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ABSTRACT. We discuss several partial results towards proving White’s con-
jecture on the extreme rays of the (IV,2)-Schur cone [6]. We are interested
in which vectors are extreme in the cone generated by all products of Schur
functions of partitions with k or fewer parts. For the case where k = 2, White
conjectured that the extreme rays are obtained by excluding a certain family of
“bad pairs,” and proved a special case of the conjecture using Farkas’ Lemma.
We present an alternate proof of the special case, in addition to showing more
infinite families of extreme rays and reducing White’s conjecture to two sim-
pler conjectures. We also give a superset of the extreme rays for k = 3, as well
as experimental data for other cases.

1. INTRODUCTION

The Schur functions are a well studied basis of the ring A of symmetric functions.
In particular, the celebrated Littlewood-Richardson rule gives an elegant combi-
natorial interpretation of the coefficients of a product of Schur functions in the
Schur basis, in terms of semistandard Young tableaux and Yamanouchi condition
on words. The Jacobi-Trudi identity expresses the Schur functions as a determinant
of a matrix whose entries are complete homogeneous symmetric functions h;’s, thus
writing them as a polynomial in h;’s.

Given these interesting properties of the Schur functions and their product, White,
in [6], introduced the idea of the (N, k)-Schur cone C%. He defined C¥ to be the
cone in Ay generated by products of Schur functions of partitions with at most k
parts. He asked for a complete characterization of the extreme rays of the Schur
cone. Using the Jacobi-Trudi identity, he was able to give a necessary condition
for an extreme ray (see Theorem . He further conjectured that this condition
is also sufficient. Using Farkas’ lemma, he reduced the problem to showing the
existence of separating hyperplanes and proved the conjecture for the special case
when all the partitions in A have distinct parts (see Theorem . The motivating
idea of the extremal rays and White’s conjecture comes from the study of certain
g-log-concave sequences of polynomials [I], the detail of the motivation, however,
does not find its way into the paper.

In this paper, we present more partial results towards proving White’s conjecture.
The paper is organized as follows. In Section [2] we recall related combinatorics
background and give a brief overview of the problem. In particular, we discuss the
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definitions of the Schur cone as defined in White’s paper and present his conjec-
ture.

In Section [3] we give an alternate proof of White’s result on partitions of distinct
parts, avoiding using Farkas’ lemma and extensive notations. Furthermore, the
alternate proof offers a different approach to the conjecture. Exploiting the new
viewpoint, we then prove several partial results that are not covered by White. In
Section E|, we show that sa is extreme if and only if ssuq(p )y 18 extreme for any
integer p. As a corollary, we obtain that s4 is extreme if A is nested and com-
pletely separated (see Definition for nested and Definition for completely
separated). In Section |5, we show that 5(2].,2.) is extreme for all j >4 > 0.

In Section [6] we describe an induction approach and suggest as conjectures the
necessary steps to complete the proof.

In Section[7], we list some infinite families of non-extreme rays for the case k = 3 us-
ing the Jacobi-Trudi identity and give necessary conditions for a ray to be extreme.
Finally, in Section [8] we conclude our paper with a discussion of the enumeration
of the number of extreme rays of CX as k varies. We also discuss some interesting
patterns and conjectures observed from computer experimentation.

2. BACKGROUND AND DEFINITIONS

The central object of study in this paper, the Schur cone, can be naturally realized
as a set of nonnegative linear combinations of products of Schur functions, which
form bases for the homogeneous subspaces of the symmetric functions as a real
vector space. To this end, we review the relevant definitions and important facts
about symmetric functions, particularly Schur functions, before introducing the
Schur cone.

2.1. Symmetric Functions and Partitions. The symmetric functions are for-
mal power series which are invariant under permutation of variables. More pre-
cisely,

Definition 2.1. A formal power series f € R][x1,22,...]] of bounded degree is
a symmetric function if, for any permutation 7 : Zso — Zso, f(21,22,...) =

f(l'ﬂ.(l), :L'ﬂ.(g), .. )

The symmetric functions form a subring of the formal power series R[[z1, 2, .. .]],
which we will denote by A. A is naturally graded by degree with graded components
A,,, the subspace of homogeneous symmetric functions of degree n.

Recall that a partition X is a non-increasing sequence (A1, Ag, Az, . ..) of non-negative
integers with finitely many nonzero terms. We say that A is a partition of N or N
is the weight of A, denoted by A = N or |A\| = N, if the finite sum A\ + Ao +--- = N.
We say that A\ has k parts if Ay > 0 = Ag41. If A has k parts, we sometimes abuse
notation and write A = (A1, Ag, ..., Ag).

Let Py be the set of partitions of N and P* be the set of partitions with k or fewer
parts. Define P% to be the intersection of Py and P*.
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Definition 2.2. Suppose A = N and u = N. We say A dominates pif A +...+X; >
w1+ ...+ p; for all ¢ and we write A> p (and A > p if A> poand X # p).

It is well-known that dominance defines a partial order on Py .

Definition 2.3. Let A be a partition. We define the monomial symmetric functions

by
my = g xTtry? ...
«
where the sum runs over all rearrangements « = (ay, @, ...) of A.

Definition 2.4. Let n > 0. We define the complete homogeneous symmetric func-

tions by
hn = Z my.
AbFn

A partition A has an associated Young diagram, an array of left-justified cells with
A; cells in the i-th row counted from top. A tableau T is a Young diagram whose
cells are filled with positive integers. The content of a tableau T is a vector p =
(p1, p2, .. .) such that there are p; occurences of the integer ¢ in the filling. If T is a
filling of the Young diagram of a partition A, we say that T has shape X, denoted
by sh(T") = A.

