SPRINGER'S REGULAR ELEMENTS OVER ARBITRAR Y
FIELDS

V. REINER, D. STANTON, AND P. WEBB

Abstra ct. Springer's theory of regular elements in complex re ection groups
is generalized to arbitrary elds. Consequencesfor the cyclic sieving phenom-
enon in combinatorics are discussed.

1. Intr oduction

This paper generalizesSpringer'stheory of regular elemers in complexre ection
groups, extending it to re ection groups over an arbitrary eld whosepolynomial
invariants form a polynomial algebra. We begin by discussing Springer's results,
and someof our motivation.

An elemen gin GL,(C) of nite orderiscalledare ection if its xed subspacdn
C" is a hyperplane (codimension 1 linear subspace),called the re ecting hyperplane
for g. A nite subgroup G of GL,(C) is called a complexre ection group if it is
generatedby re ections. Shephardand Todd [17] classi ed such groups. They used
this classi cation to prove that they are exactly the groups G whoseaction on the

a polynomial algebra. This was re-proven in a uniform fashion by Chevalley [5].
Chevalley also used the Normal Basis Theorem of Galois Theory to prove a fact
about the induced G-action on the coinvariant algeba
A:=SHfq;:::;fn)=S g6 C:

Here C is consideredasthe trivial S¢-module C := S®=S¢, where S€ is the set of
elemerts of positive degreein S€. His result says that the coinvariant algebraA is
isomorphic to the regular represenation C[G] asa (ungraded) C[G]-module.

Springer generalizedthis isomorphismto incorporate a larger group action. Say
that a vector v in C" is regular if it lies on none of the re ecting hyperplanes
for re ections in G, and say that an elemen c in G is regular if it has a regular
eigervector v, say with eigenvalue! 2 C . The cyclic group C = hci generated
by a regular elemen ¢ acts on S and on the coinvariant algebra A by the salar
substitution c(x;) = ! x; for all i. Note that this C-action is distinct from the
action by linear substitutions which C inherits as a subgroup of G. In fact, the
C-action by scalar substitutions commutes with the G-action, making A into a
C[G C]-module. There is alsoa natural C[G C]-module structure on the group
algebra C[G], in which G multiplies on the left and C multiplies on the right. One
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of Springer's main results can be rephrased (following Kraskiewicz and Weyman
[11]; seealso[20Q]) as follows.

Theorem (Springer [19]). The coinvariant algeba A and the group algeba C[G]
are isomorphic as (ungraded) C[G  C]-modules.

Our goalisto extendthis result to elds other than C. Let V bean n-dimensional
vector spaceover an arbitrary eld k and G a nite subgroup of GL(V). Let S

by choosing a basis x1;:::;x, for V . In this context, de ne a re ection to be
an elemen of GL(V) of nite order whose xed subspaceis a hyperplane (it is
not assumedthat a re ection is semisimple). Our starting point is a result of
Serre[16] that generalizeshalf of the Shephard-Todd and Chewalley result: if the

by re ections. Mitc hell [12] proved a result generalizingthat of Chevalley in this
cortext: the coinvariant algebra

and the regular represenation k[G] have the same composition factors as k[G]-
modules.

Given such a re ection group G, de ne regular vectors and regular elemerts as
follows. Let k be the algebraic closureof k, let V := V (k,andS:=S k=

hyperplanesH := H  k for re ections in G, that is, if v is not xed by any
re ection in G. De ne cin G to beregular if it hasa regular eigervectorv 2 V, say
with eigervalue 2 k . It will be seenbelow (Corollary 7) that this implies cis also
p-regular, that is, its multiplicativ e order is invertible in the eld k. Consequetly
¢ acts semisimply on V and in any other represernation of G over k.
If C := ki, then as before, both the coinvariant algebra (with scalarsextended
to k)
A=S=(fy;:ifn)=S gek

and the group algebra k[G] can be madeinto k|G C]-modules:

G acts on A by linear substitutions, and C acts on A by the scalar substi-

tution c(x;) = x; for all i, while

G multiplies k[G] on the left and C multiplies it on the right.
We commert that for generalsubgroupsC, in orderto make k[G] into aleft K[G C]-
module an element ¢ 2 C must multiply on the right by ¢ 1. However, since C
is abelian and inversionis a group automorphism, we do not needto introduce an
inverseto obtain a group action, and sincek[G] is a permutation represenation for
C, whether we intro duce an inverseor not we obtain isomorphic results.

Theorem 1. Let V be a nite-dimensional vector space over an arbitrary eld
k. Let G be a nite sulgroup of GL(V) for which S© is polynomial. Then the
coinvariant algeba A and the group algeba k[G] havethe samecomposition factors
ask[G C]-modules,

Theorem 1 generalizesa previous result of the authors [13, Theorem 1] where G =
GLn(Fg). The proof of Theorem 1 follows the sameoutline asSpringer's, with afew
complications due to the eld being arbitrary . In Section3 we review Serre'sresult
and someconsequencegor the re ection groups whoseinvariants are polynomial.
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Section4 usesthis to generalizethe crucial facts about regular elemerts to arbitrary
elds, and in Section 5 these facts are assenbled into a proof of Theorem 1 via a
(Brauer) character computation.

Section 2 discussesone of our main motivations, coming from the cyclic sieving
phenomenonin combinatorics. Springer's Theorem (over C) immediately implies
that for any subgroup H of a complex re ection group G the H-xed subspaces
AH and C[G]" are isomorphic as C-represerations. This has combinatorial con-
sequencegsee[14]), for which we sough a versionvalid over all elds. Theorem 2,
the other main result of this paper, givesa version valid under some hypotheses
on the subgroup H. We also speculate there (Conjecture 3, Question 4) on more
generalversions.

Section 7 discussegegular elemeris and exampleswhereG = GL ,(Fg). Regular
elemerts in this situation are shown to be exactly the elemeris in the images of
the embeddings Fy» | GLn(Fq) that arise from identifying Fgn = (Fg)". Two
interesting examplesof subgroupsH in GL, (Fq) are alsodiscussed oneillustrating
Theorem 2 whenH is the group of monomial matrices the other providing evidence
for Conjecture 3 by cheding it holds whenH is the symplestic group Span (Fq) for
g odd.

