


Symmetric function theory - a very brief intro .

( TAS : Emily Tibor t Claire Frechette )

elements of TL ( Xi . - - a , Xn] which remain

integers Tomitimes ±

unchanged when we permute variables .
Examples : h =3 .

ez Ix ) : = X , Xz t Xzxzt 14×3

half) : = xftx ,Xztxzt Xzxztxztxixz
124117 : = Xi't Xi't xz4
Mean) IE )

: = Xixzxz t Xixzxzt X , Xzxje
M 7,0

T

partition 1=1417427
.
- . >Xn )

( often think of integer k = 1st Azt
- - - ten )

write 1×1 = k .

Also make partition versions of e's
.
h's

, p's

pox := Px ,
-
" Pan hit Th

>o



Sn := rymm . gp . on n tellers .

then An := ZC x, . . . . ,×nySn
← super - " fixed pls

under action of

Sn .

Fast : Ant Xcel ' - - ' ' en] k ← deg. k

Or we can refine our set - up
: An

= ftp.o/lnhomog .polys .

Fast : { ma 3µg, en , 1×1=12 is 2- basis for
- Ni ."

length
" of A

# parts



Introduce scalar product 5 ,
7 defined by

L ha , my 7
= 8
, ,µ

a g l if X-p
o else .

weird def 'm out of nowhere . But has nice properties :

positive definite ( inner product) , symmetric .
" Hall inner product

"

Does there exist an orthonormal basis for a , > ?

Yes ! Schur polynomials . Denote them by

Sy ( Xi , . - - kn) ,
so ( SHI) , Sp CE ))

= §µ
Two definitionsher polys
① Sy ( x, , . . . ,Xn ) = AITf f = (

n- Isn-2 , . - - , I , o)

Ae
where

A
,
= -2

→
In :=xf!xzh?- xnh"

"alternator . . sesn
Y"

' HEY
T
II according to whether

eg. f
= ( ( z)

6 is even ,
odd # of transp.

then sync 6) =
- I

,
61×7×2×3) = 14×23×3.

note Aµ =o if Mi -Mit , inte .



② Given X = ( X , " . - - Hn)
, form a Young

diagram : 1TI_← X , boxes

¥11 Er Xz boxes

I N1g ← an boxer .

Fill it with alphabet { Is . . . , n} so that it is

• weakly increasing in rows
• strictly increasing in columns .

F- Iampk . A- Kho)
~¥13 ok

" semistandard Youngtableaux
"

( SSH) my
SSYT (x) : set of ssytswlghape

BAD!

wtf) ( seconddefies
>
(x, . - - - i Xn) : = Z E

of Schur polys)TE SSYTIX)

wt ft ) = ( # l's , # 2 's , . . - , # n's inT)
so wt ( FF ) = ( 2. lil )
s. It ' ¥9 = xixix;



REU Exercise lol : ⑥ Compute sqq , Cxnxzixs)

using two definitions .

① Age can be expressed as the determinant

of a matrix . Show this .

② Evaluate Ap as an explicit product in xi's .

PIRI : Statistical mechanical model .
Give 3rd olefin of Schur polynomials using stat - mech .

Rough form : Sxcx , , . . . ,xn ) = Z weight Is)
admissible

Make a grid with n rows , N cowmnss.tt" s
3 2 I O X= ( 110, O)

e -j . h=3 , N
= 4 :

sµµ^# 3 At f- ( 3. ' ' o)
# z

if

( N > X ,) g- , f
-

- 121110)

✓ V V V
up
at parts of

Decorate boundary edges ate .

according to a partition X - faith in foot arrows)

up arrows
on top boundary at columns whose Index

matches parts of Ate , down
at rest .



To such a grid with boundary Corresp . to X ,

find all fillings with arrows on edges so

that ,
at each vertex ( i -e . crossing) there are

2 in arrows / 2 out arrows on edges adjacent to
vertex

.

Tiny example : ( A = co , o) , Atf = Chol )

pf3•#g
How many fillings satisfy my

role ?

¥9
← this is one such filling . In this

example , there is one more
.

" admissible state
"

of lattice model at
X boundary.

Make a function
Pac x . . . . . , xn)

= I wt Cs ) .
admissible

p status of wt CS) = IT wth)
Atp -grid res"

goofing. " f
all vertices in S .

2in. 1200k -
and finally ,

wth ) will depend
primarily on the adjacent edges .



÷:÷i÷÷÷÷÷÷÷÷÷÷÷÷i÷i÷
.

:÷÷:÷iE# " " t.int 's .- ×. .

claim : with these (Boltzmann ) weights . µ= ftp.

IN >*m) Pal Xi , . . - , = 1*1 Syl X , i
.
. - Hn )

J
up To very simple expression(Nts> o) * rows . in xi's .

REU Exercise : Determine this simple expression for ft)

and prove the claim using def
: of Sy as sum of

( and determine effect , if any , on
SSYT.

Pa of the choice of N )



Introduce a fool which makes lattice model methods so

powerful . - Yang -Baxter equation . ( in picture form) .

Good : find a new set of 6 weights for new

family of vertices
: µ such that the foamy

partition functions are always equal : y for arrow
-

choices

f p
-

d
Lift , 8.Ee

s:¥ij*÷÷¥: = ¥÷¥ x
iti t

i
E

( solve for Nts . for of 4
* )

Example : A

077 . C 8 . D*¥÷=¥÷÷¥*
-

- gon . function w/

gen
- function with one state . two states .

PC #I -- artist = wt://wtfewilwtlnw.nl
-

unknown -



Cliffhanger : Why is this solution in wts Xo

to this
"

Yang- Baxter equation
"

so useful ?

REU Excise : 1.3 : find a solution to the

YBE for the weights for Pa, described above .

( YBES only exist for very special choices of weights )

REU Protein : ( 3 projects )

① ( broad) catalog identities satisfied by Schor

functions . Determine which ones have lattice model

proofs .
⑦ ( super specific ) Evaluate a partition function of

lattice models in earlier work of Brubaker - Schultz .

③ ( shot in dark) Explore lattice models for f
- Schor

functions . Do they exist?