If the filling of T is such that the rows are weakly increasing from left to right
and the columns are strictly increasing from top to bottom, we say that T is a
semistandard Young tableau, abbreviated as SSYT.

If T is an SSYT such that sh(7T) = A+ n and T contains exactly one ¢ for each
1 < i < n, thne we say that T is a standard Young tableau, abbreviated as SYT.
The hook-length formula counts the number of SYTs of a given shape.

Theorem 2.5. [5, Corollary 7.21.6] Let A = (A1, A2,...) F n. For each j, let
Ay = #{kl\e = 5}
Then, the number of SYTs of shape A is

() JTT i+ X —i—j+1)7"
(2,5)
J<Ni

If T is a tableau, the reading word w(T') is the word obtained by reading the entries
of T from right to left across the first row, then right to left across the second row,
and so on. If a is a subset of the letters appearing in w(T'), we denote by w, (1) the
word obtained by deleting all letters in w(7") not in «. We say a word is Yamanouchi
if at any point in the word (from left to right), the number of occurrence of i’s is
no smaller than the number of occurrence of (i + 1)’s.

If T is a tableau and p = (p1, p2,...) is its content, we define

T _ .P1,.P2
t =atzs® .



4 GAETZ, MEYER, TAM, WIMBERLY, YAO, AND ZHU

2.2. Schur Functions.
Definition 2.6. If A is a partition of NV, we define the Schur function by

S\ = E SUT.

SSYT T
sh(T)=\

It is known that sy is indeed a symmetric function, i.e. sy € A. Moreover, it
is known that {s)}-n forms a basis of Ay. The Jacobi-Trudi identity expresses
Schur function as a polynomial in h,’s.

Theorem 2.7. [5, Theorem 7.16.1] Let A be a partition with k parts. Let M be the
k x k matrix with M;; = hy,4+;—; (assuming h, = 0 for » < 0). Then, s\ = det(M).

Let A be a multiset of partitions from P*. Define

Z)\|:N}.

SPh = {A c p*
AEA

For A € SP’;V, let ¢(A) be the partition formed by concatenating the partitions in
A. For example, if A ={(3,2),(3,1),(4)}, then ¢(A) = (4,3,3,2,1). Define

SPk = {AeSva | 6(A) :/\}.

We associate to A a product s4 of Schur functions:

SA = H S\,

AEA
where sy € Ay is the Schur function associated with the partition .

Definition 2.8. Let A be a multiset of partitions and let A be a partition. We
define the (generalized) Littlewood-Richardson coefficients cﬁ by

SA = E CQS)\.
A

The generalized Littlewood-Richardson rule gives a combinatorial interpretation of
these coefficients. It will be frequently referred to in our proofs.

First we fix the following notations: let A = {p', p2,..., p*} be a multiset of par-
titions where p* = (pi,p%,...,p,,) and that N = ny +ny + ... + np. Let p be
the composition obtained by concatenating the partitions p’. Suppose ¢(A) = v =
(v1,v9,...,vN) and define the map f which sends v; to i for 1 < ¢ < N. Treat p and
v = (v1,vs,...,vyN) as sequences of integers 1,2, ..., N and suppose 7 is any permu-
tation such that mp = v. Finally, let B; = { fom(p}), fom(py), ..., fom(p%,)}.

Theorem 2.9. [6 Section 1] With the above notations, ¢} is equal to the number
of SSYT of shape A and content v such that wp, (T) is a Yamanouchi word for each
1.

An immediate consequence is

Corollary 2.10. Always, ¢} > 0. Moreover, if ¢} > 0, then A > ¢(A). Also,
#(A)
cy =1
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2.3. The Schur Cone. The (N, k)-Schur cone is

C;CV = E casalca >0
AeSPE,

We say A is extreme in SP’ICV or, interchangeably, s 4 is extreme in C%, if s4 cannot
be written as a positive linear combination of sg with B € SP’;V and B # A.

We will call to the set of extreme rays the extreme set.

It is obvious from the definition that, when k = 1, every A € SP} is extreme.
Indeed, if p(A) = A = (A1, A2,..., Ay), then

Since the hy are linearly independent and C is just the positive span of the hy,
s4 is extreme in C}.

Our main goal in this paper is to find the extreme set of S’P?\,.
We consider the case where k = 2.

Definition 2.11. A € SP3% is nested if no pair of partitions {\, u} in A satisfies
any one of the following conditions:

(1) A== A2 >0), p=(u1 > p2 > 0), with

AL > pn > Ao > o

(2) A= ()\1 > Ao > O), n= (,ul > 0), with

AL 2> p1 > Ao

B) A= (A >0), p= (1 >0).

A pair satisfying one of the above conditions is called a bad pair.

In [6], White proved that A being extreme in SP?V implies A being nested:

Theorem 2.12. [6, Theorem 2] If A is extreme in SP%, then A is nested.

Define SSPy to be the set of A € SP?V nested and SSP) = SP?\ NSSPy. Thus
by Theorem SSPy is a superset of the extreme set of C%,. Also, by Theorem
if A contains odd number of parts, then exactly one partitions in A has
one part and if A contains even number of parts, then every partition in A has two
parts.

White conjectured in his paper that the opposite direction of Theorem [2.12] is
true:

Conjecture 2.13. [6, Conjecture 1] A € SP% is extreme if only if A is nested.
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He also showed, using Farkas’ Lemma (see [2]), that if A is nested and ¢(A) has
distinct parts, then A is extreme in SP3 ([6], Lemma 7, Lemma 9, Theorem 15).
In Section 2, we will give an alternate proof to this fact (Theorem [3.1)).

