
 

Encoding decodingwith linearcodes 12.7 128

Having Cc g a linear code simplifiesmany things

PROPOSITION For a linear code C CHq

one can compute the minimum distance

d C min dex x xx ee xx

as d C min d ly e x ee 1a

If i Yi of why

called the Hammingweight
ofy

poof Note bydefinition that

d x x r Xi Xi i Xi xiao
d x x e at lx x

Also whenC is linear since I E C

dex x xx e C d y e gee
y Q BX X

Tty X
d x X e



binary
EXAMPLE The Hamming 7 4,3J code 12.4

was the basis for theparlor trick on the 1stday

It has generatormatrix
3

a

rectus we

3

and alsocontains non ten vectors

r try n n o o on a its 4
3

r try 1 0 0 7 100

3
r that V3

1 I 1 0 000

4r try try 1 1 01 00 1
7

rat rat r try 2 a 2 7 77 1

and a fare but d e min 3 4,7
3

asking
Howmany in total

that is whatis m let



PROPOSITION A k din't subspace Cc g
has size m 1C q

So In k d Fg linear codes are n qt d q anycodes
with qany rate C logged

proof Pick any
basis was ok forC

Then we claim checkedbelow that the map

Fg
f C

e Eg tle c wit seat tuk

is a bijection so 1C1 147 11,1
Surjectvity comes

from the fact that

we you span
C bydefinitionofspanning

Injectivity comes from the lin independence

of the wa own if f e fld for somesd

then aw t tchewed wit dawn

Kid w t tick d wa Q

Wi Pk ad Ck de O
lin in e d B



It's easier to work with generatormatrices in

DEF N Standardform for a generatormatrix G

of an In k d q any
code

I i a

Fumigentifythmushan
arbitrary

k x u k matrix

withentries in Iq

EXAMPLES n Wejustgave 174,3 Hummingcode

via a standard form generator
matrix

2 The binaryparitycheck
code C É ÉiÉ

has a standard form generator matrix

of al
IF I



PROPOSITION Notevery
linear code C has a

generator matrix G in standard form but

if we apply a singlepermutation
to its columns

we can make a new code that does

and has all the same parameters a k d

proof I start with any generator
matrix for C

at
2 UseGaussianelimination

scaling rowsby Ct Ifrow operations qq.gg IE.wer

toput it in row reduced echelon form

I Callzeroeshere
3 It needed apply a permutation

ofcolumns

tomake the pivotcolumns all
totheleft

o 18 1 to



EXAMPLE The TfiidrepetitioncodeC in E
3

C 181,111,121 has 2ndextension

11column 411114141,3g
is a 16 2,3 ternary

linear code
X YES XYY5 46

G it is 3 is not a generatormatrix for it

why
but G 3339 2

is althoughnot in standardform

Ggsubtract

g2Crown

was 18888021

5 f
8888

0 row reducedechelon
form

but not standardform

XFXzXy4245
6

syamns f
G 8918899

generates a
different code

thanCH but
both are CG 2,3
temanycodes



Encodingbecomesparticularlysimple it C has

generator G f I A in standardform

n it day
Given a word v un un with k letters inIq
apply the encoding map

usualdotproduct
F I Ig
v VG

Vi uh

Vi ourvice V Cn k
It

digits
calledtheinformation

digits



EXAMPLES

1 Binaryparty
checkcode Cc

had G ftp.f
in standardform

and encodes ve v s un i E Ifa

as G Eighteen
ECE

paritycheckbit

2 The Harting 7.4.31 code C had

1
so it encodes v Luis usKJ E H

as VG v y v3Vy Ytratty Ytyty LtgVy

te en
3 check bits



Dual codes 512.8

DEF N Given a linearcode Ccf
its dual code Ct yet x yo

txt

peripeteia
tusualpdowtanet

Wethinkofthevectorsyet
Cover E

It cyteeotget
being the pantychecks

on the vectors xeC

EXAMPLE Thebinaryparitycheck
code Cc

has C thebinaryrepetitioncode
oflength

o n 4

Ct
p

V3
qt

0
Freaky
lies.tn

01 C there



PROPOSITION
C If is a k din'd linearcode in

thenCt is an In k dim'd linearcode
in Ig

CiiFurthermore if C has generator
matrix

G In A in standardform

then Ct has generatormatrix
not in standardform

sometimescalled a
H At Ink

checkmatrix for C

iii Lastly C C

EXAMPLE The 3 din l linear codeC
C E

5

withgenerator matrix G

has dual code Ctc Iz ofdimension5 3 2

andgeneratormatrix

H E 1



sketchproofof prop

Ctisalways a subspace since y y Ect

y x
0

y ee y x ay x o o o

y x 0 y y x y xty't
0 0 0

For the rest of the proof assume by re indexing
coordinates in Ig that C hasgeneratormatrix

G In A Ilk in standard form

and let He Eft Ink as in the Prop

It'seasyto
check the rows of H lie inCt that is

they dot to 0
with rows of G

wi ofG rowjofH LottoFifa
i i k jet gu k

ETotal otto
jth

ang t ai
0

The cows of ri rn k of H are lin indep inside Ct
becauseof the Ink in therightmostcolumns ofH



