
 

StrongBrahat order

Bjorner Brenti Chapter
2

it's an important poset on
a Coxetergroup

W

partallyoteredset
binaryrelation Xsy Reflexivel

x ey y ex
x y antisymmetricwith

Igy x ez transitive

defined like this

DEF N Given a Coxetersystem W S with

reflections T t Eng
wsu as usual

the Bruh at graph onW is a directedgraph
with arcs u w if w tu with Kukla

for some te T andwe'llsometimeswrite
u w here

The strong Buhaforder
is the transitive reflexive

closure of now meaning new if

I apath n not u t that UE w

in the Bmhatgraph



Hassediagram ofposet
EXAMPLES edges a ware

meaning u wand witha Imma EY.si iiim 5wo siss 2 55ss

in
8,525,52 Sass 2,52 2 925,525

g ar ng
ship 725s sis siss
Mr Y sis sis
Star 7525

I I I s
t Bmhat 1 Bmhat

graph order

M O

8 5,52
salsas

sis sis

sis sis

I Bmhat
order



2 Gn W or o

Wo 321 51525e9.83
yw I s sass

5,52
2,31

312 525
sis r 31,2

525
I

52
1321,3

213 S 52 132
1,113

5

Buhatgraph Bmhatder

In W Gy here is the lower
interval

u WJPÉ reW uevew

1234 431
2 13453

51535253 5,525352

1432
124,13

5 2341
52535253253 515253

14213
42 2143 2314

1243 324 2134



PROPOSITION NEG hasBuhat coveringrelations

UCW E W U ab with a b and ua Ub
but fr with as lab and Yasui us

W n ab with inv w inv u 11

e g 4 2714635 27546 31 0 U 1,5

r u
but u fw since v 273,4615 and nav

proof If w u.la b with nasty then lull

so now in Bmhat And if furthermore

Is with acccb and wacky can check

btw info in tutti links so u w But if such

an index c doesexist then us u uan W TH

REMARK Laterwe'llprove afasteralgorithm
for

checking new
in Gn called the

TableauxCriterion
THM 2.6.3 in Bjomer Brenti



DIGRESSION WheredoesBunhatorder onWarnefromD

For Wa Weylgroup one has a

semisimple complex lie group G

a g G Shu E m 3 A I I deter
withachoiceof Borelsubgroup B G

e s B ft apersular side
n 3

f I
andchoiceof amaximal tons T B

e g F g diagonal c stale
n 3 8

0

with W NIT Eg

Thislets onedefine GB generalizedflagmanifold

e g Slu B I A V C Kc ok ca dimaVi i

fly this is A car a Guitar c at tan d

1 19 Bn Kcal called d



GB is notonly a smoothmanifoldofdimension l w It
but has an embedding GB Is 1PM et say
makingit a projectivevariety projectivespare

e.g SWB ages lip x xp s p'ttheygyp pEggedding

embedding

It he an III a.ci t l

IEEEL IEEE Da
definedonly upto

simultaneousscaling

And Ghas a doublecoset decomposition Brightonposition
G YW BB

thatturnsinto a celldecompositionoftheflagmanifold

GIB D BwB B
WtW
Ten IopenBmhatsellforw

e ellw an affinespace

THEOREM The closures Xw Xpt tailedSchubertvarieties
Bwhat1954 hare Xuex y u sw in Binhatorder



W G GIB SEIB IB d
Wo 321

1 B 1 Be

pi TiaI
1 B 1 Bed213

Bmhat order 111,813 00

It

É

nXis
ifb

Ign o o b o

1 B I 117 O o lb 1 03 Xia
Xi's aim

ifato In o B c ta M
ansd1idI a.n o b a

1 g B Iya n o d a V23



Basic properties of Bmhaforder B B 52.2

Most come from this

LEMMA Let we s sa sq
reduced and assume

new has a reducedsubexpression

A U s si sis sin sq with Is in Likeq

b MavThen Frew with l

p
if v alsohas areduced

proof Choosetheexpression
x for a with ikminimalleftmost

Let t sqq i Sip Sqsq

and v ut s Si Sig 5in Sq

Hence l v ell ult l We CLAIM flu liu
and henceall 3 of 1a lb

e hold

To provethe CLAIM assume not i.e like lu

StrongExchange implies either

t Sqq sp sqsqfor some p ik leading
tothe

contradiction wet s sa sin Sip sq oflength Ello



or t sqq sin
side g sid sin sqsq forsome rainr i

leading to

a ut Is si sik sq sq sin Sr
sinsg sq sing

Si Sir Sr Sik Sg

contradicting in beingminimal Fa

COROLLARY Subword characterizationofBruhat
B BThin2.2.2Cor2.2.3

ForanyCoxSys
Wis and a weW TAE

i new in Bmhat order

Iii Every reduced
word for w contains a

reduced subexpressionfor u

Iiii Some reduedword forw
contains a

reducedsubexpression for u

2431351352555,232

EXAMPLE

ftp jjt
cruises

1423 1342 2143 2314 inGy

Liz



proof
Iii iii Clear

iii i if we s sqredued
contains a red red

subexpression u
s sin sik sq then indust on

k l w la toconclude us w usingLEMMAabove

tofind u with no l like a ti and r alsohas such a
reduced subexpression of s sq

i ii Given new so there exists apath

n no 74 un i up w in the Binhatgraph

assume we are givenany reduced
word w sis sq

Since ur I w for some tet StrongExchange

shows up put Sy si sq for some i

Repeatingthis k times one concludes u has some

expression possiblynot
reduced that is a subexpression

of sis sq But then Deletion condition
lets one

conclude u alsohas a reduced su
thsubexpression.gg



Afew immediate consequences
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suffices to showonly the leftmostdiagram implications

So assume naw can'thave new if SeDow Bla

Pick a reducedexpression Sw s sa sq

WIsssa sq is also reduced
sin ie seDiw

BySubwordCharacterization n has areducedsubexpression

usSigSig of faith 552 58

Then si So s sinie su u so u sis sp su

Also su SsiSig Sig is
reduedsince seRtu

hence sus w BK

Here's an application of LiftingProperty

COROLLARY Bruhat order is always a

directedposet meaning fu veW
Fwiw with war

Inparticular if W is finite thelongestelementWo w Fwiw

examine

ÉIt

m É men sis so

I



proof Prove wa un existsbyinduction
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