In hopes of proving Conjecture [2.13] we consider two extreme cases of A:

Definition 2.14. If ¢(4) =\ = (Al,...,)\gg) F N with Ay > A2 > ... > Ay >0,
we say A is completely separated if

A == {(Al, )\2), (Ag7 A4), ey ()\2[_1, AQ@)}.

Definition 2.15. If ¢(4) =\ = ()\17...,)%) FN with Ay > X2 > ... > Ay >0,
we say A is completely nested if

A = {()\1) )\2Z>7 ()\27)\2571)7 ey ()\fa)\f+1)}'

Notice that if A is completely nested, then A is nested. However, if A is completely
separated, it may or may not be nested. For example, A = {(6,5),(5,4)} is not
nested. In Section |4 we will show that if A is nested and completely separated,
then it is indeed extreme (Corollary [£.2)).

Definition 2.16. Suppose A = (A1, A2, ..., \;) and p = (p1, p2) are partitions such
that there exist ¢ < j with

N1 >N = P1 and /\j = p2 > )‘j+1~
We define A[p] to be the partition obtained from A by replacing A; with A; + 1 and
)\j with )\j —1.

Definition 2.17. For A, B € SP3, we say A and B agree within p = (p1, p2) if
whenever p; > 1 > 2 > p2, then p € A if and only if p € B.

The following is an important lemma in [6].

Lemma 2.18. [0, Lemma 15] Suppose A, B € SSPjand X has distinct parts.
Suppose p = (A, Aj), with p € A, p ¢ B, and A and B agree within p. The
Littlewood-Richardson coefficients satisfy the following identity:

Cix[p] +1= Cg[p] )

Furthermore, if j =4 + 1, then ci‘[p] =0 and cg[p] =1.

3. ALTERNATE PROOF WHEN ¢(A) HAS DISTINCT PARTS

In this section we reprove the following theorem by White:

Theorem 3.1. [6] Theorem 13] If X has distinct parts with [A| = N, and if A €
SSP,, then s, is extreme in C%.

Proof. Assume by way of contradiction that A is not extreme in C%. Then there
exist ¢g > 0 such that

(3.1) SA = Z CBSB.
BESSPnN
B#A
H(B)=A
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Next consider the coefficient of sy in this equality. If cg # 0, then we must have
#(B) = A, and in this case ¢}y = 1. Hence comparing the coefficients of s, gives us

(32) Z Cp = 1.

BeSSP,y

Let p', 0%, ..., p’ be the pairs in A in “inside-out” order, i.e., if p(A\{p!,...,p"}) =
(1, .., px), then p"t1 = (u;, pip1) for some i. Note that such a sequence exists
because for each i, A\{p',...,p"} is nested. We will then prove the following claim.

Claim 3.2. If B € SSP,, satisfies cg > 0, then p',...,p" € B.

We remark that Theorem follows from Claim [3.2] Indeed, the case r = ¢ for the
claim implies that every B € SSP, with cg > 0 satisfies B = A, so by equation
we have c4 = 1. It then follows that equation contains the term c4 on
the RHS, which gives a contradiction. O

It then remains to prove Claim [3.2]

Proof of Claim[3.3 Proceed by induction on r. The case r = 0 is a tautology.
Suppose r > 0. By induction hypothesis, p',...,p" "' € B, so it suffices to show
that p” € B. We now examine the coefficients of sy, in equation . Every
B € SSP), for which cp > 0 and A agree within ,0’”r1 by the “inside-out” order, so
by Lemma if p" € B, then c%[’f] = [p L pr "¢ B, then ¢ Ml = 4 cA[p ]
Hence by equation ,

CI/Z[p"'] — Z /\[Pr]+ Z 1+C [’ ]).

BeSSP BeSSP
p"EB p"¢B

It then follows from equation (3.2)) that

Z CB:(].

BESSPy
p"¢B
Since all ¢cg > 0, we see that cg = 0 whenever p” ¢ B, thus proving the desired
claim. 0

4. A 1S COMPLETELY SEPARATED

In this section we will prove the following theorem.

Theorem 4.1. If s4 is extreme in C%;, then 5au{p} Where p = (p,p) is extreme in
CRriap-

From Theorem [£.1]We can deduce the following special case of Conjecture[2.13
Corollary 4.2. If A € SSPy is completely separated, then s4 is extreme.

Proof. If A is completely separated and nested, then any integer p can appear in
at most one partition in A not of the form (p,p). Thus if we remove all of the

partitions with repeated parts by Theorem [£.I] what is left has distinct parts and
is thus extreme from Theorem [B.11 O



8 GAETZ, MEYER, TAM, WIMBERLY, YAO, AND ZHU

The rest of the section is devoted to the proof of Theorem [£.1] We will fix the
integer p and always write p = (p,p). In this section all congruences are taken
modulo 3.

4.1. Proof of Theorem We start our proof with a generalization of the
notation A[p]. Roughly speaking, we define A[p¥] to be the k-fold application of [p]
on A.

Definition 4.3. Suppose p = (p,p) and k is a non-negative integer. We define
the notation A[p*] recursively as follows: define A[p°] = X. For k > 0, we say that
A[p" 1] is undefined if \[p*] is undefined or if A\[p*] has less than two p’s. Otherwise,
we define A[p**'] = (A[p"])[p].

‘We then introduce a relation.