Section 8 discussesa consequencgProposition 22) of Theorem 1 relating to
\sieving" the composition factors of the group algebra k[G] when k has positive
characteristic. It also speculates on the existence of a stronger version of this
phenomenon(Question 23).

Throughout the paper, k;k;V;V;S;S will have the same meaning as in this
intro duction.

2. Combinatorial motiv ation: the cyclic sieving phenomenon

One of our motivations was to generalizeto other elds an enumerative conse-
guenceof Springer's Theorem (over C), calledthe cyclic sievingphenomenon,which
we now explain.

Whenewer C is a nite cyclic group, X isa nite C-setand X (t) is a polynomial
with integer coe cien ts, we will say that the triple (X ;X (t); C) exhibits the cyclic
sieving phenomenonif either of the following two equivalent conditions (see[14,
x2]) holds:

(i) forallc2 Candany ! 2 C having the samemultiplicativ e order as c,

one has
fx2 X ie(x) = xgj = [X ()=, ;
or
(i) in the expansion
%t .
X (t) at modt® 1

'=0
the coecient a counts the number of C-orbits on X in which the C-
stabilizer of an elemen has order dividing ".
One can interpret the special caseof condition (i) assertingjXj = X (1) as saying
that X (t) is a geneating function for the set X . In combinatorics, thesegenerating
functions X (t) often already have a combinatorial interpretation whent is special-
ized to a prime power g, enumerating objects assaiated with the nite eld Fq; it
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is a pleasan surprise to also have an interpretation whent is a root of unity. See
[14] for many instancesof this phenomenon,and further motivation.

It is an elemenary exerciseto show that if the complex characters of C are
labelled o; 1;:::; jcj 1, in sudh a way that for ¢ 2 C we have -(c) = 1(0),
then the conditions (i) or (i) say that a: iq;the multiplicit y of - in the permutation
module C[X ], and so C[X ] hascharacter .a - (see[14, Prop. 2.1]). Thus if we
have a graded C-represenation M

Ax = Ax:i
i 0
in which eadr c2 C actson Ax; by the scaI;'z\r i (c) and we put

X (t) = Hilb(Ax ;t) :=  dimcAx;t';
i 0
then (X; X (1); C) exhibits the cyclic sieving phenomenonif and only if
(2.1) C[X]= Ax

are isomorphic as C-represerations.

The commerts just madeallow usto construct in abstract a triple which exhibits
the cyclic sieving phenomenonstarting from any nite C-setX . For applications it
is important that such triples should arise in somenatural way allowing an inter-
pretation, invariant theory and Springer's Theorem provide such triples whenewer
whenewer X has a transitiv e action of somegroup G whoseinvariant ring S€ is
polynomial. In such a situation case,let H be the stabilizer in G of someparticular
elemen of X, sothat one canidentify X = G=H. Then one has an isomorphism*
of C-represenations

(2.2) C[X]= C[G=H]= C[G]":

On the other hand, Springer's Theorem tells us that the coinvariant algebra A is
isomorphicto C[G] asG C-represenations. Restricting this isomorphismto the
H - xed subspacegjives

(2.3) C[G]" = AH;

and the C-action on A (and henceon A") was de ned sothat A" can play the
role of the graded C-represenation Ax above. Hencestringing together (2.2) and
(2.3) yields an isomorphismasin (2.1).

Our secondmain result, Theorem 2 gives a version of this valid for arbitrary
elds. Let V;V;k;k;S;S have the same meaning as in the discussionpreceding
Theorem 1, and let G be a nite subgroup of GL (V) for which S€ is a polynomial

algebra. For any subgroupH, de ne X := G=H and

Hilb(SH ;1) Hilb (SH ;1)
2.4 X(t) = ———= =
(2.4) © Hilb( S ;1) Hilb(SC;1)

1one should be careful about the left and right actions of the (abelian) group C in this
isomorphism. On G=H one has C acting by left multiplication, while on C[G]" (asFQn C[G]) one
has C acting by right multiplication. The isomorphism C[G]" = C[G=H]then maps ( hon Mo 7!
g H.
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Provided S is a free S®-module (that is, S" is Cohen-Maaulay), one has the
interpretation X (t) = Hilo(S" ge k;t), sothat with this extra hypothesis X (t)
is a polynomial with nonnegative integer coe cien ts. (As will be explained later,
X (t) is always polynomial with integer coe cien ts). In casejHj is invertible in k,
one can show furthermore that X (t) = Hilb(A" ;t).

Theorem 2. LetV be a nite-dimensional vector space over an arbitrary eld k.
Let G be a nite sulgroup of GL (V) for which S€ is polynomial, and let C be the
cyclic sulgroup genented by a regular elementin G.
Then under either of the following two conditions on the sulgroup H, the triple
(X; X (t); C) exhibits the cyclic sieving phenomenon:
Case(a): the order jHj is invertible in k, or
Case(b): the invariant subring S is also a polynomial algebea.

Equivalertly, since C acts semisimply by Corollary 7, in either Case (a) or (b)
above, the C-representations S 5c k and k[G=H] are isomorphic.

It is alsoworth pointing out a very explicit rephrasing of Case(b). LetH G
be subgroupsof GL (V) with both SH:S® polynomial, and let ¢ in G be a regular
elemen of order d. Suppose

SG
SH

TRT
x X
=
= N (o]
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s =
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S o
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Theorem 2 Case (b) (rephrased). LetV be a nite-dimensional vector space
over an arbitrary eld k. LetH G be sulgroups of GL(V) with both SH;SC
polynomial, and notation as alove. Let ¢ be a regular elementin G of order d, and
I in C a primitive d" root of unity.

Then there are no cosetsgH xed under left-translation by ¢ unless ay (d) =
ac(d), in which case 9

Yoo g _ A idid® df
1ot T

(2.5) jfgH :cgH = gHgj = tIlirr|1

i=1 i:djdf diH

Theorem 2 is an immediate consequenceof Theorem 1 in Case (a), but not (as
far aswe are aware) in Case(b). Section 6 givesa proof using facts about regular
elemerts. This generalizeshe special casewhereG = GL,(Fq) and H is a paratolic

sulgroup that appearedas[13, Theorem 2].

Conjecture 3. The conclusion of Theorem 2 holds under the weaker hypothesis
that S" is Cohen-Maaulay.

