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Introduction to Cluster Algebras

In the late 1990's: Fomin and were studying total positivity and

canonical bases of algebraic groups. They noticed recurring combinatorial
and algebraic structures.
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Introduction to Cluster Algebras

In the late 1990's: Fomin and were studying total positivity and
canonical bases of algebraic groups. They noticed recurring combinatorial
and algebraic structures.

Led them to define cluster algebras, which have now been linked to quiver
representations, Teichmiiller theory, tilting theory,
, discrete integrable systems, and other topics.

are a certain class of commutative rings which have a
distinguished set of generators that are grouped into overlapping subsets,
called , €ach having the same cardinality.
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What is a Cluster Algebra?

Definition (Sergey Fomin and Andrei Zelevinsky 2001) A cluster algebra
A (of geometric type) is a subalgebra of k(x1, ..., Xn, Xnt1s- -+ Xntm)
constructed cluster by cluster by certain exchange relations.
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What is a Cluster Algebra?

Definition (Sergey Fomin and Andrei Zelevinsky 2001) A cluster algebra
A (of geometric type) is a subalgebra of k(x1, ..., Xn, Xnt1s- -+ Xntm)
constructed cluster by cluster by certain exchange relations.

Generators:

Specify an initial finite set of them, a Cluster, {x1,X2, ..., Xn+m}-

Construct the rest via Binomial Exchange Relations:

/I di+ 3
XOéXa - X"y, + X’Yl .

The set of all such generators are known as Cluster Variables, and the
initial pattern of exchange relations determines the Seed.

Relations:

Induced by the Binomial Exchange Relations.
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Binomial Exchange Relations via Quivers (Directed Graphs)

Given a quiver @, we encode binomial exchange relations as

/
= T1 s+ [ =

i—jeQ Jj—ke@
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Binomial Exchange Relations via Quivers (Directed Graphs)

Given a quiver @, we encode binomial exchange relations as

/
= T1 s+ [ =

i—»jeQ j—keQ
For example, if Q = 1=2<3< 4, then
T
xix) =14 x3 xoxh = x¥x3 + X4

X3x§ = X3 + X» X4Xz'L = X2 + X3.
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Binomial Exchange Relations via Quivers (Directed Graphs)

Given a quiver @, we encode binomial exchange relations as

/
= T1 s+ [ =

i—jeQ j—keQ
For example, if Q = 1=2<3< 4, then
N
r_ 2 ;2
x1xp =1+x5 XoXg = X1 X3 + X4
X3x§ = X3 + X» X4Xz'L = X2 + X3.

If Q has n vertices, we obtain n new seeds (startng from the initial seed)
by mutating in n directions: e.g.

{X17 X2, X37X4}
/ / AN AN
{x1, %2, x3,xa} {x1, x5, x3, xa} {x1,x2, %3, xa} {x1, %0, x3, %3}
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Exchange Patterns for New Seeds via Quiver Mutation

Given a quiver Q and its vertex j, we can define Q" = 1;Q, the
mutation of Q at j, by a 3 step process:

G. Musiker REU Problem # 3 June 17, 2020 5/61



Exchange Patterns for New Seeds via Quiver Mutation

Given a quiver Q and its vertex j, we can define Q" = 1;Q, the
mutation of Q at j, by a 3 step process:

1) For any 2-path i — j — k, add a new arrow i j k.
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Exchange Patterns for New Seeds via Quiver Mutation

Given a quiver Q and its vertex j, we can define Q" = 1;Q, the
mutation of Q at j, by a 3 step process:

1) For any 2-path i — j — k, add a new arrow i j k.

N7
2) Reverse the direction of all arrows incident to j.
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2) Reverse the direction of all arrows incident to j.
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Given a quiver Q and its vertex j, we can define Q" = 1;Q, the
mutation of Q at j, by a 3 step process:

1) For any 2-path i — j — k, add a new arrow i j k.
N7
2) Reverse the direction of all arrows incident to j.

TN
3) Delete any 2-cycle i j k created from the above two steps.
\//

Examples: If Q = 1=2<3<4, then

~__
wR=1<2<3<4
~__
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Given a quiver Q and its vertex j, we can define Q" = 1;Q, the
mutation of Q at j, by a 3 step process:

1) For any 2-path i — j — k, add a new arrow i j k.
N7
2) Reverse the direction of all arrows incident to j.

TN
3) Delete any 2-cycle i j k created from the above two steps.
\//

Examples: If Q = 1=2<3<4, then

N7
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Exchange Patterns for New Seeds via Quiver Mutation

Given a quiver Q and its vertex j, we can define Q" = 1;Q, the
mutation of Q at j, by a 3 step process:

1) For any 2-path i — j — k, add a new arrow i j k.
N7
2) Reverse the direction of all arrows incident to j.

TN
3) Delete any 2-cycle i j k created from the above two steps.
\//

Examples: If Q = 1=2<3<4, then

N7
w=1<2<3<4, w=1<2-=3 4
N7 ~_ “~
13Q=1=>2>3>4,
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Exchange Patterns for New Seeds via Quiver Mutation

Given a quiver Q and its vertex j, we can define Q" = 1;Q, the
mutation of Q at j, by a 3 step process:

1) For any 2-path i — j — k, add a new arrow i j k.
N7
2) Reverse the direction of all arrows incident to j.

TN
3) Delete any 2-cycle i j k created from the above two steps.
\//

Examples: If Q = 1=2<3<4, then

N7
w=1<2<3<4, w=1<2-=3 4
N7 ~_ “~
w3 = 1=2->=3->4, waQ = 1=2 34
~_ “~

Note: Mutation is an involution, meaning that ,uJ?Q = Q for any vertex j.
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Exchange Matrices Representing Quivers (Directed Graphs)

Given a quiver Q (i.e. a directed graph) with n vertices, we build an

n-by-n skew-symmetric matrix Bq = [bj]{_; ;_; whose entries are

bjj = (#arrows from i to j) — (#arrows from j to /).
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Exchange Matrices Representing Quivers (Directed Graphs)

Given a quiver Q (i.e. a directed graph) with n vertices, we build an
n-by-n skew-symmetric matrix Bq = [bj]{_; ;_; whose entries are
bjj = (#arrows from i to j) — (#arrows from j to /).

Note: More generally, we can let Bg be skew-symmetrizable, meaning
there exists a diagonal matrix D with positive integer entries such that
DBy is skew-symmetric, i.e. satisfies (DBg)" = —DBg.
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Exchange Matrices Representing Quivers (Directed Graphs)

Given a quiver Q (i.e. a directed graph) with n vertices, we build an
n-by-n skew-symmetric matrix Bq = [bj]{_; ;_; whose entries are
bjj = (#arrows from i to j) — (#arrows from j to /).

Note: More generally, we can let Bg be skew-symmetrizable, meaning
there exists a diagonal matrix D with positive integer entries such that
DBy is skew-symmetric, i.e. satisfies (DBg)" = —DBg.

0 1| . 0 2
IfQ—1—>2,thenBQ—[_1 O],lfQ-liZthenBQ—[_z O}
O 2 0 0
. 2 0 -1 1
andlfQ—1$2i3;4,thenBQ_ 0 1 0 -1
0o -1 1 0
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Exchange Matrix Mutation

Quiver mutation induces an analogous dynamic on exchange matrices Bg.
We define [b;] = By = ukBq, the mutation of Bq = [b;] at k, by

;) —bjifi=korj=k
! bij + [bik]+[bkj]+ - [_bik]+[_bkj]+ otherwise

using [a]+ = max(«, 0).
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Exchange Matrix Mutation

Quiver mutation induces an analogous dynamic on exchange matrices Bg.
We define [b;] = By = ukBq, the mutation of Bq = [b;] at k, by

;) —bjifi=korj=k
! bij + [bik]+[bkj]+ - [_bik]+[_bkj]+ otherwise

using [a]+ = max(«, 0).

0 2 0
Examples: If Q= 152<3<4,Bq=| > 0 ! then
ples: TN = TP 0 1 0 -1
0 -1 1 0
0 -2 0 0
2 0 -1 1
me=te2z3z4 mbBe=1g 1 o
0 -1 1 0
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Exchange Matrix Mutation

Quiver mutation induces an analogous dynamic on exchange matrices Bg.
We define [b;] = By = ukBq, the mutation of Bq = [b;] at k, by

;) —bjifi=korj=k
! bij + [bik]+[bkj]+ - [_bik]+[_bkj]+ otherwise

using [a]+ = max(«, 0).

0 2 0 O
-2 0 -1 1
Examples: If Q = 1#2«\3;4, Bg = 0o 1 0 -1 , then

0 -1 1 O

0 -2 0 2

2 0 1 -1

ILL2Q— 1@2@4, IU2BQ— 0 10 0

-2 1 0 0
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Exchange Matrix Mutation

Quiver mutation induces an analogous dynamic on exchange matrices Bg.
We define [b;] = By = ukBq, the mutation of Bq = [b;] at k, by

;) —bjifi=korj=k
! bij + [bik]+[bkj]+ - [_bik]+[_bkj]+ otherwise

using [a]+ = max(«, 0).

0 2 0 0
Examples: If Q= 1=2<3<4, Bp = —2 0 -1 then
ples: It & = P70 1 0 -1

0 -1 1 0
0 2 0 0
-2 0 1 0
,U3Q— 1929394, IU3BQ— 0 1 0 1l
0 0 -10
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Exchange Matrix Mutation

Quiver mutation induces an analogous dynamic on exchange matrices Bg.
We define [b;] = By = ukBq, the mutation of Bq = [b;] at k, by

;) —bjifi=korj=k
! bij + [bik]+[bkj]+ - [_bik]+[_bkj]+ otherwise

using [a]+ = max(«, 0).

