
 

Finitefields Chapin

Some of our new rings
x fix actually

turn out to be new finite fields Iq withg past

EXAMPLESLet'swrite the multiplication tables
for

RF Efx Axel versus REEG Xx
IrreducibleTireducible
in El

in Eld why
why

renaming a X
so renamingB

I so

R span 211,4 Rj span Cup
0,1 B PtiO 1,4 1
with p p o

with 4182 at i.e PEP
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Not
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Irreducibility for f x is the key

PROPOSITION If f x is irreducible in IFA

for IFafield then IFE f x is also a field

In particular if IF Fp has p
elements

then Fix f x is a new fieldwith pdelements

where d deg f x

if i
at

EXAMPLES
n x't l in IRL is irreducible

so IRA x1 is a field namely
span

I I our disguised version

ofthefield A span i i with it to

2 Exel in Fak is irreducible ofdegree 2

so Fy Efx Ext 0,1 a att

with a X satisfying Ratto

is a field with pd 22 4 elements

WARNING Fy I 744
0,114 1 05,553



3 x4 x l in EG is alsoirreducible

seen on Hw and hasdegree4

so 1156 IFalx x txt 1 is a fieldwith24 16elements

Span 1 t t y where8 5
has 84 8 1 0

i e Y Fil

o 1,8 8 1,831,88,8t rel

838 1,8 8 Perel83841,8188,83
Fire

proof ofPROPOSITION
To see IF x fix is a field for fix irreducible

consider any get to
in F x f x and find

g as follows Represent get by
some

polynomial glx with degg
d deg f

and then GCD glx fix 1 since get 0

and f isirreducible

Hence I a x felt be g x
in FA

and I betget in FA Cfa

that is bet get



When F Fp then we know we have abijection

Fp Fpa f x

Eg cot at get ted td

so Fp f x Fp pd B

EXAMPLE Inside 176 151 3 4 1

with 8 I who is 5

8 52 so compute via extended Euclid

GCD x X'txt 1 GCD xx x2 p

i
XFÉextl ex xx xt

Xy
Ext ay

A xx x txt x x

1 r xx x2 x xx x'txt

EYE eye
xD

É
8251 8 83

Check y 8 831 8 84 82
8 A 8 1 82 838 8 1 821



REMARK thoughnot
obvious any two

finite

fields Iq and Iq having the same
size q will

be isomorphic meaning
there is a bijection

Fg
f
Ig

with flap flat flp
flap fla f p

EXAMPLE The twofinitefields of size q
23 8

Is IEA x Ext I FIX XXI

with a with p
have an isomorphism e.g sending a p
Checkp is a rootof x'txt i in

Ptp't l XD it l

XXIX a XXX
43ft X X't
XIA x x't1 l

XIX x'txtX
XY Rtx xY'tx X o 0



Primitive roots primitivepolynomials chap Is

Recall that weshowed longago that

if a ring R had units R ne R u has a
mutt inverse in R

finiteof size N then every ue R had un 7

COROLLARY

In a finite field Fg with q
elements

every at o has 28
1
1

proof Ig is a finite ring
and Fg Fg103 q 1 B

DEF N Call the smallestpowerN 1,213

for which 211 the order of
a in Iq

Call a aprimitive
element in IF if ithas

thelargestpossible order namelyq 1

REMARK We'll need primitive roots in Fg later

to build Reed Solomoncodeswith

parameters 1,9 1 t q Eg
for te g i



EXAMPLES
G Fa 7472 has powertable

power I 2 3 4 5 6 ordyofa
I t t t t t t

3
2 2 4 I 2 4 1

3 3 2 6 4 5 1

Ijtitive3
4 4 2 I 4 2 I

5 5 4 6 2 3 1
2

6 6 1 6 1 6 1

2 In Fy 1561 1 3
1 a X isprimitive

since D at 1

but 23 1 so 2 has order 3 8 1

Also att is primitive since ai a 1

3 In It Efx next

F I is primitive that
is of order 15 8 1

but FF is notprimitive

since 8 y

so 83has order 5 not q 1 16
1 15



I Do there exist primitive
roots

in every finite
field Fg Yes

How to find them

To answer these start with some simple

properties of
order

PROPOSITION
i If a e F has order d then LI r e d IN

Cii Anypower2h