Definition 4.4. Let P be a subposet of the dominance poset of partitions of N.
Denote by Pnin the set of minimal elements of P. Define a relation <, on Py, by
x <, y if there exists k such that y[p*] is defined and = < y[p*].

We remark that

Lemma 4.5. (Punin, <p) is a poset.

The proof of Lemma [4.5|is deferred to Section [4.2

We will now prove our theorem.

Proof of Theorem[{.1] Assume by way of contradiction that sas, is not extreme.
Then there exists a positive combination

(4.1) 548, = Z aBsp.
B£A

If every B for which ap > 0 satisfies p € B, then we can factor out s, from
both sides of equation and write s4 as a positive combinations of some sp/,
contradicting the assumption that s4 is extreme. Thus we may assume that ag > 0
for some B with p ¢ B. We can then rearrange equation to get

(4.2) SASp_ZaBSB = ZaBsB.
pEB p¢B
Factoring out s, from the LHS of equation (4.2 we get

(4.3) Z Ay SpS, = Z aBsp.

vEN p¢B

Let P = {v: a, # 0}. Pick a <,-minimal element p in Pyi,, and let A = ¢({g, p}).
Let n be the number of p’s in A, and let m = |n/2]. Note that g has (n —2) p’s.
Define

Ci = Qy[pi] and d; = Z ap.

pEB
#(B)=Alp']

Note that dy > 0 because the coefficient of s, on LHS of equation (4.3) is positive.
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Let V = An42p, and define the subspace
W = span(sx, $x[p], SA[p?]» - - - » SA[p™])-
Consider the projection 7 : V' — W given by m(sy[,i]) = sa[:] and 7(s,) = 0 for any

v not of the form A[p?]. We now remark two claims about Littlewood-Richardson
coefficients.

Claim 4.6. (1) f0 <i <m —2, then 7(s,5,[pi]) = SA[pi] + Sa[pi+1] T Sa[pi+2]-
(2) If n is odd, then m(s,5,[,m-1]) = Sx[pm-1] + Sx[pm]- If n is even, then
T($pSplpm—11) = Sxjpm-1]-
(3) If v - N satisfies a,, # 0 but v is not of the form u[p’], then 7(s,s,) = 0.
Claim 4.7. (1) If ¢(B) = \[p'] and p ¢ B, then
e =3 ((20) - (52) ) o

(2) If p ¢ B satisfies ap > 0 but ¢(B) is not of the form A[p‘], then 7(sp) = 0.

The proof of the claims is deferred to Section

Recall that in this section all congruences are taken modulo 3. We first consider
the case where n is odd. Define the R-linear map f: W — R by
-1 ifj=m-—1.
f(sap) =41 if j =m.
0 if j=m+1.
It then follows from Claim that (f om)(s,s,) = 0 whenever a, # 0. Therefore,

applying f o m on both sides of equation (4.3)) gives us, by Claim
(4.4)

SalS () () 2 (7 () |-

js<m j<m
j=m j=m—1

Using the identity (g) = (ac_“ﬂ), since n = 2m + 1, the coefficient of d; in LHS of

equation (4.4) is
n—2i n—2i n—2i
> () X () 2 (M)
k<m-—i k<m—i k<m—i
k=m—1 k=m—i+1 k=m—i—1
1 n—21 n—21 n—2i
== -2
(2 () 2, () 2 ()
k=m—i k=m—i+1 k=m—i—1
1 277,721' + 1 2n72i + 1 2n72i -9
== + -2 =1
2 3 3 3

Equation (4.4) is thus reduced to

=0
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Since d; > 0 for all i, dy = 0, thus leading to a contradiction.
We then consider the case where n is even. Define the R-linear map f : W — R by
0 ifj=m-—1.
f(sap) =41 if j =m.
~1 fj=m+1l.

It then follows from Claim {4.6|that (f o m)(s,s,) = 0 whenever a, # 0. Therefore,

applying f o w on both sides of equation (4.3)) gives us, by Claim
(4.5)

S| (()-(2)- 2 (G- (22

Using the identity (a) = (afﬁ), since n = 2m, the coefficient of d; in LHS of

equation is ’ | | |
()2 (V) 5, () 5 ()

k<m—i k<m—i k<m—i
k=m—1 k=m—i+1 k=m—i—1
1 n—2 n—2 n— 2
= — 2 — —
ez (- = ()= ()
k=m—1 k=m—i+1 k=m—i—1
1 2n—2i 2 2n—2i —1 2n—2i -1
= (2- T2 — =1.
2 3 3 3
Equation (4.5) is thus reduced to
> di=o.
i=0
Since d; > 0 for all i, dy = 0, thus leading to a contradiction. (Il

4.2. Proof of Lemma In this proof, if x = (x1,x2,...) is a partition, we
write

We begin with a claim.

Claim 4.8. Suppose z <y and z has at least two p’s.
(1) If y has at least two p’s, then x[p] < y[p].
(2) If y has fewer than two p’s, then x[p] < y.

Proof. Let s and t be integers such that

Te>P>Ter1 and Ty >p > Tiqq.
Similarly, let s’ and ' be integers such that

Ys >p 2 Ysy1 and gy > p >y
Observe that S;(z) < S;(z[p]) < Si(z) + 1.
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(a) Ifi < sori>t, then
Si(z[p]) = Si(x) < Si(y).

(b) fs+1<i< ¢, thenforanys+1<j<z yj>p+1—x]+1 SO

Si(y) Z y; > Ss(z) +1+ Z xj = Si(z[p]).

j=s+1 j=s+1

(c) Ift/ <i<t—1,thenforanyi+1<j<t y;<p—1=uz;—1,s0

Siy)=Siy)— Yy = Si@)+1— Y x; = Si(=[p)).

