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Example A simplicial complex

D on 1,2 3 4,5

D allsubsetsof 1,233,934 343,53
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D An abstractsimplicial
complex 0 on a vertexset

In 2 n is a collection of
subsets

calledfaces or simplices that
is

closed under takingsubsets

A simplexface OED of
cardinality toKitt has
dimension i and is called an

itaceoto

CONVENTION dim 103 1

The dimension of 0 dim 6 isthe
maximum omeaox dim Id
exceptdimcqzjctnafmf.ie

xd



Unless 0 13 OED

D is completelydeterminedbyits

facets ie itsmaximalfaces
with respectto inclusion

e.g facets are 42,35 1243,543,153
in aboveexample

Re gs
1k anyfield leg He

E

S Ikki Xs Xn

4,2 n mix toxi
a squarefree monomial



D EFI TheStanley Reisnerideal
of a simplicial complex 0

is the squarefree
monomial ideal

Io f XT I e

Then1kLOT SI Io is the

StanleyReisnerving
Here Io is generated by the

X T where T is aminimal
non face of 0



EXAMPLE c d
D a.IE
eIockC9bgdeJ

SYad

bcd agbe ce deJ
Ld e7nsa b.e7Xa ge Kgbgd
abc Sd Ibid e

facets
PROPOSITION
IE Nsxilieto
faces OED

actuallyfacets are enough



Minimal free resolution

Fo I F EN EE Theo if
with
Fi Sfg

kit

sTirlindeg

Here degree xi E I one I

eg degree xfxaxgf
fhqyez.li

HF kU4i im4it
shouldsatisfy HE o t iz l

Ho F DIE Ik KD



SwitchedtoMacaulay2demo
computingthemihimalfreeresolution

oc sftsk 9c45ehsk
ofad.ae.beie.debcd J µµ

amE xam9aE

Theentriesinthelisarenotunique
butlhedegreesotitsolumnsare
determinedbysometopologyoto



Let Fico Ei facesof03
apologiesforconflictofterminology
with Fi in resolution

e g E 6
Foto Eabad e

Fi 6 fab ac bybdid

Eco false lopped
writingset
btaces.com

DEEN Theaugmented or reduced

chaincomplexoto
EcoD o HE 99KERIKERI

HIM o

with filed sign diff inerendementoto



JEM EE EG
a K k a HE

be acabdbdc

et't's
e

abckE
be II kik 7m34
no 1

abf E Hd if on
db o

o if i 0,1de O



Roughly speaking independent

dimktIK.lk i dimensional

holes in 0

Tt 77
Da simplicialcomplexon 1,2 n

View f Ikki n with Egrading
ThenKloshas minfreeresolution
F Fo F f Fn ft 0
with Fi

go y
C e Pit where

Pi E dimitetheti Cote K



Here ol D restricted to
vertices in T

Swi MW2dw
e g

T A bi l D

oleo has IICole

11k
if i on

0 else

so multidegree T occurs once in

resolution at Fm o F F o FF4
and also at Fry I I Es i F E



REUExera.se

Dl abc abd acd bad be a e
all subsetsthereof

f
a

e i n

a Compute Ig in 2ways
via definition andproposition A

b Compute MFR of Slid
with ZEgrading note pi e s



c compute it t.lk
forall te a b c d e

and comparewith
Hochsters

formula

Notehere

HT651k
0 if i o



Virtual resolutionsBackt
X Ip pmxPbx xp

Stkllxg.lt End
with degreefxij Ei ETI

EXAMp X p xp
2

a b c d e

5 112410Xm X2o42,422

deg f deg 9



c d
D 11 B kinda

a b e

TRecall the irrelevantideal

D Gilo ni CS

t
UCB f in p't

X µ
r

µy



Want to again use B tomakethe

resolutionssmalter
tf ideals IES ta E Izor

KI VCI uUCB7
11

ExercisedU In Boi

whereBE fix



e.g

Ioffe Kgb e Rage Kgbgd
VI Ul

oaEIpd.ee in e ca b Lab

k

VkaixDevkabDcNB
sina.ca

bPBHenceULIoVkde7nlaseD
ThisisintheMacanlay2oodeas
saturatelIo B



REUExer a.se 4
0 a simplicialcomplex

X pmx p
n
lo rp't ifyoulike

Describehow tomodify the
definition of Io and
PropositionHDto obtain Jo ko
respectively with

V Io V Lko KID
Thegoal is to use thefewest
monomials and intersectandS

respectively



REUProblem6 X p
Howdoes 0 encodeproperties
ofvirtual resolutions of Sto
the shortestlengthof a
vires of SIIo
itwhen is it the shortestlength
Int dimHIS Koirethiftacaulay

itwhenFavreswhich is a

Koszulcomplex foirthpffteintersection

can wecompute Pip's invarious vresis

ofSto e g res StorBaresS saturateftoB

re iii gens



Exempt X P'xp
exoxillyoyD

F Hoyo nah yD
ULI points

resolutionof Into xD

i

i

2

I LXoXn XoYn XYo YoYD



InB sk sttfesf.IT
Ekoszulcomplex

REUExercies
X p1 xp
S Ca b c d

Ul
D Sa b nd d

a Write out all 0 s

with VLIo 0
non irrelevant 0 s



b whatconditions on 0
make Utd 0

c Find shortestfice
Wes's for S1 Io
use ideas from x

whenis it vCM
virtualCohenMacaulay

when is it a VCI
virtualcomplete
intersection