We have beenled to considerthese questionswhen H is an arbitrary subgroup
of a group G for which S€ is polynomial, not just one for which S is Cohen-
Macaulay. We point out that in general X (t) has the following interpretation.
SinceS€ is a polynomial algebra, the Hilb ert Syzygy Theorem implies that SH has
a (graded) nite fﬁe resolution as a (gradel\;lj) S®-module

0! SC( j)m | ! Syt st oo
j i
where here SC( j) denotgsafree SG;modee of rank onewhosebasiselemer has
degreej. Hence X (t) = ij ol 1) i tV, and this is always a polynomial in t
with integer coe cien ts.
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Question 4. Doesthe sameconclusionhold (i.e. the cyclic sieving phenomenon
for (X; X (t);C) where X = G=H and X (t) is de ned as in (2.4)) without any
hypotheseson the subgroupH ?

An armativ e answer to Question 4 would have useful consequencesFirstly, it
would provide many more examplesof the cyclic sieving phenomenonin combina-
torics. Secondly it is well-known that the generallinear group G = GL (Fq) hasS®
polynomial (seeSection 7). Therefore, whenewer H is a subgroup of G = GL ,(Fg)
for which Question 4 has an a rmativ e answer, version (ii) of the cyclic sieving
phenomenongives a constraint on Hilb (S" ;t) that can save time in its computa-
tion.

3. Serre's resul t and some consequences
We begin by recalling a fundamental result of Serre.

Theorem 5. (Serre [16]; see also Bourbaki [3, Chap. V, x5, Exer. 7,8]) Let G be
a nite sulgroup of GL (V) for which S© is a polynomial algeba. Then

() G is genented by re ections, and
(i) for everyk-subspce VO of V, the pointwise stabilizer

Gyo = ng G: gj\/o = 1lyog
also has S®v° polynomial (and hene Gy . is geneated by re ections).

This hasthe following consequencegeneralizing[19, Proposition 4.1 (i)]. Although

straightforward, we include the proof becauset may be not be completely obvious,

due to the fact that Serre'sresult refers to k-subspaces,not k-subspaces. For a
vector v in V, let G, denotethe pointwise stabilizer of the 1-dimensionalsubspace
spannedby v.

Corollary 6. A vector v 2 V avoids all the re ecting hyperplanes for G if and
only if G acts freely on its orbit, i.e. its pointwise stabilizer G, = 1.

Proof. Assume v avoids all the re ecting hyperplanes for G. Consider the k-
subspace 0 1

\ L
Vo= ker(g 1v) = ker@y 9
92Gy 92Gy
Then v lies in its extensionby scalars 0 1

\ - 1M
Vo= VO (k= ker(g 1) = ker@/  **9*° VA .

92Gy 92Gy
Furthermore, G, Gvo, soit suces for usto show that Gyo = 1. By Serre's
Theorem, Gy o is generatedby re ections r in G, which must necessarilyall satisfy
VO ker(r 1y). But thenv2 VO ker(r 1), i.e. r xes v. Sincev avoids all
the hyperplanesfor G, there are no suc re ections, and Gyo = 1.

This last corollary has another important consequencanertioned in the Intro-
duction.

Corollary 7. Let G bea nite sulgroup of GL (V) for which S€ is polynomial, and
c aregular element. Then cis p-regular, that is, its multiplicative order is invertible
in k. In particular, ¢ acts semisimplyon V.
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Proof. Let v be a regular eigernvector for ¢ with corresponding eigervalue in k.
Let c; have multiplicativ e orders d;d°, respectively, sothat d°divides d. We claim
that d = d° To seethis, note that

&v)= ¢ v=v

and hencec® liesin the pointwise stabilizer G,. As G, = 1 by Corollary 6, one
hasc® = 1, sod divides d° and henced = o.

But d®is invertible in k. To seethis, obsene that if k has characteristic p > 0,
then Dbeing of nite order implies that it generatesa nite extensionFp( ) of the
prime eld. If jFo( )j = p', then hasits order d®dividing jF,( ) j=p" 1,and
henceis coprime to p.

In working over C, Springer's methods usein a crucial way a classicalfact about
the Jacobian determinant

@
J =det —
@;
where S® = K[f1;:::;f,] for homogeneousnvariants f;:::;f,. For complex re-

ection groupsthere is a well-known factorization of J into products of powers of
the linear forms that de ne the re ecting hyperplanesfor G. This implies that the
zeroset for J in C" is the union of the re ecting hyperplanesof G, and the same
is known to hold more generally when k has characteristic zero.

A more generalresult holds over arbitrary elds, and is crucial for the sequel.
The authors thank W. Messingfor providing a proof of the following generalization,
using results of Grothendiedk on etale coverings.

Jacobian J in V (or V) is the union of the re ecting hyperplanesfor G.

Proof. The inclusion of rings S | S correspondsto the quotient mapV ~ V=G.
Becausethe eld extension

Frac(S®) = Frac(S)® | Frac(S)

is separableof degreejGj, the map is a separatedmorphism of schemeswhich is
quasi nite of degreejGj. Therefore [15, Expose I, x10, Theoreme 10.11]says that
there is a neighborhood of v in V in which is an etale covering if and only if
the ber I( (v)) hasexactly jGj preimages.By Corollary 6, the latter condition
occursif and only if v lies on none of the re ecting hyperplanesof G.

On the other hand, sinceV and V=G are both smooth schemes(the latter because
SC is polynomial), one can apply [15, Expose |1, x4, Corollaire 4.6]to assertthat
is etale in a neighborhood of v in V if and only if the mapping of cotangen spaces

YV=G) (y ! (V)
is an isomorphism. As this mapping is represerted in coordinates by the Jacobian
matrix %}(v) evaluated at v, it will be an isomorphism if and only if

I =1370n
J(v) 6 0. The theorem follows.
Remark 9. The above theorem also follows from a recert (independert) result of
Hartmann and Shepler[8], who give an explicit factorization of J into products of
powers of the linear forms *y de ning the re ecting hyperplanesH. Given suc
a hyperplane H, recall that Gy denotesits pointwise stabilizer, and Theorem 5



8 V. REINER, D. STANTON, AND P. WEBB

implies that SC+ is also a polynomial algebra. Let dy denote the sum of the

degreesd;;:::;d, for any n basic (homogeneous)invariants which generate SC+
Hartmann and Sheplershow that, up to a constart in k ,
J= Y “dwon
H

where the product runs through all re ecting hyperplanesH for G.