Jj=i+1 Jj=i+1

If y has fewer then two p’s, then t/ < '41, so S;(y) > S;(x[p]) for all 4, i.e., z[p] Jy.
This proves .

If y has at least two p’s, then observe that S;(y[p]) > S;(y) for all i. Moreover, if
s +1<i<t -1, then

Si(ylel) = Si(y) +1 = Six) + 1 = Si(x[p]).
It follows that S;(y[p]) > S:i(x[p]) for all 4, i.e., z[p] I y[p]. This proves O

We now prove our lemma.

Proof of Lemma[f.5 For every x, x <z and hence z <, x, so <, is reflexive.

If z <, y <, 7, then there exist k and ¢ such that z <y[p*] and y <z[p’]. By Claim
x Qy[pk] < z[p™] for some m, so y[p¥] = z[p!] for some i. Since both x and y
are in Ppin, © = y. Therefore, <, is anti-symmetric.

If 2 <, y <, 2, then there exist k and ¢ such that z <y[p*] and y < z[p’]. By Claim
z < y[p ] 9 z[p™] for some m, so x <, z. Therefore, <, is transitive. O

4.3. Proof of Claim [4.6] and

Proof of Clazm-(l) Suppose n = plp’] with 0 < i < m — 2 and x = A[p’].
Let B = {p,n}. If ¢§ > 0, then we have \[p?] > A[p], so j > i. Assume that
d(B) = k = (K1,K2,...,kn). Let s and ¢ be integers such that ks > Ksy1 = Kspo =

- =Kt = p > Ke1. By Theorem ¢ is the number of SSYT of shape x and
content k such that the restrictions of its reading word on {t—1,¢} and [n]\{t—1, ¢}
are Yamanouchi. Assume that 7' is such an SSYT.

We first show by induction on 4 that if ¢ < ¢t — 2, then all integers i appear on the
i-th row. Indeed, since T is an SSYT, ¢ must appear on or before the i-th row. If
all the integers (¢ — 1) appear on the (i — 1)-th row, then since the restriction of
the reading word on [n]\{t — 1,¢} is Yamanouchi, ¢ must appear on or after the
i-th row, i.e., all integers ¢ appear on the i-th row. The result thus follows from
induction.

We then show by backward induction on 7 that if ¢ > ¢ 4 1, then all integers ¢
appear on the i-th row. Indeed, if all integers j > ¢ appear after the i-th row, then
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the i-th row can only contain the integer :. Therefore all integers ¢ appear in the
i-th row because k; = x;. The result follows from backward induction.

The above constraints require that y;—o > Kki_o = p, so it follows that j < i+ 2
whenever ¢} > 0.

If j =4, then since x = k = ¢(B) we have ¢f; = 1. If j > i+ 1, then the extra
box at the (s + 1)-th row must be filled with (¢ — 1) since we want the restriction
to {t — 1,t} to be Yamanouchi. We must then fill all other (¢ — 1) in the (¢ — 1)-th
row. Thus in both cases j =i+ 1 and j =i + 2 we have ¢}, = 1. O

Proof of Claim[4.6(F). Suppose n = pu[p™™ '] and x = A[p?]. Let B = {p,n}. If
¢y > 0, we again have j > m — 1. Assume that ¢(B) = k = (K1, K2, ..., Kn).

We first consider the case n is odd. Let s be an integer such that ks > ks41 =
Kst2 = Kst+3 = P > Kst4. By Theorem ¢y is the number of SSYT T of shape
x and content x such that the restrictions of its reading word on {s + 2, s + 3} and
[n)\{s + 2, s + 3} are Yamanouchi.

With an analogous argument as in the proof of 7 if T is such an SSYT, then for
1 < s+1andi > s+4, all integers i must appear in the i-th row. Also, if j =m—1,
then we have ¢} = 1. If j = m, then the extra box in the (s + 1)-th row must be
filled with (s + 2) since we want the restriction to {s+ 2, s+ 3} to be Yamanouchi.
We must then fill all other (¢ — 1) in the (¢t —1)-th row. It follows that ¢}; = 1. This
proves the odd case.

Now consider the case n is even. Let s be an integer such that ks > kg11 = Kgp2 =
P > Kgt3. By Theorem ¢} is the number of SSYT T of shape x and content s
such that the restrictions of its reading word on {s+1,s+2} and [n]\{s+1, s+ 2}
are Yamanouchi.

With an analogous argument as in the proof of , if T is such an SSYT, then for
1 < s+1andi > s+3, all integers ¢ must appear in the i-th row. Also, if j = m—1,
then we have ¢}y = 1. If j = m, then the (s + 1)-th row contains an integer (s + 2),
so the restriction to {s + 1, s+ 2} is not Yamanouchi. It follows that ¢}; = 0. This
proves the even case. ([

Proof of Claim[£.6(3). Let n = ¢({p,v}). We claim that if a, # 0 and v is not of
the form p[p‘], then n g A[p?], and it follows that 7(s,s,) = 0. Indeed, suppose
n<A[p?], we then can pick y € Ppin such that y <v, so x < u[p?] and hence y <, p.
Since p is <,-minimal, we must then have x = g, and it follows that u <v < ulp/].
Therefore, v is of the form u[p?], giving a contradiction. ([

Proof of Claim[[.7(1). Let n = ¢(B) = Ap'] and x = A[p?]. If ¢ > 0, then
Ap?] > A[p'], so j > i. Let s and t be integers such that ny > ns 1 == =p >
nt+1. Note that ¢ —s = n — 2i. To compute c);, we wish to count the number of
SSYT with shape x and content 7 satisfying the relevant Yamanouchi conditions
as outlined in Theorem We assume that T is an SSYT of shape x and content
1 without assuming that it satisfies the Yamanouchi conditions.