0 2 0 O
-2 0 -1 1
Examples: If Q = 1#2«\3;4, Bg = 0o 1 0 -1 , then

0O -1 1 o0

0 2 0 O

-2 0 0 -1

ILL4Q— 1#2&4, IU4BQ— 0 0 0 1

0 1 -1 0
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Rank 2 Cluster Algebras

0 »b
LetB—[_C 0

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
x,’,’f1 +11if nis odd

Xp 1 N € Z} satisfying xpx,_o =
L } YIIE XnXn {X§_1+1ifniseven
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Rank 2 Cluster Algebras
0 b

Let B = [_C O]' b,c € Z~o. ({x1,x2}, B) is a seed for a cluster algebra

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
b 1if nis odd
{xn : n € Z} satisfying x,xp_2 = o1t o
x5_1 4+ 1if nis even

Example 1 (b=c=1):

xo+1
X3 = .
X1
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Rank 2 Cluster Algebras
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Let B = [_C O]' b,c € Z~o. ({x1,x2}, B) is a seed for a cluster algebra

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
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Rank 2 Cluster Algebras
0 b

Let B = [_C O]' b,c € Z~o. ({x1,x2}, B) is a seed for a cluster algebra

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
b 1if nis odd
{xn : n € Z} satisfying x,xp_2 = o1t o
x5_1 4+ 1if nis even

Example 1 (b=c=1):

xo+1
xo+1 X3+1 X1 +1 x1+x+1
X1 X2 X2 X1X2
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Rank 2 Cluster Algebras
0 b

Let B = [_C O]' b,c € Z~o. ({x1,x2}, B) is a seed for a cluster algebra

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
b 1if nis odd
{xn : n € Z} satisfying x,xp_2 = o1t o
x5_1 4+ 1if nis even

Example 1 (b=c=1):

xo+1
xo+1 X3+1 X1 +1 x1+x+1
X1 X2 X2 X1X2
Xq + 1
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Rank 2 Cluster Algebras

LetB:[O b

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
b 1if nis odd
{xn : n € Z} satisfying x,xp_2 = X1 1 ?S ©
x5_1 4+ 1if nis even

Example 1 (b=c=1):

X1 X2 X2 X1X2

xo+1 X3—|-1_X2X7J1rl+1 x1+x+1

x1+x+1
xq+1  og o t1
X5 = =

X3 o (X2+1)/X1 -
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Rank 2 Cluster Algebras

LetB:[O b

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
b 1if nis odd
{xn : n € Z} satisfying x,xp_2 = X1 1 ?S ©
x5_1 4+ 1if nis even

Example 1 (b=c=1):

Lo+l xtl SPHDl atxdl
3 X1 ' 4 X2 X2 X1X2 '
x1+x2+1
N :X4+1 _ %"‘1 :X1(X1+X2+1+X1X2) _
> X3 (X2 + 1)/X1 X1X2(X2 + 1)
G. Musiker REU Problem # 3

June 17, 2020

e O]' b,c € Z~o. ({x1,x2}, B) is a seed for a cluster algebra

11/61



Rank 2 Cluster Algebras

LetB:[O b

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
b 1if nis odd
{xn : n € Z} satisfying x,xp_2 = X1 1 ?S ©
x5_1 4+ 1if nis even

Example 1 (b = c = 1): (Finite Type, of Type A)

Lo+l xtl SPHDl atxdl
’ X1 ‘ ¢ X2 X2 X1X2 .
x1+x2+1
N :X4+1 _ %"‘1 :X1(X1+X2+1+X1X2) :X1+1
> X3 (X2+1)/X1 X1X2(X2+1) X2 .
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Rank 2 Cluster Algebras

Let B = [—Oc g] b,c € Z~o. ({x1,x2}, B) is a seed for a cluster algebra

A(b, c) of rank 2.

p1(B) = p2(B) = =B and xix} = x$ +1, xox5 =1+ xP.
Thus the cluster variables in this case are
b 1if nis odd
{xn : n € Z} satisfying x,xp_2 = o1t o
x5_1 4+ 1if nis even

Example 1 (b = c = 1): (Finite Type, of Type A)

1
xo+1 X3+1 %"’_1 x1+x+1
X3 = X4 = = 1 =
X1 X2 X2 X1X2
x1+x0+1
N _X4—|—]_ B ﬁ-ﬁ-l _X1(X1—|—X2—|—1—|-X1X2) _X1—|—1 X6 = X1
= = = = . = Xi.-
X3 (X2 + 1)/X1 X1X2(X2 + 1) X2
G. Musiker REU Problem # 3

June 17,2020  11/61



Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type /Zl)

x22+1
X1 '

X3 =
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type /Zl)

x22 +1 x§ +1
X1 X2
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type /Zl)

x2 41 x2+1 X34+ 2x2 + 1+ x2
_ 2 _ 73 _ "2 2 1
X3 = . X4 = = > .
X1 X2 X1 X2
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type /Zl)

x22+1 x§—|—1 x§+2x22+1—|—x12
X3 = . X4 = = 5 .
X1 X2 X1 X2
xf +1
X5 = =
X3
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type Zl)

_x22+1 _x§+1_x§+2x22+1+x12
X3 = . X4 = = > .
X1 X2 X1 X2

:xf—l—l _XS—|—3X§+3x22+1—|—xf—|—2x12—|—2xlzx22

x3 X13 x22 ’

X5
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type Zl)

_x22+1 _x§+1_x§+2x22+1+x12
X3 = . X4 = = > .
X1 X2 X1 X2

:xf—l—l _XS—|—3X§+3x22+1—|—xf—|—2x12—|—2xlzx22

N = Xf’x22 Y e

X5

If we let x; = xo = 1, we obtain {x3, xa, x5, X5} = {2,5,13,34}.
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type Zl)

_x22+1 _x§+1_x§+2x22+1+x12
X3 = . X4 = = > .
X1 X2 X1 X2

:xf—l—l _XS—|—3X§+3x22+1—|—xf—|—2x12—|—2xlzx22

x3 X13 x22 ’

X5

If we let x; = xo = 1, we obtain {x3, xa, x5, X5} = {2,5,13,34}.

34241 _

The next number in the sequence is x7 = =3— =
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type Zl)

_x22+1 _x§+1_x§+2x22+1+x12
X3 = . X4 = = > .
X1 X2 X1 X2

:xf—l—l _XS—|—3X§+3x22+1—|—xf—|—2x12—|—2xlzx22

x3 X13 x22 ’

X5

If we let x; = xo = 1, we obtain {x3, xa, x5, X5} = {2,5,13,34}.

34241 _ 1157 _

The next number in the sequence is x7 = *3 3
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Rank 2 Cluster Algebras

Example 2 (b = ¢ = 2): (Affine Type, of Type Zl)

_x22+1 _x§+1_x§+2x22+1+x12
X3 = . X4 = = > .
X1 X2 X1 X2

:xf—l—l _XS—|—3X§+3x22+1—|—xf—|—2x12—|—2xlzx22

x3 X13 x22 ’

X5

If we let x; = xo = 1, we obtain {x3, xa, x5, X5} = {2,5,13,34}.

. . 2
The next number in the sequence is x; = 3431 = 1157
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Quivers and Exchange Matrices with Principal Coefficients

Given a quiver Q on n vertices, and its associated n-by-n matrix Bg, we
build the corresponding 2n-by-n exchange matrix with principal coefficients

via EVQ = [BIQ} where [, denotes the n-by-n identity matrix.

Equivalently, éz; corresponds to the exchange matrix of the framed quiver
Q =QuU{l,2, ... n'} with a single arrow from /" — i for each 1 < i < n.
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Quivers and Exchange Matrices with Principal Coefficients

Given a quiver Q on n vertices, and its associated n-by-n matrix Bg, we
build the corresponding 2n-by-n exchange matrix with principal coefficients

via EVQ = [BIQ} where [, denotes the n-by-n identity matrix.

Equivalently, éz; corresponds to the exchange matrix of the framed quiver

62QU{l’,T,...,n/}Withasinglearrowfromi’—>iforeach1§i§n.
Example: ~
fQ=1>2<3<4,then Q=1 2 3 410 2 0 0]
~— byl =2 0 -1 1
1=2<-3<14 _
0 2 0 0 N> 0 1 0 1
B — -2 0 -1 1 and B — 0O -1 1 0
““lo 1 0o -1|’ 11 0 o0 o0
0 -1 1 0 0 1 0 0
0 0 1 0
0 0 0 1,
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Examples of mutation with principal coefficients
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Starting with the framed quiver for the case of the Kronecker quiver
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Examples of mutation with principal coefficients

Starting with the framed quiver for the case of the Kronecker quiver
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Cluster Variables with Principal Coefficients

Framed quivers for a type Ay quiver:

1 L R WA i Ul S U (VS T

b PN X1 X

12 1<-2 12 1<-2 12 1<-2

{Xl,XQ} — {X3,X2} — {X3,X4} — {X5,X4} — {X5,X1} — {XQ,Xl}

yi+x
X3 = )
X1
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Cluster Variables with Principal Coefficients

Framed quivers for a type Ay quiver:

1 L R WA i Ul S U (VS T

b PN X1 X

12 1<-2 12 1<-2 12 1<-2
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Cluster Variables with Principal Coefficients
Framed quivers for a type Ay quiver:
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Cluster Variables for the Kronecker quiver, i.e. A(2,2)

The cluster algebra A(2,2) corresponding to the Kronecker quiver 1= 2
has a geometric interpretation
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Cluster Variables for the Kronecker quiver, i.e. A(2,2)

The cluster algebra A(2,2) corresponding to the Kronecker quiver 1= 2
has a geometric interpretation as an

2 R C

Cluster variables x,'s correspond to arcs that wind around the annulus.
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Example of Type A3 with Principal Coefficients

Example 3: Let A be the cluster algebra defined by the initial cluster
{x1,%2,x3,y1,y2,y3} and the initial exchange pattern

0 1 0

-1 0 -1

, , , ) 0O 1 0
X1X] = y1+x2, XoXp = x1X3)2 + 1, x3x3=y3+ xp, i.e. 10 o0
0O 1 0

10 0 1|
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REU Exercise # 3.1: Each of A corresponds to a triangulation of a

hexagon such that chords correspond to cluster variables.

G. Musiker REU Problem # 3 June 17, 2020 18 /61



Example of Type A3 with Principal Coefficients

Example 3: Let A be the cluster algebra defined by the initial cluster
{x1,%2,x3,y1,y2,y3} and the initial exchange pattern

0 1 0
-1 0 -1
p p , . 0 1 0
xX1xp = y1+x2, Xexp =x1x3y2 + 1, x3x3 = y3 + xo, i.e. 10 0
0 1 0
|0 0 1]
REU Exercise # 3.1: Each of A corresponds to a triangulation of a

hexagon such that chords correspond to cluster variables. Furthermore, A
is a cluster algebra of finite type, with cluster variables given as:

yi+x2 x1x3y2 +1 y3+x x1x3y1)y2 +y1 +x2
b

{Xl y X2, X3, ’ ) )
X1 X2 X3 X1X2

)

X1X3y2)3 + Y3 + X2 X1Xay1yays + Yiys + Xays + Xoy1 + X3
X2X3 X1 X0X3 '
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Relationship with Total Positivity
cﬂ € GLy, what is a sufficient condition to

check whether it is totally positive, meaning that all minors are positive?
(ie.a>0, b>0, c>0, d>0,ad — bc >0.)

Given a 2-by-2 matrix M = [i
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ad — bc > 0. (for a total of 4 verifications rather than all 5 minors).

Note: If A =ad — bc>0,a>0, b>0, and ¢ > 0, then we can rewrite
d= %, and obtain d > 0.

There is another such possible verification set of size 4, namely
b>0,¢c>0,d>0,and A =ad — bc > 0.

Together, these 5 algebraic elements generate a structure
of type Az (i.e. a binomial exchange between a and d with b, ¢, A frozen).
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Relationship with Total Positivity

b
d
check whether it is totally positive, meaning that all minors are positive?
(ie.a>0, b>0, c>0, d>0,ad — bc >0.)

Given a 2-by-2 matrix M = [i } € GLy, what is a sufficient condition to

Answer: It is sufficient to check that a >0, b>0, ¢ > 0 and
ad — bc > 0. (for a total of 4 verifications rather than all 5 minors).

