A RESULT RELATED TO BRESSOUD POLYNOMIALS

YUNCHENG LIN

ABSTRACT. In this paper I will first review the combinatorial interpretation
of the Bressoud polynomials, then I will present a result which may be related
to cyclic sieving phenomenon of the combinatorial objects we considered.

1. INTRODUCTION
First we introduce some concepts related to partitions.

Definition 1.1. Let II be a partition whose Ferrers graph has a node in the i-
th row and j-th column; we call this node the (4, j)th node. We define the hook
difference at the (7, j)th node to be the number of nodes in the ith row of II minus
the number of nodes in the jth column of II. We also define the diagonal number
of the (7, j)th node to be i — j.

To illustrate, let’s see an example.

Example 1.2. Let I be 64+5+341, figure 1 shows the hook differences of nodes of
IT while figure 2 shows the diagonal number of nodes of II.

FIGURE 1. Hook Difference
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FiGure 2. Diagonal Number
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For positive integers m, n, we consider partitions with at most m parts each <n
with some property.

Definition 1.3. Let a,b be positive integers. Define pg ;(n, m;a,b;n) to be the
number of partitions of n into at most m parts each < n such that the hook
differences on diagonal 1—b are > —i+b+1 and on diagonal a—1 are < K —i—a—1.
Define Dk ;(n,m;a,b;n) to be the related generating function, or

(1.1) Dk i(n,m;a,b;n) = ZpK,i(n,m;mb; n)q".
n>0
We can now state the main result in [1].

Theorem 1.4. We have

(1.2)
) ca b)) — S (K pti)(at+b)—Kbu | BT M| S w(Kp—i)(a+b)—Kbu+bi n+m
DK,z(n7m7a7b7n) Z q |:7’l—KM:| Z q {n—K,u—I—Z
p=—00 9 pu=-—o0 q
Proof. See [1]. O

Motivated by Theorem 1.4, we define the Bressoud polynomial br(n, m, K, i, a, b, q)
as

(1.3)

j — Kttt Kbp [ T M ]S u(Kpe i)t Kbptbi | 1M
br(n,m,K,i,a,b,q) = > g [H—KML > g {n—Ku—H’ .

p=—00 pn=—00

2. MAIN RESULT

Since Bressoud polynomials are generating functions of some combinatorial ob-
jects, naturally, we may consider the cyclic sieving phenomenon (CSP) of certain
objects. (Readers not familiar with CSP may refer to [2].) However, finding some
good operation to perform CSP seems hard. But we do find a numerical result
(originally suggested by Dennis Stanton and generalized by the author) which may
suggest some evidence.

Note that when K = 2i, or (K,i) = (2t,t) for some t € Z, the double sum
becomes a single sum

i s t(a+b)52+t(a—b)s n+m
e wm2tabg= 3 pgRtess ]

S§=—00

Now we can state the main

Theorem 2.1. We have the following two identities:
(i) When ta,tb are integers and ta — tb is not divisible by 2, then

(2.2) br(2n,2m,2t,t,a,b,—1) = br(n,m,2t,t,—, —, 1),

)

here -’ means that the value does not depend on these two parameters, as can be
seen from the definition of Bressoud polynomials.
(i) When ta,tb are even integers, then

t
(2.3) br(2n,2m, 2t,t,a,b,—1) = br(n,m,t, 20 1)
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Proof. We need a

Lemma 2.2. Suppose q is an r-th root of unity, m,n are positive integers such
that m =rmi +m',n=rny +n',mi,n; € Z,0<m’,n’ <r—1. Then

o HR]IER

Proof. Recall that

(2.5) [m} — Me0-a)
nly I (=) [T (1 —¢f)
Then we substitute ¢ equals to an r-th root of unity into (2.5), we divide the
proof into 2 cases.
Case 1. m' < n’. Then the multiplicity of 0 in the numerator is m; while the

multiplicity of 0 in the denominator is m; — 1. Hence {:ﬂ = 0 in this case. Note

q
!

that when m’ < n/, {7:,} = 0. Hence in this case the lemma is proved.
q

Case 2. m' > n'. Then

m i ML (] g/
[m] = lim — H’:%(l mgn) — = lim —- HJ__1< mlq_nl) ,

nly d=aJL, Q=g L2, (1 —q")  a—a Hj:1(1 —q'"7) Hj:l (1—q")
[li<icm (11— ) B <m1> [m’}

q

ngign,rh(l - ql) ngigm—n,rh(l - ql) B ni n'
Hence in this case the lemma is also proved. ([

Suppose ¢, d are non-negative integers. By previous Lemma, when d is odd,
2c
(2.6) [ d] -

when d is even,

.-

By (2.1),

o0

(2.8) br(2n,2m,t,a,b,~1) = Y _ (-1)%q

S=—00

t(a+b)52 +t(a7b)s 2n + 2m
2 2
2n—ts| |’

Combine (2.6), (2.7), when ta, tb are integers and ta — tb is odd, only even s in
(2.8) contributes to the sum, when s is even, write s = 25’ and using (2.7), also
combine that 2 is not divisible by ta — tb, we obtain

_ ad s t(a+b)s2+t(afb)s 2n 4+ 2m
br(2n,2m,2t,t,a,b,—1) = Z (=1)°¢™ = 2 {Qn—ts}_l

S§=—00

n —ts' n
s'=—o0 s'=—o0

(oo} oo
_ Z (_1)2t(a+b)5/2+t(a—b)s’ (n+m> — Z (_1); (njé?/) =br(n,m,2t,t,—, —,1)
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Similarly, when ta, tb are even integers

o0

B s t(atb)s2 4 ta=b)s 2n + 2m
br(2n,2m,2t,t,a,b,—1) = _57 (-1)*(-1)" = 2 [ o — 5 } »
= n+m t
= E -1)° =b t,—,—, —,1
s:_oo( ) (’I’L _ t;) T‘(TL7 m,t, ' T )
The proof is now complete. O
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