q1324 1212 WE Twg Ég La7342 7221 23124 2112 41,44 41 41983443 2127

2211 34
g Haq

1 9 29793 9 7 8 28 8384



Conjugacyofsimplesystems longestelement

Recallthat TK K an C E

ti are abasisforV and

Iii It Rao't n f
has I It w Iot disjoint

union

DEF N Callany subset T
C I

satisfying i ii a simplesystem for Io

and It its associated positivesystem

NOTE T uniquely determines It by ii but also

It uniquely determines it by

T Bf It p Iii piwithpie
sp and.at to

Simple systems arenotunique
in general sin let new

WTI with wtf givesanother
one

I It
we

IT



When W is finite there are no others

proposition A finiteW acts

simplytransitively on the simple systems TCI

i.e any
two T T have aunique weW
with WCT T

REMARK False if W o e.g

W ICD

É T

T É There is no weW

h ft with UT T

proof For transitivity given T T

induct on It n E ko singfite

BASE CASE It n E 0

I It
T T



INDUGIVE STEP If It n It r so

then F some die T n Iot

But then s It Hi Its ai

and si ki ai E It

so sift n It r

and by induction I weW
with us I It

Simpletransitivity thenfollows because

if WTF then whileIT Et Vai et
Musil n t sies
w 1 By

ÉouARY In afinite refngroup
W

or inanyCoxetersystem
w s withW finite

F a uniqueelement calledthe longest
elementWo

characterizedby any oftheseproperties
a WIT TI
b w It I
K N w Et
a la IET IT
e llusi sew tries

fl w ai E E Vai ET i.e w T I



proof Since IT is anothersimplesystem

simpletransitivityof W shows Fa uniqueWoEW

with 1a wT T

Then check a b a d e f

are all prettyeasy To

EXAMPLES
1 Icm W TX has Wo EE

1 852,552,525 g
Wo if me a

Co
two m ITE IET

Ws rotationthrough1800 if m even m

g
w

a reflection if m odd
Co

angina contains no wo

Th
Co

two

2 Gn w

has w i withelwdinxlw.AT 10I4

Icij teigen 2



Having an element like wotW

actually charaiterizes the finite case

PROPOSITION For a CoxSys WS

Fw EW with w F T G W is finite

proof Weshowed E already

For F WA T w It It
N w It
It is finite
I is finite

Gg is a finitegroup

But thepermutation repin W Go on roots

w pitwin

isfaithful injective if wimp up I
then wki di f diet

so w 7

Hence WE Gg 1 finite Tx