Note: If A =ad — bc>0,a>0, b>0, and ¢ > 0, then we can rewrite
d= %, and obtain d > 0.

There is another such possible verification set of size 4, namely
b>0,¢c>0,d>0,and A =ad — bc > 0.

Together, these 5 algebraic elements generate a structure
of type Az (i.e. a binomial exchange between a and d with b, ¢, A frozen).

Warning: Even if a>0,c > 0,d > 0,ad — bc > 0, it is still possible
b < 0. (Ditto if we leave out c or A = ad — bc.)
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Relationship with Total Positivity

a b c
Given a 3-by-3 matrix M = |d e f| € GL3, how do you check whether
g h i
it is totally positive, meaning that all minors are positive?

(ie.a>0, b>0, c>0,...,ae —bd >0,...,det M > 0.)
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it is totally positive, meaning that all minors are positive?

(ie.a>0, b>0, c>0,...,ae —bd >0,...,det M > 0.)

Answer: It is sufficient to check that ¢ >0, g > 0, bf — ce > 0,
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Relationship with Total Positivity

a b c
Given a 3-by-3 matrix M = |d e f| € GL3, how do you check whether
g h i

it is totally positive, meaning that all minors are positive?
(ie.a>0, b>0, c>0,...,ae —bd >0,...,det M > 0.)

Answer: It is sufficient to check that ¢ >0, g > 0, bf — ce > 0,
dh — eg > 0 and four other conditions

(for a total of 8 verifications rather than all 19 minors).

There are exactly 50 such overlapping sets of four conditions. These 50
algebraic elements generate a structure of type Dy (with
binomial exchange relations among the elements).
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More Matrix Minors: Coordinate Ring of Grassmannian

Let Gra i3 = {V|V C C""3, dim V = 2} planes in (n + 3)-space

Elements of Gry n43 represented by 2-by-(n + 3) matrices of full rank.
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Let Gra i3 = {V|V C C""3, dim V = 2} planes in (n + 3)-space
Elements of Gry n43 represented by 2-by-(n + 3) matrices of full rank.
Pliicker coordinates p;j(M) = det of 2-by-2 submatrices in columns i and j.

The C[Gro,n43] is generated by all the p;;'s for
1 < i < j < n+ 3 subject to the Pliicker relations given by the 4-tuples

PikPj¢ = PijPke + piepjk for i < j < k < L.
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More Matrix Minors: Coordinate Ring of Grassmannian

Let Gra i3 = {V|V C C""3, dim V = 2} planes in (n + 3)-space
Elements of Gry n43 represented by 2-by-(n + 3) matrices of full rank.
Pliicker coordinates p;j(M) = det of 2-by-2 submatrices in columns i and j.

The C[Gro,n43] is generated by all the p;;'s for
1 < i < j < n+ 3 subject to the Pliicker relations given by the 4-tuples

PikPj¢ = PijPke + piepjk for i < j < k < L.

Claim. C[Gr 543] has the structure of a type A, cluster algebra.
are each maximal algebraically independent sets of pj;'s.

Each have size (2n + 3) where (n + 3) of the variables are frozen and n of
them are exchangeable.
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More Matrix Minors: Coordinate Ring of Grassmannian

Cluster algebra structure of Gr, 543 as a triangulated (n + 3)-gon.
Frozen Variables / Coefficients +— sides of the (n + 3)-gon

«— {pj:|i—jl#1 mod (n+3)} <— diagonals
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More Matrix Minors: Coordinate Ring of Grassmannian

Cluster algebra structure of Gr, 543 as a triangulated (n + 3)-gon.

Frozen Variables / Coefficients +— sides of the (n + 3)-gon

«— {pj:|i—jl#1 mod (n+3)} <— diagonals

Seeds <— triangulations of the (n 4+ 3)-gon

< Set of pj;;'s corresponding to a triangulation

Can exchange between various clusters by flipping between triangulations.
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From Cluster Variables to F-polynomials

If we start with a framed quiver @ = Q U {1/,2',...,n'} and the intial

cluster {x1,...,xn} = {x1,...,Xn, Y1, --,¥n}, We iterate cluster mutation
with the extra restriction of disallowing mutation at vertices /’.
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cluster {x1,...,xn} = {x1,...,Xn, Y1, --,¥n}, We iterate cluster mutation
with the extra restriction of disallowing mutation at vertices /’.

Consequently, the binomial exchange relation for cluster mutation

b/ il
. [ T+ Ty x ol Lk xi T x
= X B X

will involve y1,y2,...,y, in the numerator, but never in the denominator.
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If we start with a framed quiver @ = Q U {1/,2',...,n'} and the intial

cluster {x1,...,xn} = {x1,...,Xn, Y1, --,¥n}, We iterate cluster mutation
with the extra restriction of disallowing mutation at vertices /’.

Consequently, the binomial exchange relation for cluster mutation

b/ il
| J [ T+ Ty x ol [T xi + Tk x

/
X, = =
k Xk Xk

will involve y1,y2,...,y, in the numerator, but never in the denominator.

By letting x; = x, = --- = x, = 1, and iterating cluster mutation, we
replace cluster variables (which are Laurent polynomials in x;'s and y;'s)
with polynomials in y1, y», ..., yn, which are called F-polynomials.
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By letting x; = xp = --- = x, = 1, and iterating cluster mutation, we
replace cluster variables (which are Laurent polynomials in x;'s and y;'s)
with polynomials in y1, y», ..., yn, which are called F-polynomials.

Example 1: Cluster Algebra of Type Ay with principal coefficients
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c-vectors

Given a framed quiver @ and its images under a sequence of mutations,

we define the c-vectors associated to the seed t by
T
CJ"t = [Clj, Czj, ey an]

where ¢jj = #arrows from i’ — j.
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In particular, the initial c-vectors, for seed ty, equal unit vectors

1 0 0

0 1 0
Clt = : 7c2,t0 = |- »Cntg = N

0 0 1

and then recursively c-vectors mutate alongside quivers and exchange
; ; [~ / ' 1T H
matrices. Letting ¢j ,,t = [clj, Cojr -+ Cpj for each 1 < j < n, we have
r —C,'J':—C,'kifj:k
cij + [cik]+[b]+ — [—ci]+ [—bxj]+ otherwise
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Example 1 Revisited: c-vectors for 1 — 2
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-1 0 -1 0 1 0
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Example 2 Revisited: c-vectors for 1 = 2
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c-vector Sign Coherence

For 1 — 2 and pqpopapiop,

-1 -1 0 1 0
cl,t1: 0 7c2,t2: —1 cl,t3: 1 7c2,t4: 0 7c17t5: 1
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c-vector Sign Coherence

For 1 — 2 and pqpopapiop,

-1 -1 0 1 0
cl,t1: 0 7c2,t2: —1 cl,t3: 1 7c2,t4: 0 7c17t5: 1

For 1= 2 and ppopapop - -+,
-1 -2 -3 —4 -5
Cl,tl = |: 0 :| 7C2,t2 = |:1:| cl,tg = |:2:| >c2,t4 = |:3:| )cl,t5 = |:4:| 9 e

Theorem (Derksen-Weyman-Zelevinsky 2010) Each c-vector consists
exclusively of nonnegative entries or exclusively of nonpositive entries.
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c-vector Sign Coherence

For 1 — 2 and pqpopapiop,

-1 -1 0 1 0
c].,tl = 0 7c2,t2 = —1 cl,t3 = 1 7c2,t4 = 0 7c17t5 = 1

For 1= 2 and ppopapop - -+,

-1 -2 -3 —4 -5
Cl,tl = 0 7C2,t2 = 1 cl,tg = ) >c2,t4 = _3 )cl,t5 = 4|

Theorem (Derksen-Weyman-Zelevinsky 2010) Each c-vector consists
exclusively of nonnegative entries or exclusively of nonpositive entries.

Sign Coherence implies we can assign a sign €;;, € {£1} to each ¢j,.

Note: Conjectured by Fomin-Zelevinsky in Cluster Algebras 1V, 2006, and
proven in the skew-symmetrizable case by Gross-Hacking-Keel-Kontsevich.
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F-polynomials from C-Vectors

Theorem (Based on Gupta '18): Given a framed quiver Q and a

mutation sequence & = fuj; [4j, - - - [ti,, consider the sequence of cluster
seeds tg —Mi t; —Hi2 .t —HPie ty.
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Theorem (Based on Gupta '18): Given a framed quiver Q and a
mutation sequence & = fuj; [4j, - - - [ti,, consider the sequence of cluster
seeds tg —Mi t; —Hi2 .t —HPie ty.

Then the F-polynomial resulting from the final mutation, i.e. Fj,.¢,, is

expressible as a product of recursively defined formulas, dependent only on
c-vectors (and g-vectors), followed by a monomial specilization:

Let Ll _ 1+Zl and Lk —_ 1+ZkL§1~BQ|Ck|L32‘BQ‘Ck‘ L. L(l:(k:;'BQ‘Ck‘ for k > 2.
¢
Cj-8¢
Then Fiﬁ;té = H LJJ [|21:y“:1‘,...,zk:ylcé“

j=1
Also see [Nagaol0], [Keller12], and [Readingl8].
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Also see [Nagaol0], [Keller12], and [Readingl8].

Here, cp (resp. |cp| or gp) denotes the pth c-vector (resp. the normalized
c-vector €,Cp or the g-vector) along the mutation sequence 7z,
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mutation sequence & = fuj; [4j, - - - [ti,, consider the sequence of cluster
seeds tg —Mi t; —Hi2 .t —HPie ty.

Then the F-polynomial resulting from the final mutation, i.e. Fj,.¢,, is
expressible as a product of recursively defined formulas, dependent only on

c-vectors (and g-vectors), followed by a monomial specilization:
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Here, cp (resp. |cp| or gp) denotes the pth c-vector (resp. the normalized
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F-polynomials from C-Vectors

Theorem (Based on Gupta '18): Given a framed quiver Q and a
mutation sequence & = fuj; [4j, - - - [ti,, consider the sequence of cluster
seeds tg —Mi t; —Hi2 .t —HPie ty.

Then the F-polynomial resulting from the final mutation, i.e. Fj,.¢,, is
expressible as a product of recursively defined formulas, dependent only on
c-vectors (and g-vectors), followed by a monomial specilization:

Let Ll _ 1+Zl and Lk —_ 1+ZkL§1~BQ|Ck|L32‘BQ‘Ck‘ L. L(l:(k:;'BQ‘Ck‘ for k > 2.

l
Cj'8¢
it = 15 Loyl ozt
j=1

Also see [Nagaol0], [Keller12], and [Readingl8].

Then Fj,.

Here, cp (resp. |cp| or gp) denotes the pth c-vector (resp. the normalized
c-vector €,Cp or the g-vector) along the mutation sequence fi, Bg denotes
the exchange matrix associated to Q before any mutations a b denotes

ordinary dot product, and y(9:%:-dn) is shorthand for y1 y2 oy,
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F-polynomials from C-Vectors

Theorem (Based on Gupta '18): Given a framed quiver Q and a
mutation sequence & = fuj; [4j, - - - [ti,, consider the sequence of cluster
seeds tg —Mi t; —Hi2 .t —HPie ty.

