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Lattice Models and
Combinatorial RepresentationTheory

TA's ClaireFrechette
KatyWeber

LaLTcemodelsweinspiredby
statistical mechanics

slogan use localbehavior to
inferglobal properties



Example Square lattice

Assign arrows toeveryedge
in lattice

having pre assignedboundaryedges
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Gene Howmanyways can I fill
this latticewithdistinctedge
assignments with everyvertex
having 2edges in 2 edges out



This means everyvertexhasadjacent
edges in one of 1421 6 configurations

6 rertexmo

Howmanyfillings
A hardqrestion nothard to see its
equivalent to the
alternatingsignmatrixconjecture
proven byZeilberger kuperberg

Lets describe a method forattaching
a weight to each filling



Examplei

feminist
SE Zi Cifinrow

Sw 0 2 so it's
really a

NE zi firmeorderate
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Thentheweightofafilling
admissiblestateffelgott

s
ask.in z

Finally definethelatticemodel
partition function LMPF

Pfe Ints
7 adjaisseilgles
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NewQ n

How to find closedform
expressions for Pfe given
various weight schemes

In general impossible

Rt ase3
Compute PE FDfor nxn

square lattice withtheaboveweights
i.e for all n j its actually

do able



Let's generalizethe lattice

depending on fur µDEZr
with Miami and we often

tatorsimplicity
The latticewillhave arrows

and µ 11 columns
goopugrownwsparts

E g f 6,10 do I'eineere
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What is Pnc
Themostfamoussymmetric

functionsotalli
Whattools do we use to
evaluate PE

AsitheYangBaxterEguation
Wewant a new setof 6 vertices
ie weightsfor rotatedvortices

so that



the following mini partition
functions are equal g
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witharbitraryboundaryconditions
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E
unique

us twoadmissibleadmissible
configurations onconfiguration
righton left
check this

ATzingideaopovepz.frsymnetricinthevaviablesZn
zz Zr

Analyze u
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ontheotherhand.IT FIPnE
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RC se4

G Find a solutiontotheYangBaxter
equationwith our weights as

above

G Readabouthowtoencode it as a
matrix in B Bump Friedberg
and dothetranslation into
matrix multiplication



When is a solutiontothe YBE

possible
Baxter and B B F givesufficient
conditions on the weightsto
satisfy
YBEGdegreetwoequationsinwa.gg

Let His F in Pu E
and let p f I r a 2 n o

Then X µ p has A FA it
ie A is a Combinatorialistb partition

of n AMzt Ar



Then letting If zi Zf zFazr
one has

REI Isac
where safe Schurpolynomial

for A

Sa E 2 wtf

TESSYTH
semistandard
Young tableaux1
ofshape X
andentries er



Young diagramfor A Hi Ar
A boxesin1strow

2131 X boxesin2hdrow

Ar boxes

554T semistandardYoungtableaux

is afilling 1 oftheYoungdiagram
with alphabet51,2 r so that

weakly increasingalong rows
strictlyincreasingdown columns
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REU Exercise 5

Compute 44,2 y
G E E

Show byestablishing

a bijectionbetween 84TH

and µ lattice
states

Xt P
Use togive a ruleforhow

toexpand
E Icy SuGa fr
nu

YooYim Comeup
with this



Ralproblanth
Findconditions underwhich

partitionfunctions offlattice
models

satisfy nice identitieslikethe

Schurpdynomia
branching rules
canchyidentities
Littlewood Richardson

rules

C insertyour
favoriterulehere

which oftheseidentities for
Schurpolynomials can beexpressed

as latticemodelpartitionfunctions
computed in two ways


