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MatchingTheory P Hall's Matching Theorem

Snippet1 Marriage

REVIEW ofmatching theory
so far

G V E simplegraph

u G max IM MC E a matching

E TCG min IWI WC V averted a

partof
Gallai'sThur

PROPOSITION
A matching MCE

is max sized

G contains no M augmentingpaths P

pidgathets TM unmatched

Munmatched



PROPOSITION In a bipartitegraph G I V E

x Y

M augmenting diverted paths P
pathsP from X unmatched a EX

to Y unmatched ye
Y

in this digraph D
x x y non Medges

x t y Medges

along
p

no directedpaths
IM from Xunmatchedx's

to Y unmatchedy's
so max sized

This givestheso called Hungarianalgorithm

tofind v16 and max sizedmathings M



COROLLARY
Konig Egeryay

For Gbipartite

VIG TCG1931

max size of tiffin over w
amatchingM

Infact at the end of the Hungarianalgorithm
one finds a vertex cover W with IW lml

same size as the max sized matching M byletting

wife It I 3
D

fromthe M unmatched
X vertices

M
o ya W

wax



Another corollary

COROLLARY P Hall'sMatchingThin
1935 Marriage

A bipartitegraph G xox E has amatching M that

matches all of X

Vsubsets X'sX one has

NEX yet F some xeX with xy et

height of size INA 21 4

EXAMPLE

Y

oya 0 94

M of max size
doesnotmatchallofX Mmatches

all ofXX Ex xa has

N x yn tosmall



COROLLARY Pitts sMatane Im
AbipartitegraphG xox E hasamatchingMthat

matches all of X

VsubsetsX'sX onehas

NEX yet FsomexeX
with xy'tE

height of size IN x 21 4

proof F is prettyeasy to see since if

we had a matching M that matched
all of X

then for every subset x'ex
thematching m

gives an injective map X N X

x itsmatchy
so IX I E IN x l

For f assume there g

is no matching M that
matches all of X so

YV G HI

If by
Konig Eger

anything

so F a vertex over W M of max size
doesnotmatchallofX

of size w X1
X Ex xa has

N x yn tosmall



We use W to exhibit a subset X'ex
with toofew neighbors i.e ING l l Xl

as follows Lef XE X W

X x W

Note that every ye N X must be in W

because W is a vertex cover

X's x
y

ayy
Xx W

so x IW

Wa Nw ONLY
M Hawking

wax
XP Fixed

A egg
Ink'll

N't ink'll Ba

NEXT Applying Hall's thin tofind
matchings of entire left sides X



APPLICATION 1 regular bipartitegraphs

THEOREM Konig1931

Every d regularbipartite
multigraph G Xo Y E

with dzn
Cal has 1 1 141
b contains a perfectmatching MCE

for a 1 factor

a matchingofallthe
vertices

i e degm u 1 the V
so u GI txt

c and in fast one can express f as a

disjoint union E M W Mav W Md

of dperf

ist

matchings inside G

EXAMPLE d 3

o o f o

ÉÉ

n n n

3 regular bipartite



THEOREMKonig1931

Every dregularbipartitemultigraphG Xo Y E

Iii pitectmatching iÉÉ
for a 1 factor

a matchingofallthevertices
so UG At i e degmC 1 theV

c and in fast one canexpress f as a
disjoint union E M WMav WMd
of dperfectmatchingsinside G

Paf
It We've

seen this comes fromcounting let

in two ways

fidge
X

H d

5441
y

II of 14th
1 1 141

For b we want to use Hall'sThin
so need to check U x CX

IN x I 2 I x



Let's count all the X to N x edges in G
two ways

edges
412withx'EX

Exist Feet ÉÉ
d It

d ING'll

fix le KING'll
1 14 ING'll

Hence F a perfectmatching MCE

É o o of
G My V Ma W M3

For c we use induction on d

BASECASEIT Then the
Matching M

found in part b must have M E



maniatis
and create G G withthe edgesof M

removed

of a o o

o o o

EÉ

G M G Mi w ME
d regular d it regular

yinduction

G Mumaw WMA W
Md

h

Bk



APPLICATION 2 doubly stochastic matrices

DEFINITION In probabilitytheory a

stochasticmatrix is an xn squarematrix A lag
with entries aije Ryo whose rows all sum to 1

that is IIaij A f i i 2 in

It's called doublystochastic if the columns also

all sum to 1 that is ai n ti 1,2 in

a j t Kj 1,2 in

stochasticmatrices arise in theoryof Markov chains

where there are n possible states and

ai Prob starting instate i one transitions tostate j

EXAMPLE States transitionprobabilities

Q IF
A 34 0 44 e Eat

0304



DEFINITION A special case of

doubly stochastic natures
are permutation

matrices P that have exactly one
1 in

each row and column and all other
entries 0

EXAMPLES

1 3 I I
identifatrix

THEOREM Birkhoff vonNeumann
BondyMarty
EXER5 2.8

1946

Every doublystochastic matrix A
can be written

as a weighted average ofpermutation
matrices

is A a P spat tap with cis er e Ro
GtCat ter 1

EXAMPLE

H ft 1 14o 34 44
C P t Ca P2 t 13 P3



THEOREM BirkhoffgonNeumann

as aweightedaverageofpermutationmatrices

is A a P tspat tap with Ci Cr eRo
Gtcat ter 1

EXAMPLE

1 144 1 14

statement that if A
an nx matrix

Iii
with a je Rao and all now sums d 0

all at sums d

then A aP stat top where Pi
Permutation
matrices

and Ci G a Elko
with syst cued

We'll proveit by
induction on nonzeroentriesan

MA

BASICASE no nonzero entries so A



EXAMPLE

I Ss.tt tf it
INDUCTIVE STEP

Build from A a bipartite graph

G Y E

Ici a 28XUE

FEI in

e EA

I Y0

A43in 0 44d
Let's checkG satisfies

Hall's condition A X ex In 21 4

by counting
in 2 ways the

sum of all

entries of A lying in rows
indexedbyX



II Iii
FI Exits

d lx l
Éa

E d Ink'll

H lx't ed Ink'll
Ix it IN x l

HencebyHall's thin I a perfectmatching MCE

19
ÉÉ

Y
o a

the
positions
of a permutation matrix P

S 3



Let q min ofthe entries Gai j EM

Then I A c P hasentries in Rao
fewer nonzeroentries

and its vows andcolumns
sun to d in

Q 0 0

A sgm a 1
rows els
all sun to 34

1 44
d sy

so byinduction

A spat Cpr with
a 920
cat t c d l

A apptspat tapu
pg