We first show by induction on ¢ that if ¢ < s, then all integers ¢ appear on the i-th
row. Indeed, since T is an SSYT, 7 must appear on or before the i-th row. If all
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the integers j < ¢ appear on the j-th row, then since x; = n;, the entire j-th row
is filled with j. Thus all integers ¢ must appear on or after the i-th row, i.e., all
integers ¢ must appear on the i-th row. The result thus follows from induction.

We then show by backward induction on ¢ that if ¢ > ¢ 4+ 1, then all integers
appear on the i-th row. Indeed, if all integers j > ¢ appear after the i-th row, then
the i-th row can only contain the integer ¢. Therefore all integers ¢ appear in the
i-th row because 1; = x;. The result thus follows from backward induction.

We remark that every SSYT T of shape x and content 1 necessarily satisfies the
desired Yamanouchi conditions, so it suffices to count without thinking about the
Yamanouchi conditions. Indeed, the assumption p ¢ B implies that we never have
to consider the restriction on {«, 8} for s < a;, 8 < t. It then follows that T satisfies
the desired Yamanouchi conditions because if ¢ < s or ¢ > t, then every integer ¢
appears in the i-th row, and if s < i < t, then every integer ¢ appears among the
(s 4+ 1)-th through ¢-th rows.

Now we restrict to the (s + 1)-th through ¢-th rows. It follows from the previous
discussion that these rows are filled with {s+ 1,5+ 2,...,t}. If we go through the
j-th column (j < p — 1), we get a strictly increasing sequence of length (¢t — s) on
{s+1,...,t}, so the box at the i-th row and j-th column (s <i <t, j<p-—1)is
always filled with 1.

The unfilled boxes form a skew shape x, which is a translation of the Young diagram
of o = (2771,1"=27). Let T" be the tableau of shape o obtained by restricting T' to
K, translating to o and then subtracting s from each entry. Note that every such
T’ obtained is an SYT of shape o. Moreover, every SYT T of shape o corresponds
to exactly one SSYT T of shape .

Therefore, the Littlewood-Richardson coefficient ¢} is precisely the number of SYTs
of shape o, which is equal to, by the hook-length formula (Theorem ,

G —z’)!izi?iz!ﬁl)! n-2tl)= (T;_—QD B (jn—f1>' -

Proof of Claim[[.7(3). Let n = ¢(B). We claim that if ap > 0 and 7 is not of the

form A[p!], then n ¥ A[p?], and it follows that c)];[pj] = 0. Indeed, suppose 1 < \[p’].
Since ap > 0, the coeflicient of s, on RHS of equation is positive. It follows
that there exists v with a, # 0 such that the coeflicient of s,, in s,s, is non-zero.
This implies that n > ¢({p,v}). We then can pick x € Ppi, such that x < v, so
d({p,x}) < A[p?] and hence x <, u. Since p is <,-minimal, we must then have
X = i, and it follows that A <n < \[p/]. Therefore, 7 is of the form A[p?], giving a
contradiction. O

5. A={(j,i),(j,i)} FOR j >i>0
As promised in the introduction, we will prove the following theorem in this sec-
tion.

Theorem 5.1. If A = {(j,z'), (j,i)} for j > i >0 and N = 2j + 2i, then A € SP3,
is extreme.
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In this section we will denote A = ¢(A) = (4, 4,4,%) and

By = {(j,4), (i,9)},

By ={(j+1,j—1),(i,i)},
By ={(j +1,9),(j — L,i)},
By ={(4,7), (i +1,i = 1)},
By={(,i+1),G,i—1}

j ])v P2 = (Zvl)v S0
)\[Pl] = (] +1,5— 177”2)
Alp2] = (4, j,i+1,i—1).

Moreover, we will write p; =

Also, let AT = (§+1,4,4,4—1).
We start with a claim about some Littlewood-Richardson coefficients.

Claim 5.2. We have
Cj\q[pl] _ Cg[én] +1 and Cz[pﬂ _ 62\3[002] +1.

Moreover,
AT At AT At

cy =2 and cp, =cp, =cp, =Cp, = CB4 1.
The proof of Claim is deferred to the end of the section because this is fairly
technical.

We shall exhibit how one can deduce Theorem [5.1] from Claim [5.21

Proof of Theorem[5.1. Assume for the sake of contradiction that s 4 is not extreme.
Then, one can write

(5.1) sS4 = Z CBSB

BeSSPy
B#£A
where cg > 0 for all B.

The coefficient of sy on LHS of equation is 1. Since A is minimal in the Schur
support of s4, i.e., there exists no u such that p <1 A and the coefficient of s, in
s4 is positive, every B foe which ¢g > 0 and cg > 0 (i.e., the coefficient of sy in
cp$p is positive) must satisfy ¢(B) = A\. A moment of thought reveals that there is
only one such B, namely, B = By. Hence by comparing coefficients of s, we have
CBy = 1.

Subtracting sp, from both sides of equation ({5.1f), we have

(5.2) SA — 8B, = Z CBSB.

