
 

Bounds forcodes Chap 13

Let's understand more about the tradeoffs

in trying to
make a.m d g any

codes

and Chik d Iq linear
codes

have d large for error correction

both m or k large relativeto n
forhighq any

rate light or E

We willgive
3 general upper bounds on m in himd

relative to d and n pitakett
Hamstring Singleton Plotkin bounds

I lowerbound for k in Chik d

relative to d and n

GilbertJaish amor bound



Hamming's sphere packing bound 5131

THEOREM Inany
a m seti q any

code
I correctseuptwors

q
I

acqi 1 q 1 2 t g if e

proof In order for Cc Ii
tocorrect

e errors the m let different

Hammingballsofradius
e aroundcodewords ve C

Be v
we Z dense

must all be disjoint
inside In

Belli
o

Be

just a
cartoon
notwhat
Hamming
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Bets q
Beta reallylook

like



Notethat eachofthese Bet hasthe same

number of words from Z since g 121

it É
a t
refer Pitner

Eigenstates
e

ofqge value offge Takes

Disjoint ness inside I implies

I 2 I Bel ICI Bel
VEC

q
I m at 1 q 1 q t e loie

Nowdivide by the sum in parentheses B

EXAMPLE If I want
a 10 m 7 binarycode

I correctssenors

howmanywords
does Hammingboundlimit me to

M I
ntga.si

Ijiaittf5 o nnf7sti2o 19 6

so m 5 Notverymany
codewords



When achieves equality in theHammingbound

the balls Bel for re disjointly over In

and is called a perfect e code

This is quite rare but some exist

EXAMPLE Hamming's In k 3 IFglinear
codes

1 so er
are perfect a codes off off ra r

since m qk q equality
while Hamming'sboundsaid

me

in i Yg f g
EXAMPLE M Golaywrote

down 4 veryspecial

linear codes in 1948 called
the Golaycodes

use 924 is 24 12,8J and IE linear

E linear perforate
Voyager 923 is 23 12,7
197981
Jupiters 412

is 136,6 Fz linear
Saturn is 21 6,5 IF linear PEETE
flybys Gm SeeJohnBaezcool blogpost on syllabus