Thus it only remains to show rn tu k span Ct
and then theywouldbe a basis for Ct showing
all oftherest of i ii and then iii follows

byswapping roles of C et

To see the spanning given yeld due
enkfeet

we claim y grit tenurn k

Note y y far t t Gurn k
also lies in Ct

and has theform y di di
o o

but then o now i ofG y di fores y E B
for it 2 ok

This has a useful consequence discussed in 514.1

COROLLARY Given dual linearcodes C and C

the min distance d C hasthis reformulation

d c smallest number d of columns
in the generatormatrix H foret involved

in

a nontrivial lin dependence

TH I I



proof Since C Ct row spaceofH

the nonzero vectors x I e

are the same as nonzero vectors in the nullspaceof t

ie E H x ftp f f exit man

i e non trivial lineardependences amongus sun

and the Hammingweight at x
d tells us how

manyVi's are actually
used in the dependence

So minimizingthe
d gives d C

min wth xeClot
B

Note this says H
the e b xn genmatrixfor

Cthaving

no zero columns d C 1 so d C 22

no pair
ofdependentcolumns de 2

parallel 1,1 sod C 23

IDEA Try to find such H with
n k small

so k is large and rate C is large



EXAMPLE This is exactly howHamming
cooked

up his 17,4
3 binary code and more generally

the Hamming 2in I r r 3 codes G
I

pick Crt tohave rx 2 generatormatrixH

whose columns are all nonzero
vectors in II

Ha I 89 re G a in generates
binaryIn A

3 foldrepetitionAt Iz 3 1 33 code

1 oilAt I3
generates I A
binary Hamming74,3J code



1 E1 of IT
generatesothernonzer.gg rf binaryHamming 21,21 r 3 code

Their rates quickly improve as
rgrows

rate er E FI r E 1
as no

But their min dist d Cr 3 fr whichdoesn't

leadto any better error
correction than 1 1 1

REMARK Hamming more generallydefined

his Iq linear In k d codes the sameway
3 Ct hasgeneratormatrix

II It r Hwhosecolumnspick one

vector from each linethrough
a in Fg

EXERCISE Why are thereGI such lines



Syndrome decoding
512 8

Given our Chikd linear code Cct
after the transmitter encodes

their message

as some X E C suppose
some noise

in transmission lets
us receive ye Fg

Q Howdo we do min distance decoding

ofy e Eq
efficiently that is

how to find some x e e minimizing day

Themethodcalled syndromedecoding

worksprettywell and starts byhaving
us

pre compute
H n41 At In n generating Ct

from G k In A generating C



DEF N The syndrome for y e Fg

is the vector Hy e
g

k

n k f At In a g f
c th

y a Crow2of
H

Y Crown
kofH

NOTE Garrettcalls yHt thesyndrome
ofy This

isjust the same row vectorinsteadof a column vector

How does the syndrome Hy help
decode y

It turns out that Fg decomposes disjointly

into sets affinesubspacesparallel to c called
the

cosets rt C rt x x ee of the subspaceC

and we can read offwhich
cosety lies

in

from its syndrome Hy



EXAMPLES

G Cosetsoflines C though lot are itsparallellines
n planes

it planes

KC
1123

nee
j
c

O F
e

pi see
L

2 Similaridea over finitefields Iq
e g binaryparitycheck

codeC Y Exo
has one other coset re C In xie E

Xit xu p

C veC n
y o 1191 0

É o

n

Mr
o
o8cg x

l
o
o pi a



PROPOSITION

i two cosets rtc v ee intersect atall

S the cosets are the same v c vic
Y r v E C

EY Hu Hu in i.e v v have same

syndrome

ii All wsets rt have same size as C f e eC

namely fuel Cl q if k dim C

so the cosets ve C disjointly decompose

Iq into q sets each of size qk

Prof For i certainly if ve C v't C

thentheyintersect
but conversely if

we ft C n v't C then we vex v ex

for some x x'EC

so V V X X E C

and then re c n't ÉsÉÉÉe
This shows a b



For c note v v e C
r r e E

t

S y y has zero dotproductwith
all vectors in Ct row space

of H

f v row i of H v i s s n k

H r v a

Hr Hr

For ii note that themaps C at ut c
g

x I rt x

x y v got y
rt x

are mutually inverse bijections

so I v e e q

SYNDROME DECODING FOR C

Given It a Ck n xu matrix generatingCt
do a preemtipitation to find in each of the

q
cosets ve c a coset leader em in

suchthat wt emin min wtf ve emitC

Tabulate these cosetleaders vain and

their syndromes Hemin in a syndrometable



Then when you receive the
transmittedword

ye Fg computeits syndrome Hy

find the unique coset leader em in

having Hy Hemin and

decode y
as x y emin

PROPOSITION Syndromedecoding

is min distance decoding that is

dex g s day tree it x y emin

whereHy Hemin
and emir has

smallest

Hammingweight
in emintC

proof Suppose not that
is there exists

some X E C with

dly x dey x
x dly y emin

die y x x

die emin
willy x

V y X liking C emint
wt emin

since Hy Hemin Contradiction B



EXAMPLE of syndromedecoding

Suppose C is the 5,3 2 code in IIP with

generatormatix G 1 LI IA

so Ct hasgenmatrix H 899 19 EAt Is

We pre compute
a syndrometableby

brute force

a coset leader em in syndromeHemin

El El

I cos

iI
GI



Ontransmitter's end saytheyencode into Kline
a

x rG and any
and in transmission it is corrupted

and

received as one of these

y lion no y
11010

compute
syndromeHy

Hy 8 9129 11 Hy't

LL
matchingHeminforemin Ig

gun y p

dd

subtractemin

xty em.nl
X

Success

X
failure

inevitablesince terror

occurredanddC L