BESSPy
B#A,By

Using Cla we can deduce that the coefficients of sy[,,] and sy, on LHS of
equation ([5.2)) are both 1. Note moreover that the coefficient of sy is zero on LHS
of (5.2). We can then deduce that A[p1] and A[ps] are minimal in the Schur support
of the LHS of (5.2), i.e., there exists no p such that < A[p1] or pu < A[ps], and
the coeflicient of s, on LHS of is positive. Thus every B with ¢g > 0 and
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c)]‘g[m] > 0 (i.e., the coefficient of s)[,,) in cpsp is positive) must satisfy ¢(B) = A[p1].
A moment of thought reveals that such B’s are B = B; and B = By. By comparing
coefficients of sy(,,] on both sides of equation we have cp, +cp, = 1. A similar
argument using A[ps] shows that cp, + ¢cp, = 1.

Subtracting c¢p,sp, + ¢B,SB, + ¢B;SB; + ¢B,SB, from both sides of equation (5.2)
gives us

(5.3)  sa—sp, — (¢BySB, +€BySBy + CB3SBs + CB,SB,) = E CBSB.

BeSSPxN
B#A,Bo,...,Ba

Now we compare the coefficients of sy+ on both sides of equation (5.3]). Applying
Claim the coefficient on LHS of (5.3) is

2_1_(CB1+CB2)_(CB3+CB4):2_1_1_1:_1‘

However, the RHS of (5.3) is a non-negative combination of products of Schur
functions, so the coefficient of s)+ is non-negative, giving the desired contradiction.
O

We now prove Claim

Proof of Claim[5.3 The first two equations follow from Lemma [2.18] To prove
the last six values of Littlewood-Richardson coefficients, we count the number of
tableaux with shape A = (j +1,7,4,% — 1) and content ¢(A) (resp. ¢(By), ¢(B1),
¢(Bz), ¢(Bs), ¢(By)) satisfying the relevant Yamanouchi conditions, as outlined in
Theorem 2.9

In all six cases, we will fill the tableaux with at least j 1’s, at least (j — 1) 2’s, at
least ¢ 3’s and at least (i — 1) 4’s. Moreover, the total number of 1’s and 2’s is
always 2j.

Note that we must put all 1’s in the first row (for this is true for any SSYT).
Moreover, since 1’s, 2’s and 3’s must be put in the first three rows, the last row
must be filled with 4’s.

We must put all 1’s and 2’s within the first two rows. Note that since there are
exactly 25 1’s and 2’s in the first two rows and there are only 2j 4+ 1 boxes in these
two rows, there is at most one entry in the second row that is neither 1 nor 2. None
of the entries in the second row can be 1. This means that there are at least (j —1)
2’s in the second row.

As explained in the previous paragraph, there is at most one entry in the first two
rows that is neither 1 nor 2, so there is at most one 3 among the two rows. This
means that there are at least (¢ — 1) 3’s in the third row.

Hence, in all six cases, the tableau looks like

1)1].../1]1 11|y
2121 2 2 [
313|.../3|cs
4141...|4
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We now consider the individual cases and see in how many ways we can fill in
the boxes c¢1, ¢ and c3 so that the tableau satisfies the Yamanouchi conditions in
Theorem 2.9

For A, we have to fill in one 2, one 3 and one 4. Since we want the restriction
to {2,3} to be Yamanouchi, we must have ¢; # 3. Similarly, since we want the
restriction to {1,4} to be Yamanouchi, we must have ¢; # 4. Thus ¢; = 2. It then
follows that (co,c3) = (3,4) or (4,3) gives two ways of filling.

For By, we have to fill in one 2, one 3 and one 4. Since we want the restriction
to {1,2} to be Yamanouchi, we must have ¢; # 2. Similarly, since we want the
restriction to {3,4} to be Yamanouchi, we must have ¢; # 4. Thus ¢; = 3. We
must then have co = 2 because all 2’s have to be put in the first two rows. Thus
c3 = 4 and there is one way of filling.

For By, we have to fill in one 1, one 3 and one 4. We must have ¢; = 1 because
all 1’s have to be put in the first row. Since we want the restriction to {3,4} to be
Yamanouchi, we must have ¢y # 4. Thus ¢o = 3, c3 = 4 and there is one way of
filling.

For Bs, we have to fill in one 1, one 3 and one 4. We must have ¢; = 1 because
all 1’s have to be put in the first row. Since we want the restriction to {2, 3} to be
Yamanouchi, we must have ¢y # 3. Thus co = 4, c3 = 3 and there is one way of
filling.

For Bs, we have to fill in one 2 and two 3’s. Since we want the restriction to {1,2}
to be Yamanouchi, we must have ¢; # 2. Thus ¢; = 3 We must then have co = 2
because all 2’s have to be put in the first two rows. Thus c3 = 3 and there is one
way of filling.

For By, we have to fill in one 2 and two 3’s. Since we want the restriction to {1, 3}
to be Yamanouchi, we must have ¢; # 3. Thus ¢; = 2. It follows that co = ¢35 =3
and there is one way of filling. O

6. CONJECTURE ON THE INDUCTION STEP

Most of the progress made in [6] is in the direction of showing that s4 is extreme
given certain conditions on ¢(A). Having failed to generalize Theorem to the
case where ¢(A) has repeated parts, we instead propose to approach the problem
by considering the pairing structure of A.

Conjecture 6.1. Let s4 be extreme in CX, and sp be extreme in C§,. Let ¢(A) =
(M,...,A\n) and ¢(B) = (p1, ..., ) with at most one of n and m odd. Suppose
that A, > p1. Then, sgsp is extreme in C]]’i,+M.