Then the F-polynomial resulting from the final mutation, i.e. Fj,.¢,, is
expressible as a product of recursively defined formulas, dependent only on
c-vectors (and g-vectors), followed by a monomial specilization:
Let Ly = 142z and Ly = 14z L5Beld p2Baled joerBalad g e > o
¢
Cj-8¢
Then Fiye, = | | L |2 peal . zpmylecl-
j=1

Also see [Nagaol0], [Keller12], and [Reading18].

Note: Before the monomial specialization, the L;'s and Fj, ;,'s may be
rational functions in the z's.

Note 2: g-vectors to be discussed later.
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Type A, Quiver Example
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Type A, Quiver Example
Let Ly =142z and Ly = 14z L5 5o/l jBalad . oerBalad g, > o

0 1 _
Supoose Bg = [_1 0] and @ = pipopipiop. Then

S R B AR P

1 1 0 1
Boles) = | ] Bates = [ Bolesl = | %] Bolesl =[5

L1:1+21, L2:1—|—Z2L1_1:1+22(1+21)_1:
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Type A, Quiver Example

Let Ly = 142 and Ly = 14z, L5780l (Belad . yorBalad g5 g > o
0 1 _

Supoose Bg = [_1 0] and @ = pipopipiop. Then

c—_lc—_lc—oc—lc—o
1— 0 b 2 — _1 3 = _1 L4 — 0 , L5 — 1 bl
1 1 0 1
Bolcal = | 1| Boleal = [g]  Boleal = | °)] Bolesl = [g].

_ _ 1+2z1+ z
Li=1+2z, L=l4+nl'=1+n1+z)t=""-2"2
1+2
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Type A, Quiver Example
Let Ly =142z and Ly = 14z L5 5o/l jBalad . oerBalad g, > o

0 1 _
Supoose Bg = [_1 0] and 1t = pypppapiopa. Then
-1 -1 0 1 0
C1 = 0 ,C2 = -1 C3 = -1 ;C4:0,C5: 1’
1 1 0 1
Boles) = | ] Bates = [ Bolesl = | %] Bolesl =[5

1
L1:1+Zl, L2:1—|—Z2L1_1:1—|-22(1—|—zl)_1:ﬂ
142
L3 = 1+Z3L;1L51 =
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Type A, Quiver Example
Let Ly =142z and Ly = 14z L5 5o/l jBalad . oerBalad g, > o
0 1 _
Supoose Bg = [_1 0] and @ = pipopipiop. Then
c—_lc—_lc—oc—lc—o
1— 0 b 2 — _1 3 = _1 L4 — 0 , L5 — 1 bl
1 1 0 1
Bolcal = | 1| Boleal = [g]  Boleal = | °)] Bolesl = [g].
B 1+ zZ1+ 2

Li=14z, b=1l+nlit=1+n1+z2)"= T
1

z3 ].—I—Zl .
l+zl+z4+2

L3=1+zl7 =1+
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Type A, Quiver Example
Let Ly =142z and Ly = 14z L5 5o/l jBalad . oerBalad g, > o
0 1 _
Supoose Bg = 10 and @ = pipopipiop. Then
c—_lc—_lc—oc—lc—o
1— 0 b 2 — _1 3 = _1 L4 — 0 , L5 — 1 bl

1 1 0 1
Boles) = | ] Bates = [ Bolesl = | %] Bolesl =[5

_ _ 142z +Zz
Li=14 2z, L2:1—|—Z2L11:]_+22(1—|-21) 1_-TAar=
1+2
1, z3 1+2x l+z1+ 20+ z3
L3=1+zL 5 =1+ =
3 31 "2 l+zl+tz+2 l1+z+2
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Type Ay Quiver Example (continued)

Let Ll —_ 1+Zl and Lk —_ 1_'_ZkL‘1:1~BQ|Ck|L;2‘BQ‘Ck‘ L Lik:ll'BQ‘Ck‘ for k > 2.
0 1 _
Supoose Bg = 10 and @ = pypopipopr- Then
-1 -1 0 1 0
a=[o]a=[Bfo= A=l «= [
Baleal = [ ] Baleal = [g] - Bateal = [ %] Balesl = [g]

La=1+ 20031} =
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Type Ay Quiver Example (continued)

Let Ll —_ 1+Zl and Lk —_ 1_'_ZkL‘1:1~BQ|Ck|L;2‘BQ‘Ck‘ L Lik:ll'BQ‘Ck‘ for k > 2.

0 1 _
Supoose Bg = [_1 0] and @ = pypopipopr- Then

e I E R
Boleal = | %] Balesl = [g| . Balesl = | | Balesl = |5

l+z14+214+z1+20+ 23
Ly=1 o131l =1 _
4 +zL1 L5053 + 24 1tz 1tz 12
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Type Ay Quiver Example (continued)

Let Ll —_ 1+Zl and Lk —_ 1_'_ZkL‘1:1~BQ|Ck|L;2‘BQ‘Ck‘ L Lik:ll'BQ‘Ck‘ for k > 2.

0 1 _
Supoose Bg = [_1 0] and @ = pypopipopr- Then

e I E R
Boleal = | %] Balesl = [g| . Balesl = | | Balesl = |5

l+za+znlt+za+nt+zn l1+za+z(l+za+zn+zn)
Ly=1+zl0131=1 _
4 +zL1 L5053 + 24 1tz 1tz 12 112
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Type Ay Quiver Example (continued)

Let Ll —_ 1+Zl and Lk —_ 1_'_ZkL‘1:1~BQ|Ck|L;2‘BQ‘Ck‘ L Lik:ll'BQ‘Ck‘ for k > 2.

0 1 _
Supoose Bg = [_1 0] and @ = pypopipopr- Then

e I E R
Boleal = | %] Balesl = [g| . Balesl = | | Balesl = |5

l+za+znlt+za+nt+zn l1+za+z(l+za+zn+zn)
Ly=1+zl0131=1 _
4 +zL1 L5053 + 24 1tz 1tz 12 112

Ls =14zl 300 =
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Type Ay Quiver Example (continued)

Let Ll —_ 1+Zl and Lk —_ 1_'_ZkL‘1:1~BQ|Ck|L;2‘BQ‘Ck‘ L Lik:ll'BQ‘Ck‘ for k > 2.

0 1 _
Supoose Bg = [_1 0] and @ = pypopipopr- Then

e I E R
Boleal = | %] Balesl = [g| . Balesl = | | Balesl = |5

L4:1+ZAL?L§L§:1+241+Z1+ZQ1+zl+ZQ+Z3 _l+ta+za(l+a+2zn+zn)

1+2z l+z1+2 1+2z
1, - z 14z l+z4+z(l+za+zn+z
L5:1+Z5L11L21L2L}1:1+ 1_:21 1_},_21_);22 ! 4(1+211 2 3)
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Type Ay Quiver Example (continued)

Let Ll —_ 1+Zl and Lk —_ 1_'_ZkL‘1:1~BQ|Ck|L;2‘BQ‘Ck‘ L Lik:ll'BQ‘Ck‘ for k > 2.

0 1 _
Supoose Bg = [_1 0] and @ = pypopipopr- Then

e I E R
Boleal = | %] Balesl = [g| . Balesl = | | Balesl = |5

L4:1+ZAL?L§L§:1+241+Z1+ZQ1+zl+ZQ+Z3 _l+ta+za(l+a+2zn+zn)

1+2z l+z1+2 1+2z
1, - z 14z l+z4+z(l+za+zn+z
L5:1+Z5L11L21L2L}1:1+ 1_:21 1_},_21_);22 ! 4(1+211 2 3)

A+ za2)l+za+zn)+z+zaz+z2z(l+2+ 2+ 2)
(1+z+2)(1+z)
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Type Ay Quiver Example (continued)

0 1 _ ¢ .
Bo = [_1 O]' R= papepipzpr. Fige, = szl L;’ g£|zlzy|c1\7uqz£:y\cé|

1 1 1 1
=142, Lp= +21+227 Ly = +21+22+Z3’ Ly — + z1 + z4( +Z1+22+Z3)
142z l+z+2 1+2z7
(1+21)(1+21+22)+25+21Z5+2425(1+21+22+23)

(1 +z1 4+ 22)(1 + 21)

S IS W
=[io=[Jo= 2] o[-l

Ls =
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Type Ay Quiver Example (continued)

0 1] _ . e
BQ N [_1 O] » = Hp2fipafi. Fi‘z;t‘f - Hj:l L;j gé|21:y|c1‘7..-,zz:}"c4|

1 1 1 1
=142, Lp= +21+227 Ly = +21+22+Z3’ Ly — + z1 + z4( +Z1+22+Z3)
142z l+z+2 1+2z7
(1+21)(1+21+22)+25+21Z5+Z425(1+21+22+23)

(1 +z1 4+ 22)(1 + 21)

S IS W
=[io=[Jo= 2] o[-l

Fi=L =142z,

Ls =
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Type Ay Quiver Example (continued)

0 1] _ . e
BQ N [_1 O] » = Hp2fipafi. Fi‘z;t‘f - Hj:l L;j gé|21:y|c1‘7..-,zz:}"c4|

1 1 1 1
=142, Lp= +21+227 Ly = +21+22+Z3’ Ly — + z1 + z4( +Z1+22+Z3)
142z l+z+2 1+2z7
(1+21)(1+21+22)+25+21Z5+Z425(1+21+22+23)

(1 +z1 4+ 22)(1 + 21)

S IS W
=[io=[Jo= 5] o[-l

A=L=1+z, FR=~L1L

Ls =
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Type Ay Quiver Example (continued)

0 1] _ . e
BQ N [_1 O] » = Hp2fipafi. Fi‘z;t‘f - Hj:l L;j gé|21:y|c1‘7..-,zz:}"c4|

1 1 1 1
=142, Lp= +21+227 Ly = +21+22+Z3’ Ly — + z1 + z4( +Z1+22+Z3)
142z l+z+2 1+2z7
(1+21)(1+21+22)+25+21Z5+Z425(1+21+22+23)

(1 +z1 4+ 22)(1 + 21)

S IS W
=[ie=[Jo- 2] o[-l

=L =1+zn, Rh=LL=1+z+2,

Ls =
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Type Ay Quiver Example (continued)

0 1] _ . e
BQ N [_1 O] » = Hp2fipafi. Fi‘z;t‘f - Hj:l L;j gé|21:y|c1‘7..-,zz:}"c4|

1 1 1 1
=142, Lp= +21+227 Ly = +21+22+Z3’ Ly — + z1 + z4( +Z1+22+Z3)
142z l+z+2 1+2z7
(1+21)(1+21+22)+25+21Z5+Z425(1+21+22+23)

(1 +z1 4+ 22)(1 + 21)