4. Regular elements

This section generalizesfacts on regular elemeris in re ection groups over the
complex numbers to arbitrary elds. These facts are necessaryfor the proof of
Theorem 1.

nomial algebra, with f; homogeneousf degreed;. For a positive integer d, let
a(d) := jfi: djdigj:
For gin G and 2 k, let V(g; ) be the -eigenspacefor g acting on V. For a

polynomial f 2 S (or S), let Z, (f ) denote the zerolocusof f in V.
The following two propositions are proven exactly as in [19, Proposition 3.2,

in S or S, and that k is algebraically closedso that two points v;v®in V lie in the
sameG-orbit if and only if f;(v) = f;(v9) fori = 1;2;:::;n.
Prop osition 10. Let 2 k be a primitive d" root of unity. Then
_ \
V(g )= Z,(f1):
g2G i:d-d;

Furthermore, the irr educible components of this algebaic set are those eigensjces
V(g; ) which are maximal under inclusion, and each has dimension a(d).
Prop osition 11. Let 2 k be a primitive d root of unity.

If dimV(g; ) = dimV(g% ) = a(d), then there exists h 2 G with V(g% ) =
h(V(g: )).

The following result is not quite as strong as Springer's [19, Theorem 2.4 (i), (ii)]

not just algebraically independert. But it will suce for our purposes,namely to
prove Proposition 14 below.

Lemma 12. (Smith [18, Prop. 5.5.5) Let G be a nite sulgroup of GL(V). Sup-

(ii) if equality holdsin (i) then S = K[f;:::;f,].

Remark 13. Actually [18, Prop. 5.5.5] only states assertion (ii), but Smith's
method of proof shows assertion (i) also. Speci cally, one applies his Proposition
5.5.2to the nite extensionk[fi;:::;f,] | SC and reasonsusing his Theorem
5.5.3.



SPRINGER'S REGULAR ELEMENTS OVER ARBITRAR Y FIELDS 9

The next proposition appears (for k = C) as [19, Proposition 3.5] and lies at
the heart of Springer's theory. In particular, its assertion (i) shows that if S©
is polynomial, then elemens g having dimV(g; ) as large as possiblegive rise to
a smaller group K acting naturally on V(g; ), again with polynomial invariants.
For the sake of stating this, we intro duce somenotation. Assumeg 2 G achieves
dimV(g; ) = a(d). Let

Stabs (V(g; ) = fh2 G:h(V(g; )) = V(g; )g;
Gv(g;) = Th2 G:hig(g ) = Iy )9 and

K= Staby (g, ) =Gy (g, )
Ceng(g) :=fh2 G:hg= ghg

Note that here, Stabg (U) denotesthe not-necessarily-mintwise stabilizer subgroup
of a subspaceU, as opposedto the pointwise stabilizer subgroup Gy, .

Prop osition 14. AssumeG is a nite sulgroup of GL (V) having S€ a polynomial
algebma. Further assumethat dimV(g; ) = a(d), and let

Stab (V(g; )); Gy(g ) K: Centg(g)
be de ned as irbthe previous paragraph. Then
(i) JKJ igjdi di-
@iy If jKj= i-djd, di, then the K -invariant sutalgeba of S(V(g; )) is a poly-

nomial algeba on geneators ffijv(g; X didig. That is,
S(V(g: )* = Klfiy(g, ) : didi]:
(iii) If Gyg) =1 (e.g. if g is a regular element having a regular vector in
V(g; )), then
K = Stabs(V(g; )) = Certe(9);
and all thesesutgroups have cardinality = ;.44 di.

Proof. Sameasthe proof of [19, Proposition 3.5]. One needsto note, however, that
Lemma 12 applies becauseSpringer's argumernt in the proof of [19, Theorem 3.4
(iii)] shows that ffijv(g; yGi-djg, are not only algebraically independert, but also
form a system of parametersin this situation.

The following result (for k = C) is [19, Theorem 4.2].

Theorem 15. AssumeG is a nite sulgroup of GL(V) having S€ a polynomial
algebm, with notation as alove. Let c in G be a regular element, with regular
eigenvetor v having eigenvalue 2 k, a primitive d" root of unity.

(i) =1

(i) dim, V(c; )= a(d).

(iif) The centralizer of c in G is isomorphic to a re ection group Whgsedegrees

of basic invariants are the d; divisible by d, and whoseorder is = ;.44 di.

(iv) The elementsg in G satisfying dim, V(g; ) = a(d) are all conjugate.

(v) The eigenvaluesof caref ' dgL, .
Proof. Proven exactly as in [19, Theorem 4.2]. A crucial point in the proof of

(v) is the fact that a regular vector v will have J(v) 6 0, which follows from
Theorem 8.
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5. Proof of Theorem 1

The proof of Theorem 1 relies on the theory of Brauer characters; see[6, x82].
For a nite group H, a k[H]-module W, and h 2 H a p-regular elemen (that is,
one whosemultiplicativ e order is inve[tible in k), let ! (h) 2 C denotethe Brauer
character value of hon W. If W = Wy, is a graded k[H ]-module, de ne its
graded Brauer character by

X
G I (D RS
m

To prove the theorem, we must show that for every p-regular elemen (g;c) 2
G C, there is an equality of the Brauer character values

(5.1) Cel(go) = 5 C((g9):
We begin by computing the left side of (5.1).

Prop osition 16. Let c be a regular elementin G of multiplicative order d, and let
g be any elementof G. Then

jCentg(0)j = Qi:djdi d if g !is G-conjugateto c;

G C . -
e) (8:9) 0 otherwise.

Proof. Note that k[G] is a permutation represenation of G C and therefore lifts
to arepresenation de ned over Z. Henceits Brauer character is its usual character,

namely € _€((g;0)) is the number of points xed as(g;c) permutes G. Therefore
Y e 9 p g.¢)p

c.S((g0) = fh2 G : ghc= hgj
=j(fh26:c: h g lhgj
jCentg(c)j if g !is G-conjugateto c;
0 otherwise,

where Cerig (C) is the certralizer of cin G, whosecardinality was given asQi:djdi d
in Theorem 15(iii).