of a has order dividing d1872

iii If a e IF has order d
et then at has order e

Iv If di self have
orders di da

withGCDd g then 94 has order dda

proof
Certainly it d

N sayN de

then dad ad ne p

Ontheotherhand if d f N then N
deer with is red

so an ade tr d e are ye I an I since i s r s d t

d



i If 2 1 then 2 dead a kill

Id Onehas f net at 1 and for eke
one has f e yet I since e'f sef d

a Me at and
as

a g
N

hastorder Tasorder

deifying n Gold'd
it is 1

an 1 at
N is a multipleofd andofda

did IN B

THEOREM EveryfinitefieldIqhas a primitive root

Prof Let l LCM ordersofall de Fg

e.g for IF Y 1,2 3 4 5 a

orders 1 3 6 3 6 2

so l LCM 1,3 G 3,6 2 6

x



Weclaimthat l q if Fox
First note l q 1 since every de Fj has a 1

and so its orderdivides q l andthus
sodoes

their LCM
Secondnote l aq 1 becauseevery net
has all making it a root of f x xl 1
which cannot have more than l distinctroots

This provestheclaim
that b q 1

Now weshow F some de Ifj of order l Eq
1

which would then be a primitive element

Factor l pipi pier intoprimepowerspilifordistinctprimes

Since l LCM ordersof a Elf foreach i 1,3 r

theremust be some dieIffwithorderdivisiblebypili

Then some poweraidhasorderexactly
pie

Andthen a aid'gd2 adr willhaveorder

exactly pipespike
usingGCDpi p It repeatedly B



Soprimitive roots exist in Iq
but howto actually find one

It's slightlytricky

many
elements of Iq are primitive

in fact exactly 4 q 1 ofthem
see 515 8

So a strategy is to lookforthem via random

search once we have a quicktestforprimitivity

PROPOSITION REFg is primitive
1516 3 a y't f primes p q 1

i.e if q i pi pre then check a
Eti 1 for it 2 r

proof aett has 2911
so its order d q 1

and x is primitive d isnot a properdivisorofg I

d f f primesplot

It 1 It primesp q 1
B



EXAMPLES

G To checkwhichelements in Fj are primitive
factor q 1 8 1 7 intoprimes only one

and then XE F is primitive

It a a 1

i e the other 6 elements in 5 11 are

all primitive

2 In It factor q 1 16
1 15 3 5

and then a elf is primitive

1 a I and LE 2

Sowhen we built Is13 4 1

this is how we could check K I was primitive

83 1 since It has Isbasis i T 8383

85 8.8 8 8 1 828 1



REMARK Once we know 8 isprimitive the other

primitive roots
are easier to spot because

they're of the
form 8 for ie 1,2 q 1

with GCD i q 17 1

Fat 18,838,818,897,889,898,838,8
order I 15 15 5 15 3 5 15 15 5 3 15 5 15 15

LIFE'eatstt
REMARK Primitive roots alsohelp

us find CRC generatorpolyomialsga in lx

that catch 2 digit errors that are farapart

Recall ga as a CRC catches such errors

up to N digitsapart
where N is smallest

suchthat g
x xn 1 in Fpa



PROPOSITION Let x E Fp x be irreducible

so that Fg p
x gas is a field of

size q pd where
d deg g x

Then the smallest N forwhichg x X l

is the order of a X in this field Iq

In particular N divides q
i pd 1

withequality Npd I a is aprimitiveroot

In this case one calls g x a

primitiveirreduciblepolynomial in Fp
x

Prof g x xn l
in Epix

IN 5 0 in FpH gas Fg

T X fan
Hence the smallest such N is the orderof

a B



UPSHOT Primitive polynomials g x in Fp x

make goodchoices for CRC's catching
2 digit errors

EXAMPLES

G In Rio EM Iggy
we checked

a I was a primitive root
so

g x x'txt i in Fak is a primitive
polynomial

and used as a CRC will catch a bit errors

up to 14 16 1 15 bits apart

2 GateÉImentions get x'txt i e Ets
as being a primitivepolynomial

so as a CRC it will catch a bit errors

upto 111 215 1 32767 bits apart