S IS W
=[ie=[Jo- 2] o[-l

=L =1+zn, Rh=LL=1+z+2,

Ls =

F3=LyL3 =
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Type Ay Quiver Example (continued)

0 1 PR
_ g _ iR:-14
Bo = [ 1 ol = mpempapne Figey = Tlioa L7 o pel gyl
1 1 1 1
Liml4z, Leitatz ltatatzs  l+atzal+atzntz)
1+2z l+z1+2 1+2z7

A+z2)1+zn+2)+z+2128+ z125(1+ 21 + 22 + 23)
1+zi+2)(1+2z1)

S IS W
=[ie=[Jo- 2] o[-l

=L =1+zn, Rh=LL=1+z+2,

Ls =

l+z1+2+2z

F3=LL53= 12
1
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Type Ay Quiver Example (continued)

0 1 PR
_ g _ iR:-14
Bo = [ 1 ol = mpempapne Figey = Tlioa L7 o pel gyl
1 1 1 1
Liml4z, Leitatz ltatatzs  l+atzal+atzntz)
1+2z l+z1+2 1+2z7

A+z2)1+zn+2)+z+2128+ z125(1+ 21 + 22 + 23)
1+zi+2)(1+2z1)

S IS W
=[ie=[Jo- 2] o[-l

=L =1+zn, Rh=LL=1+z+2,

Ls =

l+z1+2+2z

F3=LL53= 12
1

Fo=L7 =
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Type Ay Quiver Example (continued)

0 1 PR
_ g _ iR:-14
Bo = [ 1 ol = mpempapne Figey = Tlioa L7 o pel gyl
1 1 1 1
Liml4z, Leitatz ltatatzs  l+atzal+atzntz)
1+2z l+z1+2 1+2z7

A+z2)1+zn+2)+z+2128+ z125(1+ 21 + 22 + 23)
1+zi+2)(1+2z1)

S IS W
=[ie=[Jo- 2] o[-l

=L =1+zn, Rh=LL=1+z+2,

Ls =

l1+z1+2+2z

1+Zl
1+z14+z(l+ 21+ 20+ z3)
1+z1+2)(1+2)

F3=LyL3 =

Fo=L7 =

G. Musiker REU Problem # 3 June 17, 2020
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Type Ay Quiver Example (continued)

0 1] _ . e
BQ N [_1 O] » = Hp2fipafi. Fi‘z;t‘f - Hj:l L;j gé|21:y|c1‘7..-,zz:}"c4|

1 1
Li=14z, L= tatz2  ltatzntzs 0

1+Z1+Z4(1+Z1+Zz+23)

1+z 1+z1+2z2 142z
(1+21)(1+21+22)+25+21Z5+Z425(1+21+22+23)
1+zi+2)(1+2z1)

S IS W
=[ie=[Jo- 2] o[-l

=L =1+zn, Rh=LL=1+z+2,

Ls =

l1+z1+2+2z
1+Zl
1+z14+z(l+ 21+ 20+ z3)
1+z1+2)(1+2)
1+z2)A+z1+2)+ 25+ 2125 + zaz5(1 + 21 + 22 + 23)
(I14+z+2)1+21+ 22+ z3)

F3=LyL3 =

Fo=L7 =

Fs =Lyt s =

G. Musiker REU Problem # 3 June 17, 2020
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Type Ay Quiver Example (continued)

0 1| _ , .
BQ N [_1 0:| R e Fi‘z;tz - Hj:l L;j gé|21:y|c1‘7..-,ze:}"°4|
Fir=Li=1+z, R=LL=1+2z+2,
l+z3+2+23
14+ 2

1+z14+z(l+ 21+ 20+ z3)
(14+z1+2)(1+2)

F3=Ll3=

Fo= L7 =

Q+z2)1+zn1+2)+25+ 2125 + zaz5(1 + 21 + 22 + 23)
(I+z+2)1+2z21+ 2+ 23)

o [ [ [2) e[ o]

Fs =Ly s =
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Type Ay Quiver Example (continued)

0 Lo Cie

1 _
Bo = [_1 O]' R= papepipzpr. Fige, = szl ; |zl:y|c1\7.”7z£:y\ce|

Fir=Li=1+z, R=LL=1+2z+2,
l+z3+2+23
14+ 2

1+z14+z(l+ 21+ 20+ z3)
(14+z1+2)(1+2)

F3=Ll3=

Fo= L7 =

Q+z2)1+zn1+2)+25+ 2125 + zaz5(1 + 21 + 22 + 23)
I+za+2)14+z+2+=z)

o [ [ [2) e[ o]

Based on €3 = —1, e4 = +1, 5 = +1, and Bg as above, we get

Fs =Ly s =

FsFi=F+2z3, FaFo =z4F3+1, FsF3 = z5F4 + 1,

G. Musiker REU Problem # 3 June 17, 2020
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Type Ay Quiver Example (continued)

0 1| _ , .
BQ N [_1 0:| R e Fi‘z;tz - Hj:l L;j gé|21:y|c1‘7..-,ze:}"°4|
Fir=Li=1+z, R=LL=1+2z+2,
l+z3+2+23
14+ 2

1+z14+z(l+ 21+ 20+ z3)
(14+z1+2)(1+2)

F3=Ll3=

Fo= L7 =

Q+z2)1+zn1+2)+25+ 2125 + zaz5(1 + 21 + 22 + 23)
(I+z+2)1+2z21+ 2+ 23)

o [ [ [2) e[ o]

Based on €3 = —1, e4 = +1, 5 = +1, and Bg as above, we get

Fs =Ly s =

FFh=F+2z3, FaFp =2z4F34+ 1, FsF3=z5F4 + 1,
and these recurrences are valid for these expressions as rational functions.
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Type Ay Quiver Example (continued)

0 1| _ ¢ .
Bo = [_1 O]' R= papepipzpr. Fige, = szl L;’ g£|zlzy|c1\7uqz£:y\cé|
Fir=Li=1+z, R=LL=1+2z+2,
l4+z14+20+ 23
1+27

1+z14+z(1+ 21+ 20+ z3)
(14+z1+2)(1+21)

(1+z2)A+z1+2)+ 25+ 2125 + zaz5(1 + 21 + 20 + 23)
(14+z4+2)(1+21+ 2+ z3)

e R R S

Letting z1 = y1, 22 = Y1y, 23 = ¥2, Za = Y1, Z5 = Y2, We get polynomials

F3= L3 =

Fo= L7 =

Fs=L"13 s =

Fir=yn+1 FRh=yyw+wn+1l FB3=y+1 F,=1, F5=1.
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Type Ay Quiver Example (continued)

0 1 _ ¢ .
Bo = [_1 O]' R= papepipzpr. Fige, = szl L;’ g£|zlzy|c1\7uqz£:y\cé|

Fi=Li=1+2z, F=LL=1+2z+ 2,
l1+z1+20+ =23
1—|—21

1+z14+z(l+ 21+ 20+ z3)
(14+z1+2)(1+2z1)

A+z2)A+z1+2)+ 25+ 2125 + zaz5(1 + 21 + 22 + 23)
(14+z+2)1+2z1+ 22+ z3)

a=o)e=|Tfe= 5] oo e

Motivation for REU Problem 3: What is a combinatorial or geometric
interpretation of the rational functions Ly, Ly, L3, L4, Ls or F1, Fo, F3, F4, F5
(in terms of z;'s), the latter of which specialize to ?

F3=Ll3=

Fo= L7 =

Fs =Lyt s =
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Type Ay Quiver Example (continued)

0 1| _ ¢ .
Bo = [_1 O]' R= papepipzpr. Fige, = szl L;’ g£|zlzy|c1\7.wz£:y\cé|
Fi=L=1+2z, FR=LL=1+2+2,
l+z3+20+ 23
14+ 2

1+z14+z(l+ 21+ 20+ z3)
(1+z1+2)(1+2)

A+z2)1+zn1+2)+25+ 2125 + zaz5(1 + 21 + 22 + 23)
(I4+z+2)1+2z21+ 2+ 23)

o[ [ [2) e[ o[

Motivation for REU Problem 3: What is a combinatorial or geometric
interpretation of the rational functions Ly, Ly, L3, L4, Ls or F1, Fp, F3, F4, F5
(in terms of z;'s), the latter of which specialize to ?

Five Minute Coffee Break

G. Musiker REU Problem # 3 June 17, 2020 37/61

F3=Ll3=

Fo= L7 =

Fs =Ly 7 s =



F-polynomials from C-Vectors (2nd Version)

Theorem (Based on Gupta '18) : Given a framed quiver Q and a

mutation sequence & = fuj; [4j, - - - [ti,, consider the sequence of cluster
seeds tg —Mi t; —Hi2 .t —HPie ty.

Let Ly = 142 and Ly = 1+ z LS Belod joBaled o rBalad gk > o
L

g _ Cj-8¢
and Fi¢, = H L; |21:y'°1‘,-~-722:y‘cf"
Jj=1

Note: g-vectors to be discussed later.
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F-polynomials from C-Vectors (2nd Version)

Theorem (Based on Gupta '18) : Given a framed quiver Q and a
mutation sequence & = fuj; [4j, - - - [ti,, consider the sequence of cluster
seeds tg —Mi t; —Hi2 .t —HPie ty.

Let Ly = 142 and Ly = 1+ z LS Belod joBaled o rBalad gk > o
L

g _ Cj-8¢
and Fi¢, = H L; |21:y'°1‘,-~-722:y‘cf"
Jj=1

Note: g-vectors to be discussed later.