We next turn to computing the right side of (5.1). For this, we need some
notation about the Brauer lifting process.Let be a subgroup of roots of unity
inside k that cortains the eigervalues of all p-regular elemens of G, and x an
embedding ! C . Call the image of an element of under this embedding its
lift .

elemen with a regular eigervector having eigervalue ,let! 2 C denotethe lift
of .

Lemma 17. With notation as alove,
Yoo g

(5.2) x C((go) = lim
i=1
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Proof. This is essetially a calculation along the lines of Molien's Theorem [18,
Proposition 4.3.1]. We start by computing the graded Brauer character for g on
S, which we identify with the symmetric algebra Sym(V). Note thalg the eigen-

values of g on Sym™ (V) will be all the monomials 7 * " with  , m; = m,
Consequetly, X
gymm(V)(g): P 1ml nmn
i mij=m
LA |

Sym(v)(g;t) = . ﬁ

SinceS® = K[f1;:::;f,] and f; hasdegreed;,

1

1
G ) = Hi G.sy — .
S (gt) = Hilb(S®;t) = e

Let g 2 G be a p-regular elemen. Observe the following three facts

A is a semisimplek[hgi]-module, and
g acts trivially on S©.
From these three facts it follows that there is an isomorphism of graded k[hgi]-
modules
SymV)=A , S¢:

This implies
Sym(V)(g;t): S(g;t) (536 (g;t):
Therefore
G )
(53) G(gt) - Sym(v)(grt) _ Y 1 td' :
g S(gty 1 it
To understand ﬁ €((g;¢)) from (5.3), note that ¢ acts on the m™ -graded piece

An by the scalar ™. Hence ﬁmc((g; ) is! ™ times the coe cien t of t™ in (5.3).

Then f €(g; ¢) comesfrom summing this over all m, which is the sameas setting

t=1in (5.3).

Theorem 1 will now follow by comparing Proposition 16 with the following propo-
sition.

Prop osition 18. Let c be a regular elementin G of multiplicative order d, and let
g be any elementof G. Then

(
Qi:djdi d if g !is G-conjugateto c;

G Clp ) =
l C) = .

x (@9 0 otherwise.

Proof. Let be the eigernvalue for c on a regular eigervectorv, and! 2 C its lift.

The numerator of the rational function in (5.2) hast = ! asaroot with multiplicit y

a(d) = jfi : djdigj. Hence ﬁ €(g; c) will vanish unlessthe denominator also has

t = ! asaroot with this samemultiplicit y, that is, unlessdim, V(g; 1) = a(d).
By Theorem 15(iv), this requiresg to be conjugatein G to ¢ 1.
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When g is conjugate to ¢ !, Theorem 15(v), implies that the eigervalues of g
lift to f! 9 g, . Hence

G Cyp. Y1
A (g! C) = tlllrrll _ 1 td 1
i
Y 1 tdl Y . 1 tdl
= (1 thdi 1 t|||m 1 tldi 1
i:djd; di
Yo oogrd1 Y 1 14
) idjd; Lot i:d-d; 1orrat
a o

6. Pr oof of Theorem 2

Proof for case(a). The result will follow from Theorem 1 whenjH| is invertible in
k. The fact that A and k[G] have the samek[G C]-composition factors implies,
by restriction, that they have the samek[H C]-composition factors. Then they
are isomorphic ask[H C]-modules, becausejH Cj = jH|jCj is invertible in k,
sothe action is semisimple. Restricting to the H -invariant subspacesof ead gives
the desiredisomorphism of k[C]-modules, which is equivalent to the cyclic sieving
phenomenonfor (X; X (t); C).

Proof for case(b). Herewe will show the rephrasedversiondirectly, using the same
notation. Note cgH = gH if and only if g *cgliesin H, that is, if and only if cis
conjugated by ginto H. Proposition 10 and Theorem 15(iv) imply that there exists
an elemen h in H conjugatein G to c if and only if ay (d) = ag(d). When this
occurs, by conjugation within G, we may assumewithout loss of generality that ¢

liesin H. Applying Theorem 15(iii) to both G and H, it remainsto show that

. . jCentg(0)j
6.1 fgH 2 G=H : g lcg2 Hgj= e 9.
(6.1) ifg 9 92 HO = O]

Beginning with the left side of (6.1), one has
jfgH 2 G=H : g 'cg2 Hgj
1

_~ ifg2 G:g 'cg2 Hgj
JHJJg g "cg2 Hgj

jHijjf h 2 H : his G-conjugateto cgj jCentg(c)j

Note that if h in H is G-conjugate to c, then
dim, V(h; ) = ag(d) = an (d)
and henceh is also H -conjugate to ¢ by Theorem 15(iv). Thus the last expression
above can be rewritten as
1. . . o . jCentg(0)j
—jfh2 H : hisH-conjugateto cgj jCentg(C)j = ————
iy jug gj jCertg(0)] iCerin (O]

as desired.
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7. The case of G= GLn(Fq)

In this section, we examine more closelythe caseG = GLn(Fg).
The fact that

S® = Fy[Dn;0;Dny1iii:; D 1l
is a polynomial algebrais a well-known result of Dickson [7]. The Dickson polyno-
mials D, can be described explicitly, and deg(Dni) = " d'; see[18, x8.1].
We begin by characterizing the regular elemeris in GL,(Fy), and then study
two interesting examplesof subgroupsH in G.

Theorem 19. The following are equivalentfor cin G = GL,(Fg).
(i) cis regular.
(i) The minimal polynomial for c is irr educiblein Fg4[x].
(iii) c coincides with one of the F4-linear maps that come from salar multipli-
cations by 2 Fg., after identifying Fqn with (Fq)" as Fq-vector spoes.

Proof. Note that the re ecting hyperplanesfor GL ,, (Fq) are exactly the zerosetsof
all (non-zero) linear forms “(x) having Fq-coe cien ts. Hencea vectorv 2 V = fg
is regular if and only if there is no sud linear form vanishing on v, that is, if v lies
in no proper subspacegle ned over Fq.

(i) implies(ii): When c is regular, it is semisimple (by Corollary 7), and hence
its minimal polynomial f (x) is a product of distinct irreducible factors. If there
were more than one sud factor of f (x), then Fg would decomposeinto a nontrivial
direct sum of proper c-stable Fq-subspaces.Furthermore, after extending scalars,
one of these subspaceswill contain the regular eigervector for c. But regularity
implies that this eigervector lies in no proper subspacedsle ned over Fy.

