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Rsystemy
Let G CV E be a directed

edge weightedgraphwith no loops
or multipleedges
Consider a variable x foreach

vertex REV



Grenadier wewantlofndanen
setofrariablesCxtherthatsatisfy

xxi f itITf.EIthdxD
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Whydothis
This generalizes a processcalled
birational row motion definedby
Einstein Propp
CfDavid notAl

bert

an operation on variablesassignedto
elements of posets
combines ideas ofbirationaltoggling
awell studiedoperation and
nowmotion togglingelements in and
out ofposet ideals

Consider a poset f partiallyorderedset
as a directedgraphwithalledges
orientedupward



Add an an additional vertex s

Addedges
from s to any source

from any sinkto s

e g
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poset
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Applyingthetransformation
Xv Xi wherewefix EXs't

is the same as doingbirational
rowmotion on the poset



DEF A graph E is

strongly connected if VyvEV
Fadirectedpathutoring

DEF ForastronglyconnectedG
anarborescencerootedatrisa
spanningtreedirected

toward v
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Let G CV E bestonglyconnected

GivenExdrerthereexists a unique
solution forever uplorescaling
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ten Exercise 6
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consider thegraph
ATA

a Tb

use the arborescenceformula to

find Cx corresponding

xD a bio d e above



DEEN For a strongly connected G
define to be themapGirl ki

Then the R systemassociatedwith

G is thediscretedynamicalsystem
obtainedbyiterating 01

DEN.tt geposetisthe
productoftwo chainpoets

P
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Birational row motion isperiodic
on rectangular posets with

periodptg

This can beproven using a

T sequence



E sequence idea
write our X

variables as Laurentmonomials

f monomials withpositive and
negative exponents allowed

in some othervariables Tibi ez
wherethe t.is form a recursive

sequence and each Ti is a

Laurentpolynomial in the

original values
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Let To Xix2x
43,44 Us

T Xix
Tj X

Tz 1
and TnTn y

TntTht5ThF2

the Somos 4sequence
known tohave Laurentphenomenon
canwriteallTi's as Laurentpolynomials

in Toei 4,5
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Backlorectangles
Npg

xp Xiao

421,42
flight fifth

Thereisat sequence

aijftkis.lt LseEfqmeseiYd's

and xjH dithjt

dijk



RENE I
a List the relationsthatmustbe
true for this system to be
consistent

b checktherelations for
2 s i e p
2 E j e of



We can proveperiodicityusing
this

T sequence
partofthis will bedone in

this

afternoon's TA session

DEN A trapezoidposet is
a

rectangleposet withthe
sides cut

offby diagonals

A

7



REUPioblew 3 ae

Prove birational rowmotion

is periodic on all trapezoidposets

ask Sylvesterwhatthe conjectural

period is



DEFN A kfold cover of agraph
GNo fo is agnphttNH.tt
with a map TH G suchthat

G it maps
vertices toverities edgeeggloes
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ttM If HisakfoldcoverotG
and Hoovers v then

Z'wth
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TrootedatrinG2

dependupon
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the choice of
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Inaboreeisiding
get cfat d daa b adT
but picking f 2 vl 2 some

get atb_ 1 I
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REUProb n3b

Writethis ratio as a

determinant and
investigatethepositivity
of the coefficients

Whymightinkitrelaedto
a determinant

DEIN TheLaplacianmatrixofa

graphG fYE is Ellis Eisen
vis vn

where Lij feuiE.tl
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jejjtl4ifi j



EXAMPLE Gfrombefore

I
Considered cover case and
label one lift ofeach vertex as
theother as 0 Call an edge of G
positive if itslifts are to

0 0

negative if its lifts are
too



InthelaplacianotG switch the
signoftheweightsotthepositive
edges offthediagonal
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CONJECTURE I

Ourratioisfaldetmotatnthis



EXAMPLE

dell taffeta
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afad.be
REhExercise8
Checktheconjecturefor

maybeitfails
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