REU Exercise # 3.2: Use the Generalized Binomial Theorem and the
above product expansion for Fj,.;, to derive the following

(which appears in a slightly different form in Gupta '18):

¢ .. £
Figt, = Z H <cj <gé ’ Zk:jfl kaQ|Ck’>>nyl il

Z>oj=1 mi
(m1,...,mp)EZ>0 J

G. Musiker REU Problem # 3 June 17, 2020
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Kronecker Quiver Example (via Power Series Expansion)

¢ ( ¢
Ci- |8+ _ mgB Ck) ¢ e
Fiy.t, = } : H J Zkﬂfrl alexl yzjzlmj|c,|'

(mlv'“vm[.)EZZO.jzl J

0 2 _
Suppose Bg = [_2 O} and [t = paflopti i - - - i, -
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Kronecker Quiver Example (via Power Series Expansion)

C; (gg + _ myBolck )
Fue, — 3 H < y an;+1 qQlex] L milgl
(m1,...,mg)€Z>0 j=1 J

Suppose Bg = } and & = pypopape2 - - - i, Then

oy Mzi [ Lz

-3 —q

and g1 = 2 . 3 , B3 = 4 N - g+1|
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Kronecker Quiver Example (via Power Series Expansion)

¢ ( ¢
Ci- |8+ _ mgB Ck) ¢ e
Fiy.t, = } : H J an;.-&-l alexl yzjzlmj|c,|'
(mlv'“vm[.)EZZO.jzl J

0 2 _
Suppose Bg = [_2 O} and & = pypopape2 - - - i, Then

R O R P A PR K

-1 -2 -3 —
andg1=[2]@2:[3]%3:[4],..-,&4:[ +q1]. Hence

Ci -8 = [—111] : [erll} :E_j"‘ 1, G- BQ|ck| = [—jﬁl} : [72}212] = 2(j_ k)‘
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Kronecker Quiver Example (via Power Series Expansion)

C; (gg + _ myBolck )
Fue, — 3 H < y an;+1 qQlex] L milgl
(m1,...,mg)€Z>0 j=1 J

0 2 _
Suppose Bg = 9 O} and & = pypopape2 - - - i, Then

R O R P A PR K

-1 -2 -3 —
and g1 = [2],&: [3}%3: |:4:|,...,gq: [q—i—ql]' Hence

Ci -8 = [7111] : [£+ } ={—j+1, G- Bolek| = [ it 1} : [727k212] =2(j — k).
Consequently, we simplify the formula in the Kronecker case to

—i+1-2 iym S imy YL (i—1)m;
/z ty — Z H< ZJ ’+1(J ) J) >ie1 }/22:’_1( 1) )

(my,...,mg)€L>q i=1
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Kronecker Quiver Example (continued)

—i + 1-— 22 j ( I)m Z:l— im; ZIK_ (i—-1)ym;
lete_z H J o ' ¢ N Y2 N

(m1,...,mp)EZ>q i=1

00 1 o ?
Fl;tlzz my n- =
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Kronecker Quiver Example (continued)

C—i+1=2) ;iU —i)mj ¢ im S (—1)m;
Ig ty — Z H < ZJ +1( ) -’) ylzjlfl ygjlfl( )

(m1 mg)€Z>0 i=1

o
1 ?
Fi.4, = Z <m1>y1m1 =14y

m1=0
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Kronecker Quiver Example (continued)

C—i+1=2) ;iU —i)mj ¢ im S (—1)m;
Ig ty — Z H < ZJ +1( ) -’) ylzjlfl ygjlfl( )

(m1 mg)€Z>0 i=1

s 1 ?
Fi.4, = Z <m1>y1m1 =14y
o o
2-2m\ [ 1\ miso .
Fo.i, = Z Z ( . ><m2>y1m1 m2ym L
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Kronecker Quiver Example (continued)

C—i+1=2) ;iU —i)mj ¢ im S (—1)m;
Ig ty — Z H < ZJ +1( ) -’) ylzjlfl ygjlfl( )

(my,...,mp)EL>q i=1

> 1 ?
Fi.4, = Z <m1>y1m1 =14y
Fe=3 3 (272 ( L)y L op 1 yp 42
2ty = my o Y1 Yo© = Y1iTy1r T yiya.
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Kronecker Quiver Example (continued)

C—i+1=2) ;iU —i)mj ¢ im S (—1)m;
Ig ty — Z H < ZJ +1( ) -’) ylzjlfl ygjlfl( )

(my,...,mp)EL>q i=1

> 1 ?
Fi.4, = Z <m1>y1m1 =14y
Fe=3 3 (272 ( L)y L op 1 yp 42
2ty = my o n Yo' = Y1iTY1r T Yiy2.
3=2my—4m3\ (2=2m3\ (1 \ o iomt3ms met2ms ?
Fr. = 1 2 3,,M2 3 L
L= ( s )( ) g 21 Vs

my,my,m3€L>p
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Kronecker Quiver Example (continued)

C—i+1=2) ;iU —i)mj ¢ im S (—1)m;
Ig ty — Z H < ZJ +1( ) -’) ylzjlfl ygjlfl( )

(m1 mg)€Z>0 i=1

> 1 ?
Fi.4, = Z <m1>y1m1 =14y
Fe=3 3 (272 ( L)y L op 1 yp 42
2ty = my o n Yo' = Y1iTY1r T Yiy2.
3=2my—4m3\ (2=2m3\ (1 \ o iomt3ms met2ms ?
Fr. = 1 2 3,,M2 3 L
L= ( s )( ) g 21 Vs

my,my,m3€L>p

1+3y1+3y7 + 57 + 20 + 27y + yiy5.
This power series expansion of Fj,.;, leaves the polynomiality (finiteness of

the sum) and positivity of the coefficients as surprising consequences.
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Kronecker Quiver Example (continued)

—i+1-2 im ¢ im S (i—D)m;
Ig fg — Z H< ZJ I+1( ) J) )/12:':1 yzzjlfl( 1)

(m1,...,mg) €L i=1

0
1
F]_;f1 = Z <m1>y1m1 :l'i_ﬂ

m;=0
These two terms correspond to m; = 0 and m; = 1, respectively. There
are no contributions for m; > 2.
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Kronecker Quiver Example (continued)

(—i+1-2 ; i)m ¢ imy S (i-1)m;
Ig tg — Z H < ZJ +1( ) J) )/12'71 yzzjlfl( )

(m1,...,mg) €L i=1

o
1
Fo= 3 (o )" =142

m;=0
These two terms correspond to m; = 0 and m; = 1, respectively. There
are no contributions for m; > 2.

o
2—2m 1
Fro= 3 3 (02 (LA =1 2n 2 e

m
m1=0 my=0 2

The two underlined contributions correspond to my =0 and my =1,
respectively. Analogously, there are no contributions for my > 2.
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Kronecker Quiver Example (continued)

(—i+1-2 ; i)m ¢ imy S (i-1)m;
Ig tg — Z H < ZJ +1( ) J) )/12'71 yzzjlfl( )

(m1,...,mg) €L i=1

o
1
Fo= 3 (o )" =142

m;=0
These two terms correspond to m; = 0 and m; = 1, respectively. There
are no contributions for m; > 2.

o
2—2m 1
Fro= 3 3 (02 (LA =1 2n 2 e

m
m1=0 my=0 2

The two underlined contributions correspond to my =0 and my =1,
respectively. Analogously, there are no contributions for my > 2.

The first three terms correspond to my = 0, m; = 1, my = 2, respectively,

and there are no contributions for my > 2.
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Kronecker Quiver Example (continued)

3—2mp —4m3\ (2 —2m3 1 My42ma+3ms . myt2m
Fr. = E 1 2 3,,Mm2 3 _
Lits ( m > < mo m3 ‘¢! %

my,mp,m3€Z>p

1+ 3y1 +3y2 + )3 + 2y + 2¥3y0 + yviva.

The two underlined contributions correspond to m3 =0 and m3 =1,
respectively. Again, there are no contributions for ms > 2.
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Kronecker Quiver Example (continued)

Fre, :Z (3 —2my — 4m3> <2 — 2m3> < 1 >y1m1+2m2+3m3y2mz+2m3 _

m ma m3
my,mz,m3€Z>g

143y +3yf + 7 + 28y + 200y + ¥ivi-
The two underlined contributions correspond to m3 =0 and m3 =1,
respectively. Again, there are no contributions for ms > 2.
Further refinement of this sum by tracking my =0 and mp =1,
respectively, under the assumption m3 = 0 yields

1+ 3y + 3y + )3 + 2y + 205y + yviva.-
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Kronecker Quiver Example (continued)

Fre, :Z (3 —2my — 4m3> <2 — 2m3> < 1 >y1m1+2m2+3m3y2mz+2m3 _

m ma m3
my,mz,m3€Z>g

143y +3yf + 7 + 28y + 200y + ¥ivi-
The two underlined contributions correspond to m3 =0 and m3 =1,
respectively. Again, there are no contributions for ms > 2.
Further refinement of this sum by tracking my =0 and mp =1,
respectively, under the assumption m3 = 0 yields

1+ 3y + 3y + )3 + 2y + 205y + yviva.-

However, in addition we get an infinite number of contributions
[e.e]

Z < 1> mitd 2 Z ( ) 32 ecall (—1) _(ym

m
m1=0 1

arising when mp =2, ms3 = 0 ormy=0,m3=1.
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Kronecker Quiver Example (continued)

Fre, :Z (3 —2my — 4m3> <2 — 2m3> < 1 >y1m1+2m2+3m3y2mz+2m3 _

m ma m3
my,mz,m3€Z>g

143y +3yf + 7 + 28y + 200y + ¥ivi-
The two underlined contributions correspond to m3 =0 and m3 =1,
respectively. Again, there are no contributions for ms > 2.
Further refinement of this sum by tracking my =0 and mp =1,
respectively, under the assumption m3 = 0 yields

1+ 3y + 3y + )3 + 2y + 205y + yviva.-

However, in addition we get an infinite number of contributions
[e.e]

1 mit4)2 Y32 -1\ _ m
Z < > +Z y5; recall my =(-1)
m1=0

arising when mp =2, ms3 = 0 or my =0, m3 = 1. This telescoping infinite
sum vanishes except for the term of yf’y22 form =0,mp=0,m3 =1
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Kronecker Quiver Example (continued)

The formulae continue as

Fo, — Z <4 —2my — 4mz — 6m4> <3 —2m3 — 4m4>

m my
my,ma,m3,my€L>0
2—2my 1 yml+2m2+3m3+4m4ym2+2m3+3m4
ms ma )1 2

5—2my —4mz — 6my — 8 4—2m3—4my — 6
Fl;tS _ Z ( mo ms mg m5) ( ms3 mgy m5) %

m my
my,my,m3,ma,msE€2Z>p

<3 —2my — 4m5> <2 - 2m5> < 1 >ym1+2m2+3m3+4m4+5m5ym2+2m3+3m4+4m5
1 2

m3 mgy ms
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Kronecker Quiver Example (continued)

The formulae continue as
4 —2my —4mz —6my\ (3 —2m3 — 4my
F.. =
2= D < my ) < my >

my,ma,m3,my€L>0
2—2my 1 m1+2mp+3mz+4my  ma4-2m3+3my
N Y2

ms3 mgy

—2my — 4m3z — — 4—2m3 —4my —
Fl;tS _ Z <5 mo ms 6m4 8m5) ( ms3 mg 6m5> %
m my

my,m2,m3,ma,ms€Z>4

3—2m4 — 4ms 2—2ms 1 ym1+2m2+3m3+4m4+5m5ym2+2m3+3m4+4m5
ms3 mgy mg 1 2

F1.t; includes terms such as 6y7ys — 2y?ys = 4y?ys in its expansion,
corresponding to (my, ma, m3, mg, ms) = (0,1,1,0,0) and (1,0,0,1,0),
respectively. In particular, the contributions from negative binomial
coefficients yield a positive term, yet arises from a non-trivial difference.
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More on the Kronecker Quiver Example

For general £ > 1, recall the power series expansion formula we derived for
1=>2is

l—i+1-2 i —I)m; C i S (i—1)m
IZ tp — Z H< ZJ +1( ) J) y].2171 }/22:'71( )

(m1,...,mp)EZ>q i=1
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More on the Kronecker Quiver Example

For general £ > 1, recall the power series expansion formula we derived for
1=>2is

y4 . Y . .
2: —i+1-2 i —1)m; £ im; £ (i—1)m;
FiZ;tg — | | < %J—"‘Fl(-l ) J) y12171 m y22171(l )m .
(my,...,me)€Z>q i=1 !