(ii) implies (ii): When c has irreducible minimal polynomial f (x) of degreed,
its rational canonicalform over Fy, and henceits GL , (F4)-conjugacy class,is com-
pletely determined by f (x). Furthermore, this rational canonicalform will coincide
with that of scalar multiplication by any root of f (x) lying in the extensionF .
Sincethe characteristic polynomial of c is a power of f (x), one must have djn, and
hence 2 Fq.

(iii) implies(i): Given 2 Fg, we must show that the Fq-linear map c which is
multiplication by hasa regular eigervector. SinceF is cyclic, without loss of
generality we may assumethat is a cyclic generatorof Fy. , sothat  hasminimal
polynomial f (x) over Fq which is irreducible of degreen. Then c acts in the Fq-
basisf1; ; 2;:::; " lgfor Fgn by the companionmatrix of f (x), and hencehas

as an eigervalue, say with eigervector v.

Let F denote both the Frobenius endomorphismon Fq, and also the endomor-
phism on ﬁg that acts by F simultaneously in eadh componert. Then

are the eigenvalues of ¢, which are all distinct by the separability of the extension
Fq =Fq. Their corresponding eigervectors

23uch Fq-linear maps are sometimes called Singer cycles in the casewhere is a generator for
the cyclic group Fqn , and when one considers  as permuting the set of Fq-lines in Fqn .
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therefore form a Fq-basis for fg. Thus v must be regular: if it wereto lie in some

proper subspaceof fg de ned over Fq, the samewould be true for all its Frobenius
imagesF ' (v), and they would not span Fq-

We next examine two interesting examplesof families of subgroupsH in G =
GLn(Fq). We should also mertion that the original motivating example for Theo-
rem 2(b) (and [13, Theorem 2]), namely the casewhere H is a paralolic sulgroup
of G = GLn(Fg), is discussedalready in [14, x9].

Eimensional Fq-subspaces).; giving rise to an Fq-vector spacedecomposition Fg =
inzl Li. Let H = F; oS, be the group of monomial matricesin G = GLn(Fg),
that is, the matrices with exactly onenon-zeroertry in ead row and ead column.
Note that H is the (not-necessarily-pintwise) stabilizer of the particular Fq-frame
given by the coordinate axesin Fg. HencesinceG acts transitiv ely on frames, the
collection of cosetsG=H is identied with the set X of all such frames.
Here S" is a polynomial algebra, asit consistsof the symmetric functions in the

powers of the variables x$ *;:::;xd 1. Consequetly,
. Q 1 n i
H. n Q" q
X (= MBSy _ St ¢,

Hilb(SS;t)  ~1, (1 t@ iy’

What does Theorem 2(b) tell us in this case? We demonstrate its utilit y by com-
paring calculations of the two sidesof equation (2.5): the right side by a painless
substitution of a root of unity, the left side by reasoninggeometrically about the
action of a regular elemen on frames.

By Theorem 19, a regular elemert in G correspondsto some 2 Fg.. Assume
has multiplicativ e order d. Assumethe eld extensionFq( ) generatedby  within
Fgn hasFq( ) = Fg, sothat rjn, and r is the smallest positive integer for which
dg 1.

Theorem 2(b)(rephrased) tells us that the number of Fy-frames preserved under
multiplication by  will be zerounlessthe two quartities

aG(d)=? and aH(d)=W

coincide. Thus there should be no Fq-frames presened by unlessm =,

in which casethe right side of (2.5) tells us that the number of such frames should
be

. n i . )
(7.2) QiooI rrr:odlr(q q-) _ JGL?—(qun)J .
1in (g 2 ’r‘—!(q Drrr
i 0 modr

To seehow the left side of (2.5) givesan answer equivalert to (7.1), we must
reason geometrically about how multiplication by  can preserwe an Fq-frame
fLq1;:::;Lnhg. This would requirethat  permutesthe linesin the frame, and hence

cycle O; must consistof exactly r of theseF4-lines, becausethe Fy-spanof O; must
beanFq( )(= Fq) subspaceof F4( )-dimensionat most1 (asit is Fq( )-spanned
by any line L; in O;). Sinceead cardinality jO;j = r, onemust havem = . Also
the cyclic subgroupC = h i of order d must have the C-stabilizer of any particular

Fq-line L; in this frame of order rg On the other hand, this stabilizer subgroup
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should be of order gcd(d;q 1), sinceit is the intersection of the cyclic groups C
and F, inside the larger cyclic group Fg. . Thus onerecoversthe requiremert that
r= gcd(ddﬁ in order for to presene any Fq-framesat all.

If r = gcd(ddiql) then the precedingdiscussionindicates how to parametrize all
Fq-framesin Fg presened by . To chooseone, rst choosean Fq -frame in Fg,
and then within ead of the Fy -linesin this Fy -frame, pick an Fq-frame to be one
of the sets O;. Becauser = gcd(ddiql) it follows that  will have every orbit of

Fq-lines of sizer. Sinceead Fq -line contains [r]q := % dierent Fy-lines, there
will be % C-orbits from which to chooseQ;. Thus there are a total of

?_ GLTL F r i ?_
j Fe framesin Fy j [ :4{1' rr(Q)nJ [q
choices,which agreeswith (7.1).

The next exampleveri es directly a non-trivial instance of Conjecture 3.

Example 21. Let G = GL2,(Fg) with g odd, and H = Spon(Fg) the sympletic
group that presenessomeparticular symplectic form on Fé“. Since G acts transi-
tively on symplectic forms, the collection of cosetsG=H is identied with the set
X of all symplectic forms.

The invariant ring S™ is not a polynomial algebra. Nevertheless,it wasdescribed
by Carlisle and Kropholler (see[2, x8.3]). It is a complete intersection ring with
the following presenation:

wherethe D2n; are the Dickson polynomials, i are homogeneousof degreeq + 1,
and r; is a homogeneouselation of degreeq® + . Consequetly, S" is a Cohen-
Macaulay ring with Hilbert series
QI"I 1 2n i
. @ tara
Hilb(S" ;1) = @z I_:L-n( ~ Q= 1) 1
i=n (1 ta q ) i=1 (1 ta )

and
. Q 2n 4 o Q
X (1) = HIb(S™:D) _ Lt gty Tita

Hilb(S&;t) ARG

This givesan opportunity to verify directly Conjecture 3, (the cyclic sieving phe-
nomenon) for this particular G and H. For any regular elemer c in G, we must
compare the number of symplectic forms xed by c with the substitution X (!) ,
where! is a complexroot of unity of the samemultiplicativ e order as c.