Conjecture 6.2. Let sa be extreme in C§, with ¢(A) = (A1,...,\,). Let p =
(p1,p2) be a partition, with p1 > ps and p1 > Ay > X\, > po. Then s45, is extreme
vk
in CNle.

Lemma 6.3. Conjecture [2.13]is equivalent to Conjecture |6.1] and Conjecture [6.2

Proof. The first direction is easy. By the hypotheses of Conjecture [6.1] it is clear
that AUB € SSP?\H_M, thus the failure of Conjecture implies the failure of
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Conjecture 2.13] Similarly, by the hypotheses of Conjecture [6.2] it is clear that
AU {p} € 55P§v+\p|a so the failure of Conjecture also implies the failure of
Conjecture

Now suppose that Conjecture and Conjecture hold and let D € SSPy.
Write sp = $p, ...sp, where the D; are chosen such that ¢(D;) and ¢(D;) have
no parts in common for ¢ # j. We can further divide each D; by removing its

outermost pair, and inductively repeating this process. Repeated applications of
Conjectures and show that sp is extreme. O

7. PRELIMINARY RESULTS FOR k = 3
We suspect that there is a similar pairwise condition for higher k, and for the case
of k = 3 we show certain pairs are bad.

Proposition 7.1. In addition to the bad pairs from before we have these additional
bad pairs for k = 3:

(1) A= (A1, A2), p= (1)

(2) A= (A1, A2, 1), p=(p1) and Ay > pyp > Ao

(3) A= (A1, A2, A3), o= (1, p2) and Ap > pg > Ao > po > A3

(4) A= (A1, A2, A3), o= (1, pr2, pr3) and Ay > pig > g > g > Az > i3
(5) A= (A1, A2), po= (11, p2) and A1 > pg > pio > Ao

Remark. The proposition does not provide an exhaustive list of bad pairs. For
example, the pair A = (4,3,1) and g = (1,1) is a bad pair and is not contained
in the list. We further remark that such inequalities of the parts A; and p; do not
suffice to characterize the set of bad pairs. As an example, the pair M = (5,2,1)
and ¢’ = (1,1) is not a bad pair, that is to say, s(2,1)5(1,1) is extreme in the
(10, 3)-Schur cone. Note that the parts in the pair ((4,3,1),(1,1)) and the parts in
((5,2,1),(1,1)) satisfy the same inequalities, namely A\; > Ay > A3 = 1 = po.

Proof. (1) For this case we simply note when expanding out sys,, in the Schur
basis we only get Schur functions with at most 3 parts, so it is not extreme.

(2) For this case we get from Jacobi-Trudi that
S5 = S5 A2 ) TS =1)S(Arua+1,1)-
(3) Again by Jacobi-Trudi we get
S8 = S(ha=Lu2) S +10a) T 8(u1.A2) Sz Aa) T S Aa=1) (1 Mg a2 +1)
(4) Also by Jacobi-Trudi we have
SASp = S +1,2241) (2= 1A= 1oua) TS (A1 Ao spia) S (b1 a2 Aa) TS (A Aa sz +1) (1 As—1ma) -
(5) If p1 > A2, then we have by Jacobi-Trudi

SAS = S(q,p1,m2)5(02) T Sa+1,m2)S(1—1,02) T S(A14+1,20+1)S (1 —1,u2—1)-
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If M1 = )\2 = W2, then

SASp = S(A1,22)5(M2,22) = S(A1,A2,22)5(N2) + S(A14+1,0241)5(A2—1,A2—1)- [

8. ENUMERATIVE QUESTIONS

Let &% denote the number of extreme rays of the cone C%. The following computer
data suggests these interesting questions:

e Is the sequence £X, &%, ... ,f% unimodal for all N7

e Does this sequence always have a maximum when k = 37

N/k|1 (2 |3 |4 |5 |6 |7 |8 |9 |10
1 1

2 2 |2

3 3 13 |3

4 5 |5 |5 |5

5 TNT T T T

6 11 (131311 11|11

7 15|17 |18 |17 | 15| 15| 15

8 22128129 |27 |2422|22] 22

9 30 |40 | 47|41 |36 |32]30]|30]30

10 |42 (61| 70|68 |55|48 |44 |42 |42 | 42

9. WEAKLY SEPARATED SETS

One obstacle to extending our results and conjectures to higher values of k is the
difficulty of generalizing Conjecture[2.13] Whereas nested sets in the k = 2 case are
related to non-crossing matchings, this correspondence has no clear generalization.
It has been suggested by Pavlo Pylyavskyy that the notion of weakly separated sets
[3, Definition 2] may provide such a generalization. Specifically, if we let M be
the infinite matrix with entries m; ; = h;j_;4+1, we can write a Schur function sy
as the determinant of a minor of the matrix M. According to Pylyavskyy, two
terms sy and s, would form a bad pair, in a sense generalizing Definition [2.11]
if the sets of columns used in the minors expressing the two Schur functions are
not weakly separated. In light of the following example, however, we need to limit
which minors are allowable, or require something of the sets of rows used in the
minors as well.

Example. We can write

1 ho hs
8(1’1) =det [0 hl hg
0 1 M

which is a minor using columns {1,3,4} of M and
hi1 hy hg

5(473)1) = det 1 hg h5
0 he hy



EXTREME RAYS OF THE (N,K)-SCHUR CONE 19

which has column set {2,5,7} (both minors use rows 2,3,4). The sets {1, 3,4} and
{2,5,7} are not weakly separated. However, the product s(1,1)s(4,3,1) is extreme in

3
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