We now switch gears and discuss a formula for g-binomial coefficients

[n—i— k} _ (1 _ qn+1)(1 _ qn+2) .. (1 _ qn+k)
kol (1-q)1-¢*)-(1-q")
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Onto g-Binomial Coefficients

For general £ > 1, recall the power series expansion formula we derived for
1=>2is

—i+1-2 imj i—1)m;
le e Z H( i Zj ,+1(,/ I)ITI_,) Y Z _1(1-1)

(m1,...smp)€Z>0 i=1

We now switch gears and discuss a formula for g-binomial coefficients
k—1 ) . i1~y
n+k _ Z 427 H (k—1i)n—2i+ ZJ'-:%, 2(i — j)ymy—j + my_;
k , my_j
9 Ak i=0

where A = (A1, A2, ..., \x) is a partition of k which contains m;
occurrences of 1/,
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Onto g-Binomial Coefficients

For general £ > 1, recall the power series expansion formula we derived for
1=>2is

—i+1-2 imj i—1)m;
le e Z H( i Zj ,+1(,/ I)ITI_,) Y Z _1(1-1)

(m1,e.,mp)€Z>p i=1

We now switch gears and discuss a formula for g-binomial coefficients

k—1 . . I
n+k| _ 2n(A (k—i)n—2i+ 326 2(i — j)mk—j + my_
[k}_zq()n[ Z,mo J
q

Ak i=0 k=i q
where A = (A1, A2, ..., \x) is a partition of k which contains m;
. k . k N
occurrences of i, and n(X) = >, (i — )N = > (5)-
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Onto g-Binomial Coefficients

For general £ > 1, recall the power series expansion formula we derived for
1=>2is

—i+1-2 imj i—1)m;
le e Z H( i Zj ,+1(,/ I)ITI_,) Y Z _1(1-1)

(m1,e.,mp)€Z>p i=1

We now switch gears and discuss a formula for g-binomial coefficients

k—1 . . I
n+k| _ 2n(A (k—i)n—2i+ 326 2(i — j)mk—j + my_
[k}_zq()n[ Z,mo J
q

Ak i=0 k=i q
where A = (A1, A2, ..., \x) is a partition of k which contains m;
. k . k N
occurrences of i, and n(X) = >, (i — )N = > (5)-

Note that A" = (A}, A}, ..., N) is the conjugate partition and if we write
AL > X2 > > g, then mj = \; — X} ; as well.
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Onto g-Binomial Coefficients

For general £ > 1, recall the power series expansion formula we derived for
1=>2is

—i+1-2 imj i—1)m;
le e Z H( i Zj ,+1(,/ I)ITI_,) Y Z _1(1-1)

(m1,e.,mp)€Z>p i=1

We now switch gears and discuss a formula for g-binomial coefficients

k—1 . . I
n+k| _ 2n(A (k—i)n—2i+ 326 2(i — j)mk—j + my_
[k}_zq()n[ Z,mo J
q

Ak i=0 k=i q
where A = (A1, A2, ..., \x) is a partition of k which contains m;
. k . k N
occurrences of i, and n(X) = >, (i — )N = > (5)-

Note that A" = (A}, A}, ..., N) is the conjugate partition and if we write
AL > X2 > > g, then mj = \; — X} ; as well.

This is known as the KOH (Kathleen O’ Hara) Formula.
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Onto g-Binomial Coefficients

This is known as the KOH (Kathleen O' Hara) Formula:

[ntkL_Z kH[ 2,+zm:’(/ J)mij+ mi_;

-1
A=k i=0

Possible Paper Presentations: Kathleen O’ Hara, “Unimodality of
Gaussian Coefficients: A Constructive Proof” in JCTA (1990)

Zeilberger, “A One-line High School Algebra Proof of the Unimodality of
the Gaussian Polynomials ....", g-Series and Partitions, IMA Volumes in
Mathematics and its Applications, Springer-Verlag, New York (1989).

I.G. Macdonald, “An Elementary Proof of a g-Binomial Identity”, g-Series
and Partitions, IMA Volumes in Mathematics and its Applications,
Springer-Verlag, New York (1989).
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1=2, then the
F-polynomials F;,.;, specialize to every-other Fibonacci numbers

1,1,2,5,13,34,89, ..., (or specialize cluster variables as x; = xp = 1)
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1=2, then the

F-polynomials F;,.;, specialize to every-other Fibonacci numbers

1,1,2,5,13,34,89, ..., (or specialize cluster variables as x; = xp = 1)

Furthermore, Fibonacci numbers can be decomposed into sums of
binomial coefficients: if /1 = F, =1, and Fy2 = Fhi1 + Fp, then

F,,:ZC:’{).

k=1
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1=2, then the
F-polynomials F;,.;, specialize to every-other Fibonacci numbers
1,1,2,5,13,34,89, ..., (or specialize cluster variables as x; = xp = 1)

Furthermore, Fibonacci numbers can be decomposed into sums of
binomial coefficients: if /1 = F, =1, and Fy2 = Fhi1 + Fp, then

n—k
Fn= .
> (i)
k=1
See Hoggatt-Lind , “Fibonacci and Binomial Properties of Weighted

Compositions” from Journal of Combinatorial Theory (1968), or

Gessel-Li, “Compositions and Fibonacci Identities” from Journal of Integer
Sequences (2013):
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the

F-polynomials Fj,.;, specialize to every-other Fibonacci numbers

1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

— k
Note that we also have F, = Z <Z 1>.
k=1

The Carlitz g-Fibonacci numbers F,(q) = >, glk=1)? {Z : /1(] :
q
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the

F-polynomials Fj,.;, specialize to every-other Fibonacci numbers

1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

— k
Note that we also have F, = Z <Z 1>.
k=1

The Carlitz g-Fibonacci numbers F,(q) = >, glk=1)? {Z : /1(] :
q

REU Exercise 3.3: a) Compute Fp(q) for 3<n<7.
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the
F-polynomials Fj,.;, specialize to every-other Fibonacci numbers
1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

— k
Note that we also have F, = Z <Z 1>.
k=1

The Carlitz g-Fibonacci numbers F,(q) = >, glk=1)? {Z : /1(] :
q

REU Exercise 3.3: a) Compute Fp(q) for 3<n<7.

b) Prove that for n > 3, F,(q) = Fr-1(q) + 9" 2Fn—2(q).
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the

F-polynomials Fj,.;, specialize to every-other Fibonacci numbers

1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

— k
Note that we also have F, = Z <Z 1>.
k=1

The Carlitz g-Fibonacci numbers F,(q) = >, glk=1)? {Z : /1(] :
q

REU Exercise 3.3: a) Compute F,(q) for 3<n<7.
b) Prove that for n > 3, F,(q) = Fr-1(q) + 9" 2Fn—2(q).

c) Give and prove a combinatorial interpretation for F,(q) in terms of
counting integer partitions.
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the
F-polynomials Fj,.;, specialize to every-other Fibonacci numbers
1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

—k
Note that we also have F, = Z <Z 1>.
k=1

What if we instead define IE,,(q) => q(kfl)(Z:ll()?
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the
F-polynomials Fj,.;, specialize to every-other Fibonacci numbers
1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

—k
Note that we also have F, = Z <Z 1>.
k=1

What if we instead define IE,,(q) => q(kfl)(Z:ll()?

REU Exercise 3.4: a) What are F,(q) for 3 < n < 7?
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the

F-polynomials Fj,.;, specialize to every-other Fibonacci numbers
1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

—k
Note that we also have F, = Z <Z 1>.
k=1

What if we instead define IE,,(q) => q(kfl)(Z:ll()?

REU Exercise 3.4: a) What are F,(q) for 3 < n < 7?

b) Describe a combinatorial interpretation for the Fy(g)'s.
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Comparing Kronecker Quiver Example and KOH

Recall that if we let y; = y» = 1 for the Kronecker Quvier 1= 2, then the
F-polynomials Fj,.;, specialize to every-other Fibonacci numbers
1,1,2,5,13,34,89,..., (or specialize cluster variables as x; = x; = 1)

—k
Note that we also have F, = Z <Z 1>.
k=1

What if we instead define IE,,(q) => q(kfl)(Z:ll()?

REU Exercise 3.4: a) What are F,(q) for 3 < n < 7?
b) Describe a combinatorial interpretation for the Fy(g)'s.

c) Describe a Z[q]-specialization of the F-polynomials for the Kronecker

quiver such that for each ¢ > 3, we have Fj,.;, specializes to F/(q).
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Comparing Kronecker Quiver Example and KOH

l—i+1-2 i —i)m; ¢ im S (i—1)m;
Ig tg — Z H < ZJ +1( ) j) y]_Z:171 y222171( )

(my,...,mp)EZ>q i=1

n—k
N = :
ote that we also have F, Z (k B 1>
k=1
. n—k . ~
Carlitz: Fp(q) =D 44 [k—l] . Variant: Fo(q) =3, g%~ 1)(/< 1)
q
REU Problem # 3.1: Develop a (g, t)-analogue of KOH formula for
binomial coefficients and identify the associated algebraic transformation
such that the analogous sum of (g, t)-binomial coefficients match the

formulas for Fj,.t,(y1, y2) for the Kronecker quiver.

»

[n + k} 3 g [(k — i) =20+ my_i + 120 200 — J)mi
q

k B My—j

A=k i=0 q
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REU Problem # 3.2: KOH vs MACKOH

There is also hope that a better understanding of how the above power
series formula for F-polynomials for Kronecker quivers and the KOH
formula for g-Binomial Coefficients and/or g-Fibonacci numbers would
help solve an open problem of Dennis Stanton!
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There is also hope that a better understanding of how the above power
series formula for F-polynomials for Kronecker quivers and the KOH
formula for g-Binomial Coefficients and/or g-Fibonacci numbers would
help solve an open problem of Dennis Stanton!

Note: The KOH is combinatorially proven under the assumption that

g-binomial coefficients of the form [Iﬂ =0 when N <0 and s > 0.
q
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REU Problem # 3.2: KOH vs MACKOH

There is also hope that a better understanding of how the above power
series formula for F-polynomials for Kronecker quivers and the KOH
formula for g-Binomial Coefficients and/or g-Fibonacci numbers would
help solve an open problem of Dennis Stanton!

Note: The KOH is combinatorially proven under the assumption that

g-binomial coefficients of the form [Iﬂ =0 when N <0 and s > 0.
q

. . N : .
However, if we instead evaluate L] , for negative N, as a generalized
q

inomi icient e | V| = G=aW)1=g""Y)-(1-g"=) :
binomial coefficient, i.e. [s} = (1-q)(1-¢%)--(1-¢°) , then this

q
identity is known as MACKOH (due to lan Macdonald’s work).
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REU Problem # 3.2: KOH vs MACKOH

Note: The KOH is combinatorially proven under the assumption that

g-binomial coefficients of the form [I;I} =0 when N <0ands>0.
q
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REU Problem # 3.2: KOH vs MACKOH

Note: The KOH is combinatorially proven under the assumption that

g-binomial coefficients of the form [I;I} =0 when N <0ands>0.
q

) ) N ) .
However, if we instead evaluate L] , for negative N, as a generalized
q

inomi cient e | V| — G=aW)a-g"H)-(1-g"st) :
binomial coefficient, i.e. [J = A-9(—-q?)(1—q) then this

q
identity is known as MACKOH (due to lan Macdonald's work).