Again by Theorem 19, a regular elemen in G corresponds to some in Fan,
say of multiplicativ e order d. Assume generatesthe extensionFq( ) = Fq inside
Fqen, SOthat rj2n, and r is the smallest positive integer for which djg” 1.

Let! in C bea primitiv ed™ root of unity. We begin by computing X (! ). The
numerator of X (t) hast = ! asa zeroof order at least zr—” 1, dueto its factors of
the form 1 t9" 9. HenceX (! ) = O unlesst = ! is a root of the denominator,
that is, unlessdjg + 1 for somei. Let iy be the smallest positive integer for which
dig'° + 1. Sincedjgf 1, onecan che that djg + 1if andonly if j i mod r.
Thuswe may assumeig liesin the range[1; r]. Furthermore, the fact that d divides

2n i

7).
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both o 1and g + 1forcesd to divide g + ¢f° = ¢fo(qf '°+ 1): Hencedjq 'o+ 1
becausegcd(d;g'°) = 1. Thus either

io=r,anddjq o+ 1= 2 sothat d=1ord= 2, o0r

io=r ig,sothat r 2isewenandip= 5.

In the former casewhered = 1 or 2, onehas! = +1; 1, and one can seethat
X (1) = X( 1)= [G:H] (using the fact that qis odd).
In the latter casewherer 2 is evenand io = 5, one calculatesthat
1in 1 1 (7" + qi) ERI (" d)
llth: |§morn moa r
o ® Y1|2n1(Q'+1)
i & modr
7.2 Qb 1 . Qd 1 ,
(7.2) _ C (QZm + QZ] 1) e (QZm QZJ)
- Vm 1(Q2,+1 + 1)

= Q(3)(Q 1)(Q2+ QP 1)Q*+1) Q"+ ( 1))

whereQ := g° = gz and m := zr—” Denote the last quantity appearing in (7.2) by
fm(Q).

Summarizing these calculations, we have

2[G:H]E= X)) ifd=12
(7.3) X)) = >szn(Q) if r is even;
"0 otherwise.

Thus to verify the cyclic sieving phenomenon,it remains to ched that the right-
hand side of (7.3) coincideswith the number of symplectic forms on Fg” xed under
multiplication by , that is, satisfying

(7.4) hx;, yi=myvyi:

To this end, consider the Fq-linear map ¢ on Fgn which is multiplication by
. lIts eigervaluesare ; F( );:::;F2" 1( ), where F denotesthe Frobenius en-
domorphism on Fgzn . Since 2 qu onehasF"( ) = and if one extendsthe
scalarsto Fq , there will be an -eigenspacefor ¢ which is zr—”-dimensional with
basisvi;::: Van in F2”. The remaining eigervectors for ¢ are the imagesF! (v;)
under powers of the Frobemus map F.
How can an Fq4-bilinear symplectic form h; i on Fé” be presened by ? Ex-
tending it to an Fq -bilinear symplectic form on FéP, onenotesthat it will havethe
following invariance with respect to the Frobeniusmap F:

(7.5) hF(x); F(y)i = F(hx; yi)

Furthermore, if wy; w, are c-eigenvectorsin FéP with eigervalues 1; » in Fy, then
(7.4) forces

(7.6) hN]_;Wzi = I’C(Wl);C(Wz)i = 1 2M1;W2i

sothat either , = 11 or hwi;woi = 0. Thus nondegeneracyof the symplectic

form implies that the eigervalues of ¢ are closedunder taking reciprocals. There
are two ways this can happen.
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Ifr=1,sothat 2 Fq, then must be self-reciprocal. Thus = 1,sod=1
or 2. In this case, presenesevery symplectic form, in agreemen with the right
side of (7.3).

If r > 1, then Fio( ) = 1 for somesmallest positive integer ip. This means

a°+1 = 1 or dig° + 1, forcing r = 2io to be even (again in agreemen with the
right side of (7.3)). In this case,(7.5) and (7.6) imply that the symplectic form is
completely determined by a choice of the matrix of valuesa; = hvi;F r?(v,- )i for
ij = ;:::;Zr—”. Furthermore, note that

aji = hvj;Fz(vi)i = FF2F2vi;F2(vi)i = F2(FF2vi;vii) = Fz(g):

Thus a; is skew-Hermitian of size 2 with ertries in Fq:, where Q := gz and F 2
is the conjugation that generatesthe Galois group of Fo2=Fq. Nondegeneracyof
the symplectic form forces(a; ) to be nonsingular, and it is not hard to ched that
the cornverseholds: every such nonsingular skew-Hermitian matrix of size zr—” over
Fq2 givesrise to a symplectic form on FgP which is the extension of a symplectic
form on Fé“ invariant under multipication by

It remainsto show that the previously de ned function f , (Q) courts nonsingular
skew-Hermitian matrices of sizem over Fq. It is known [4, Theorem 3, (4.4)] that
fm (Q) counts nonsingular Hermitian matrices of sizem over Fg.. On the other
hand, multiplication by any scalar 2 Fqg. which satis es F ()= (that is,

is aroot of x4 1+ 1= 0) givesa rank-preserving bijection betweenHermitian and
skew-Hermitian matrices.

8. Fil tra tions of projective modules

In this sectionwe explore further the relationship betweenthe module structure
of the coinvariant algebra and the regular represenation.

Prop osition 22. Let G be a nite sulgroup of GL (V) for which S€ is polynomial,
and let C be the cyclic sulgroup genegated by a regular elementc in G. Letd = jCj
be the order of c.

Then for each integer n, the direct Iaum

(8.1) Am

m n mod d

has the same composition factors as a projective k[G]-module.

Proof. The regular elemer c acts on the m" homogeneousomponert A, by the

scalar ™. Thus the direct sum (8.1) is the "-eigenspaceof ¢ acting on A. By

Theorem 1 this direct sum has the samek[G]-module composition factors as the
N-eigenspaceof ¢ acting on k[G].

so that for any right k[C]-module M the subspaceM g is the '-eigenspaceof
c. We have k[G] = k[G]ey k[Gleq 1, and these summands of the regular
represenation are projective modules for k[G]. The result follows.