It was actuallyproven in 1973byTietavainen

that there are no otherIq linearperfectcodes

upto permuting
the coordinates in Eg

Except for some degenerateexceptions

C a c
q

isalways n o n

and perfect butuseless

C Q I C E is always n n n

repetitioncode
and a perfect e code

if u Lett isodd
01

180

So for linear perfectcodes otherthanbinaryrepetition

the error correction e E
3 not very large

There do exist other non linearperfectcodes



TheSingletonbound 813 3

THEOREM
In any Chim

d
q any

code me q
dD

So in any In
k d Fg linear

code Ks n LdD

proof Let v cu un re C c E be

such an him d q any code
and

consider i v in a y
ve e c z

Faitonsofthewords in C

totheir ist n d 1 positions

We claimthat the shorter words V J are

all distinct in
if I t then their

corresponding words y
v in would have

d v v e d l d d C a contradiction

Hence let E s f zn
caif qu

dD
Be



EXAMPLE Suppose as before I want

a no m 7 binary code Howseverely

does Singleton's bound limit me let

m s 210
7 D 24 16

so not as stringent as Hamming's bound me 5

But in other cases Singleton's bound can be

more stringent than Hamming's

DEF N If C is an him d code achieving

equality m q
d d in Singleton's bound

it is called a maximum distance separable code

or MDS code

EXAMPLES
a Repetitioncodes are always Inng d

quinsy
codes

Cf I l I Eg or In n n Fg linear

since m gu
LdD

q gu
CnD

q



2 MDS codes with den I havemeg
a t

Ig
and relate to qigtatinsquadres for us

pairsofmutually
orthogonal

Catcalled
qxq
Latinsquares

for 4 4
GraecoLatusquares

triplesof
a for n

Then 3 case

DEF N A qxq
Latinsquare haseachofthe

q letters
of I appearingexactly

once in

each cow and in each
column

row column entry

q y A 4x4
Latinsquare o o

o 1 9
o

91mn92s o 2 2
0 3 3
7 0 3

o 0 I 2 3 i n o c23
1 2 1 11

now 1 3 0 I 2 Em I 3 2
go1,232

2 2 3 0 1 2 1 3

3 323 7 2 3 0 2 3 1
3 0 I
3 Iqtary a

code 3 3 O



2 Sudokus are
9 9 Latinsquares
with even more structure

7
Thelineendingwords
inthe six main stanzasof
a sestinarepeatin a
6 6Latinsquarepattern

ABCD E F
F AE BDC
C F D ABE
E C B F AD
D E AC F B
BD F EC A



ThePlotkin bound Roman54.5 not in Garrett

This one is only relevant when d ispretty large
as a fraction of n f blocklength but isbelieved

to be a verytight bound
on m

THEOREM If C is an n n d q any
code

and d s t t n then me fan
EXAMPLE Let's compare what itsays

about

no m 7 binary codes to our previous
É d 9 2

m E 5 from Hamming's bound

m s 16 from Singleton's bound

CheckPlotkin applies since thehypothesis
is satisfied

d su ta n y 3 10 5
7

Plotkin says me Ign o Is E
so me 3 much better than Hamming



proof pittkitt'sbound Let'scompare some

lower and upperbounds on this sum

S I Z din
v eC VEE Td bydefinitionofd d e

so S
Ee IIe

d d tin ee
viv

d
pm
im i

ftp.icestchqeg

Onthe other hand

s Ee II Yt
int
order

EeEE
EE

II Ie v EC Y i u according

S If Eje Wee
I



If we let kij ve vij forallpositions5 1,2
andletters
5 0,1 of 1

then we can rewrite the innermost sum

S If I ki m ki
To Ichoices

for rect choices
forvie

withuit
withvij

8 1 since
Koskio

filmIjki Ejki
Xg

kig I

Imm Ek
is
Xox t.txg.FM

m2 If g g
sincetheminimumof

HIE x

on the set

XotX t Xp
M

m this occurswhen
I

Xox Xqi
In to in e.g via calculus

8 2 9 3 Thus Sen wing



Comparing the twobounds on S

dm lmD e s e n m2

so dim 1 s nm l f
din d e nm l qt

dm nm i t s d

m d Ci f n s d
Toby hypothesis

me attain

Gilbert VarshamovBound 13 2

This onlyworks for linear
codes butit's a

lowerbound on k in Ch k d or gm
so it works in the oppositedirectionto the

other bounds providingexistence of
codes



THEOREM There exists an Cn k d Fglinear
code whenever

q
k
req a 7 cq.it ilqiMnd

or equivalently bytakinglog t whenever

Ken log it g 7 cq.it
t t1q1Td

proof Let's try to build such a C bychoosing
n

column vectors in Fg for the generator
matrix H of its dual code Ct having
no d l of its columnsdependent d e ad

Nowwemustchoose
this

Huffytip hey ly
avoidingall

aim
W

asthma an in jar

Fglinear
combinations

imagine we have
of d 2

or fewer

previously
chosen

thefirst
n t columns columns



Thus unmustavoid atmost thismany
vectorsing

I 1 q i 1 q it as qyd
2

T T
T T T etc

avoid
a pick

awhiny
pig uggsUi 51,2M l

coffffing
zero

CiCjElf
PifeffitnEET to avoid

toavoid Chi cinitejuj

As long as Fg q
is biggerthanthe

above sum we can pick an

And at anyof the earlierstages

picking un then us etc one needs similar

inequalities butthey are all lessstringent B



EXAMPLE Howsmall do we needtomake k to build

a Go k 7 E linearcode Gilbert Horshamor

tells us how once we make sure

k no log it 9 2 1 t 9 G it 1 2 175 1.42

Iz

so it onlyworks to build C if k 1

e g the 110 n no IE repetitioncode

C a a
a

This may
seem a bit disappointing but

we shouldn't have beensurprised

Plotkin told us m 3 foranyGo
m 7 2 anycode

2123 foranyGo k 7 Eatinear
code

K log 3 1.58

ie K 1