Open Problem 5.8 of Dennis Stanton: Find an involution that proves
the MACKOH identity implies the KOH. (See http://www-users.
math.umn.edu/~ stant001/PAPERS/Prob2019.pdf.)
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REU Problem # 3.2: KOH vs MACKOH

Note: The KOH is combinatorially proven under the assumption that

g-binomial coefficients of the form [I;I} =0 when N <0ands>0.
q

) ) N ) .
However, if we instead evaluate L] , for negative N, as a generalized
q

binomial coefficient, i.e. [J = (17q('\i)_(;;(?"1;12))-.-:‘((11:2';/)—”1), then this

q
identity is known as MACKOH (due to lan Macdonald's work).

Open Problem 5.8 of Dennis Stanton: Find an involution that proves
the MACKOH identity implies the KOH. (See http://www-users.
math.umn.edu/~ stant001/PAPERS/Prob2019.pdf.)

Also see the M = N conjecture from mathematical physics
as in P. Di Francesco and R. Kedem, “Proof of the Combinatorial
Kirillov-Reshetikhin Conjecture”, arXiv:0710.4415.pdf
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Formula for general Rank Two, i.e. r-Kronecker Case

For the case of Bg = [_Or 6} and [t = pyflopa i - - - iy,

_ Se—i — T j ,+1 Sj—i—1Mm;j Sysicami Sty siom;
Ig,tg - yl -y2

(m1,e.,mp)E€Z>g i=1

where s_1 = 0,50 = 1, sg41 = rsx — sx—1 for k > 0.
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where s_1 = 0,50 = 1, sg41 = rsx — sx—1 for k > 0.

REU Problem # 3.3: Explicitly demonstrate positivity and polynomiality
of these power series expressions.
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where s_1 = 0,50 = 1, sg41 = rsx — sx—1 for k > 0.
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of these power series expressions. Describe how to regroup terms of this
power series to match up with known combinatorial formulas for cluster
variables or F-polynomials in the rank two case.
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REU Problem # 3.3: Combinatorics for the r-Kronecker

£ 4
_ St—i — 2 j= ,+1 Sj—i—1Mj\ S sioam; i si-om;
Ig,tg - -yl y2

(m1,...,mg)€Z>0 i=1

REU Problem # 3.3: Explicitly demonstrate positivity and polynomiality
of these power series expressions. Describe how to regroup terms of this
power series to match up with known combinatorial formulas for cluster
variables or F-polynomials in the rank two case.

Possible Paper Presentations:

Kyungyong Lee “On Cluster Variables of Rank Two Acyclic Cluster
Algebras”, Annals of Combinatorics (2012)

Lee-Schiffler “A combinatorial formula for rank 2 cluster variables”,
Journal of Algebraic Combinatorics (2013)

Lee-Li-Zelevinsky “Greedy elements in rank 2 cluster algebras”, Selecta
Mathematica (2014)
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REU Problem # 3.3: Combinatorics for the r-Kronecker

_ Se—i — r J ,+1 Sj—i—1m;j Sy sioami iy siom;
Ig,tg - -yl -y2

(m1,e.,mp)E€Z5g i=1

REU Problem # 3.3: Explicitly demonstrate positivity and polynomiality
of these power series expressions. Describe how to regroup terms of this
power series to match up with known combinatorial formulas for cluster
variables or F-polynomials in the rank two case.

Kyungyong Lee “On Cluster Variables of Rank Two Acyclic Cluster
Algebras”, Annals of Combinatorics (2012)

Note: K. Lee's formulas therein utilize binomial coefficients that are set to
zero when the top of the binomial coefficient is negative.
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_ Se—i — r J ,+1 Sj—i—1m;j Sy sioami iy siom;
Ig,tg - -yl -y2

(m1,e.,mp)E€Z5g i=1

REU Problem # 3.3: Explicitly demonstrate positivity and polynomiality
of these power series expressions. Describe how to regroup terms of this
power series to match up with known combinatorial formulas for cluster
variables or F-polynomials in the rank two case.

Kyungyong Lee “On Cluster Variables of Rank Two Acyclic Cluster
Algebras”, Annals of Combinatorics (2012)

Note: K. Lee's formulas therein utilize binomial coefficients that are set to
zero when the top of the binomial coefficient is negative. Hence we see
KOH-like behavior where our above power series formulas were assuming
generalized binomial coefficients and exhibited MACKQH-like bebhavior.
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Further afield, but two other related

open-ended REU problems on this topic

G. Musiker REU Problem # 3 June 17, 2020 56 /61



REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:

g . . e
Foo = SOOI G (gﬁ‘ka;’j'—&-lkaQkk)) y i il

0 te
(m1,...,mp)EZL>0 j=1 J
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REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:

4 14
C - . Bolc ) .
Fie = S OI1(¢ (gz+2k;'ﬂ my Bglck| > y il

(m1,...,mp)EZL>0 j=1 J

In the TA session this afternoon g-vectors will be discussed, and how there
are “holes” in the cluster fan in the case of infinite type cluster algebras.
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REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:

g . . e
Foo = SOOI G (gﬁ‘ka;’j'—&-lkaQkk)) y i il

0 te
(m1,...,mp)EZL>0 j=1 J

In the TA session this afternoon g-vectors will be discussed, and how there
are “holes” in the cluster fan in the case of infinite type cluster algebras.

For example, for the Kronecker example, the g-vectors of the form

for n > 1 will never occur as gy associated to the result of finite length
mutation sequence.
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REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:

£ ¢
C . Bolc ) .
Fiyit, = Z H < 1 (ge + Zk;ﬁ‘l miBole| > yzj']:l mjlej|

(mlv'“vm[.)ezzo.j:]' J

However, for 1 =2 if we let & be the infinite sequence 1 = pipopipio - - -

and gy = [ J, we get an infinite power series as a result, which can also

be expressed as a ratio of two series taken to a limit.
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REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:
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However, for 1 =2 if we let & be the infinite sequence 1 = pipopipio - - -
1 e ) )
and gy = [_J, we get an infinite power series as a result, which can also

be expressed as a ratio of two series taken to a limit.

In fact, such expressions are examples of infinite path-ordered products in
scattering diagrams.
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REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:

Y4 ( ¢
Ci- |8 + _; mygB Ck) Comile
Fi.pp = Z H < il an;'—&-l Q| | > yzjzl ileil

0ty
(mlv'“vm[.)ezzo.j:]' J
However, for 1 =2 if we let & be the infinite sequence 1 = pipopipio - - -
1 e ) )
and gy = [_J, we get an infinite power series as a result, which can also

be expressed as a ratio of two series taken to a limit.

In fact, such expressions are examples of infinite path-ordered products in
scattering diagrams.

Possible Paper Presentation: Sections 3.2 and 3.3 of Nathan Reading,
“A combinatorial appraoch to scattering diagrams”, arXiv:1806.05094.
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REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:

£ ¢
F"Z;t( = E | | < ) <g£+ Zk;’j'—‘rl my Q| k‘ ) ij:1 mjlcj|'
(m1,.sme)€Z >0 j=1 d

In the TA session this afternoon g-vectors will be discussed, and how there
are "holes” in the cluster fan in the case of infinite type cluster algebras.

REU Problem # 3.4: Develop power series formulas (or expressed as
ratios) for missing g-vectors beyond the case of the Kronecker quiver.
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REU Problem # 3.4: F-polynomial formulas in the limit

Consider the original power series expansion for general quivers and
mutation sequences:

14 ( ¢
C; - gg—FZ . kaQ|Ck‘) ¢ e
T i k=j+1 S milgl
Fijitp = Z H< m; y—i=t L
(m1,...,mg)€Z>0 j=1
In the TA session this afternoon g-vectors will be discussed, and how there
are "holes” in the cluster fan in the case of infinite type cluster algebras.

REU Problem # 3.4: Develop power series formulas (or expressed as
ratios) for missing g-vectors beyond the case of the Kronecker quiver.

Alternatively, see Sections 6 and 7 of M. Gupta, “A formula for
F-Polynomials in terms of C-Vectors and Stabilization of F-Polynomials”
for a different approach to obtaining such limits.

Can we better understand the combintorics behind such, formulas?
G. Musiker REU Problem # 3 June 17, 2020 59 /61



REU Problem # 3.5: Other Specializations

More Open-ended Question: Are there different specializations of the
z;'s in the formuals for L's or Fj, +,'s, which were naturally rational
functions in terms of the z;'s which lead to different families of

polynomials that are also of interest?
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More Open-ended Question: Are there different specializations of the
z;'s in the formuals for L's or Fj, +,'s, which were naturally rational
functions in terms of the z;'s which lead to different families of
polynomials that are also of interest?

Or are there other ways to understand these rational functions as
generating functions or partition functions (i.e. think statistical mechanics
or weighted paths in networks) that would be meaningful in the theory of
cluster algebras?
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REU Problem # 3.5: Other Specializations

More Open-ended Question: Are there different specializations of the
z;'s in the formuals for L's or Fj, +,'s, which were naturally rational
functions in terms of the z;'s which lead to different families of
polynomials that are also of interest?

Or are there other ways to understand these rational functions as
generating functions or partition functions (i.e. think statistical mechanics
or weighted paths in networks) that would be meaningful in the theory of
cluster algebras?

As motivation for this last question, cutting edge research of
Hamed-He-Lam “Cluster configurations spaces of finite type” in
arXiv:2005.11419 discussed a family of rational functions known as £,'s
and a different family of variables (u-variables) that are relevant to both
mathematics and physics alike.

G. Musiker REU Problem # 3 June 17, 2020 60 /61



Further References

e Meghal Gupta, A formula for F-polynomials in terms of C-Vectors and
Stabilization of F-polynomials, REU 2018, arXiv:1812.01910

e S. Fomin and A. Zelevinsky. Cluster algebras IV: Coefficients,
Compositio Mathematica. 2007.

e B. Keller. Cluster algebras and derived categories, arXiv:1202.4161.
e K. Nagao. Donaldson-Thomas theory and cluster algebras, Duke
Mathematical Journal. 2013.

o T. Nakanishi. Periodicities in cluster algebras and dilogarithm identities,
Representations of algebras and related topics. 2011.

e |. G. Macdonald, An elementary proof of a g-binomial identity. g-series
and partitions (Minneapolis, MN 1988), 73-75, IMA Vol. Math. Appl., 18,
Springer, New York, 1989.

e K. Lee. On Cluster Variables of Rank Two Acyclic Cluster Algebras,
Annals of Combinatorics. 2012.

e N. Reading. A Combinatorial Approach to Scattering Diagrams,
arXiv:1806.05094.
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