We illustrate Proposition 22 by meansof an example. Let G = S; be the sym-
metric group of degree4, acting on a 4-dimensional vector spaceV with basis
V1;V2; V3; Vg4 by permuting the basisvectorsin the faithful permutation represena-
tion. In all characteristicsthe invariants S€ are a polynomial ring on the elemenary
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symmetric polynomials in degreesl, 2, 3 and 4. According to Springer[19] the reg-
ular elemers when k has characteristic zero are the powers of 3-cyclesor 4-cycles.
We next work out explicitly the regular elemens in S; when k has characteristic 2
or 3.

When k has characteristic 2, regular elemers must have order prime to 2 (by
Corollary 7) so 3-cyclesare the only possibility. The eigervector v + vo + 2vs3
of the 3-cycle (1;2;3) (where is a primitiv e cube root of 1) doesnot lie in any
re ecting hyperplane, and from this we seethat (1;2; 3) and the other 3-cyclesare
indeed regular.

Similarly in characteristic 3 we seethat any regular elemen must be a 4-cycleor
the squareof a 4-cycle. If is a primitiv e fourth root of 1thenvi+ vo+ 2v3+ 3y
is an eigervector of (1;2; 3; 4) which doesnot lie in any re ecting hyperplane and
we seefrom this that the 4-cyclesare indeed regular in characteristic 3. In fact
the squaresof 4-cyclesare alsoregular in characteristic 3, but we will not mertion
them further sincethe sieving phenomenonthey provide is deducible from that of
the 4-cycles.

We claim that in characteristic 2 the module structures of the homogeneous
componerts of A are given by

Degree||O0O| 1| 2 3 4 |56

Module Structure || 1

N =
N
N

and in characteristic 3 they are

Degree|| 0| 1 2 3 4 516

Module Structure | 13| %, 3|3 3| %Y 3| 3|-1

In characteristic 2, S4 hastwo simple modules, of dimensionsl and 2, and we denote
these modules by their dimensions. In characteristic 3, S; has 4 simple modules
which we denote 1; 1;3; 3. Theseare, respectively, the trivial module, the sign
represenation, the 3-dimensional module which is a direct summand of V , and
3 1. Theselatter 3-dimensional modules are projective and injective (they are
blocks of defect zero) and appear as direct summandsof any module of which they
are a composition factor. In these tables we indicate a module by presering its
composition factors in certain positions relative to one another. Where a module is
the direct sum of two submodulesthis is indicated with a  sign. Where a module
is a non-split extension of one module by another, this fact is indicated by writing
the submodule underneath the factor module.

It is well-known that the indecomposableprojective S;-modulesin characteristic
2 have the structure

and in characteristic 3 they are
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We refer hereto [1] for such calculations. We seein our examplethat in character-
istic 2 the composition factors of A in degreeswhich form a residue classmodulo 3
are always the composition factors of a projective module, as predicted by Proposi-
tion 22. To be explicit, theseresidueclassesf degreesaref 0; 3; 69, f 1; 4g and f 2; 5g
and in eat casethe composition factors of A in thesedegreesare the composition
factors of an indecomposableprojective module. In characteristic 3 the composition
factors which occur in degreed 0; 4g, f 1; 5g, f 2; 6g and f 3g (these being the residue
classesmodulo 4, the order of a regular elemen) are in ead casealso composition
factors of a projective module.

More than this is true for this example. In ead characteristic, and for eat of
these residue classesof degrees,there is a Itration of a projective module such
that the factors in the Itration taken in ascendingorder are isomorphic to the
homogeneousterms of A with degreesin that residue class, taken in ascending
order. Sudch calculations suggestthe following question.

Question 23. Let G be a nite subgroup of GL(V) for which S€ is polynomial
and let C be the subgroup generatedby a regular elemen in G.

Does there always exist a ltration of k[G] by k[G C]-modules so that the
factors, taken in ascendingorder, are isomorphic as k[G  C]-modules to the ho-
mogeneougerms of A, taken in ascendingorder of degree?

An armativ e answer would imply that ead eigenspaceof C in its action on
k[G] hasa ltration whosefactors are the terms of A in a residueclassmodulo jCj,
which is the phenomenonwe have beenobserving. We have beenable to answer in
the armativ e a weaker question, in which only the action of k[G] is considered,
but have beenunable to extend this to an action of kK[G C].

We concludeby explaining how the above tables may be obtained. It is compar-
atively easyto obtain the multiplicities of the composition factors, and this may
be done in sewral ways. One way is to compute for eadr simple module U the
generating function of composition factor multiplicities

xR
Pu(S;t) = [Sym™ (V) : U]t"
n=0
of the homogeneousterms of S = Sym(V) using Molien's theorem [18]. Here
[Sym" (V) : U] denotesthe composition factor multiplicit y of U in Sym™ (V). We
now use Mitc hell's obsenation [12, Proposition 1.3] which implies that

Pu(S;t) = Py (A;t) Hilb (S€;1):

Computing the precisemodule structure of the terms in the coinvariant algebra
is more delicate. We may exploit the fact that it is a Poincare duality algebra[18§],
sothat in this caseA, = (As n) As. This meansthat we only needdetermine
the module structure up to degree3.

In characteristic 2 the permutation module V has the structure %, which we

may con rm by Brauer charactersand Frobeniusreciprocity (the adjoin% property of
induction and restriction) to shaw that the module hasno 2-dimensionalsubmaodule
or quotient. Factoring out the invariants givesé as claimed. In degree2 one may
employ similar but more elaborate argumerts, but in degree3 the determination of
the module structure was ultimately done by computer calculation using software
written in the padkage GAP. This can also be usedto handle the degree2 case.
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In characteristic 3 the composition factors3and 3 which occur areall projective
and so appear as direct summands. The only question is to determine whether
or not the 1 and 1 composition factors occur in a non-split extension. From
knowledge of the projective modules we seethat there is no non-split extension of
1 by itself in characteristic 3, and that if the degree2 module of A were semisimple
it would imply that the polynomial ring has more invariants in degree?2 than it
actually has.
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