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ABSTRACT. Stephen Doty [1] determined the GLy (k) submodule structure of the degree-d
homogeneous component of k[z1,...,z,] when k is a field of positive characteristic. We build
on this work and prove a decomposition theorem (via Algorithm 1) for GLj, (k)-stable ideals,
and we show that the depth of GLy, (k)-stable ideals is 0. Furthermore, we provide the minimal
free resolution for the inclusion-minimal GL2(k)-stable ideal generated in a single degree in
any positive characteristic (Theorem 1.4).
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1. INTRODUCTION
The general linear group GL,, (k) acts on the ring of polynomials S = k[z1,...,z,] by linear

substitution of variables. Explicitly, for A € GL, (k) and f € S we have A - f(x1,...,2,) =
f(Azq, Axo, ..., Ax,) where we view x; as the ith standard basis vector. We study the ideals of
S that are closed, or stable, under this action when k is an infinite field of positive characteristic.
Linear substitution preserves polynomial degree, and thus we may regard S as a graded GL,, (k)
module S =@, Sa.

When £ is a field of characteristic 0, the modules S; are well understood. In particular, the
simple GL,, (k)-submodules of Sy are the famous Schur modules, indexed by integer partitons of
d (see for instance [4] for further details). When k is an algebraically closed field of characteristic
p > 0, the story is less well known.

Stephen Doty [1] initiated the study of the GL,, (k) submodules of Sy. In particular, Sy is no
longer simple in general. Doty shows that there is a lattice isomorphism between the GL,, (k)-
submodule lattice of Sy and the lattice of order ideals J(P) of a poset P whose elements are
called carry patterns. These carry patterns depend both on the characteristic of the field and
the number of variables, and are associated to each monomial. (See Section 2 for the definition
of carry pattern.) More recently, a line of inquiry has studied the submodule structure of the
degree-d component of k[x,y] where k is a finite field [2].

We continue the study this action by considering the action on ideals, rather than only on
homogeneous components of the modules. For the remainder of the paper k will be an infinite
field of characteristic p > 0.

Definition 1.1. Let B be a set of carry patterns. Define T 4 (or Tp when d is clear from
context) as the GL,, (k)-submodule of Sy generated by the monomials with carry patterns in B.

Our first main theorem provides a finite decomposition of stable ideals into a sum of stable
ideals.

Theorem 1.2 (Structure of stable ideals). For I a stable ideal, I may be written as a sum
> dcr IBg,a for F a finite set of natural numbers, and I, q = (Tp,,d)-
1
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Moreover, we provide an explicit algorithm (Algorithm 1) to determine the set F' indexing
the sum.

One important ingredient of Doty’s characterization is the base-p expansion of a natural
number. Recall that the base-p expansion of m is the sum

Zdipi, where 0 < d; <p-—1.
i>0

Let M be the largest integer for which d; > 0. Then we also write (dg,--- ,dp) as the base
p expansion of d, keeping in mind that d; = 0 for ¢ > M and ¢ < 0. In order to describe the
structure of GLy(k) stable ideals, break the base-p expansion of d into pieces.

Definition 1.3. Let d be a natural number and (do, . ..,das) be the base p expansion of d. A

block of d is a subsequence (d,.,d;+1,-..,ds) of the base p expansion of d where:
(1) drfl 7é p—= 1
(2) dT:dT+1:---:dS_1:p_1

(3) 0<dy<p-2

We aim to understand the minimal free resolutions of GLy(k)-stable ideals generated in a
single degree d using the base-p expansion of d and its associated blocks. We show in Corol-
lary 4.9, the free resolution of a GLo(k)-stable ideal has length two. Thus, understanding first
syzygies is enough to understand the minimal resolutions. Our second main theorem makes this
understanding explicit.

Theorem 1.4. Let I denote the inclusion-minimal GLa(k)-stable ideal of S = k[z,y]. Let
{bi,,...,bi,} be the set of all nonzero blocks of d, where the block b, starts at ij. Let T =
{ila"'vif}‘
Then
(1) The number of generators of I is [[,;(d; +1).
(2) The number of distinct degrees of syzygies of the minimal generators of I is the number
of monzero blocks of d.
(3) The distinct degrees of syzygies of the minimal generators of I are p* — |(do,...,d;_1)|
for each i € Z. Equivalently, this is the consecutive differences in the set of subexpansion
numbers.

(4) The number of syzygies of degree p* — |(do, - .., d;_1)| for each i € T is |b; [1s:(d; +1).

The structure of the paper is as follows. In Section 2 we define carry patterns following [1]
and show that the poset of carry patterns is a lattice. We also determine how the carry pattern
of a monomial changes upon multiplication by an indeterminate. In Section 3 we detail the
algorithm to decompose stable ideals, proving Theorem 1.2. In Section 4 we prove Theorem 1.4.
In Section 5 we pose questions raised by our work and suggest future work.

2. CARRY PATTERNS
Civen a monomial 2P = 201252, .2%» € S, the degree of of the monomial is d = by + ... + by,.

The base p expansion of d, and of each b; is
d= Z djpj and b, = mep]
j=0 j20

If M is the largest j such that d; # 0, then for j > M, every b;; = 0. Define the integers
¢e(b) for 1 < £ < M by the equation

Z Z bijp’ = co(b)p’ + Z d;p’. (1)
i <t j<t

Definition 2.1. The carry pattern c¢(b) (or c¢(xP)) of a monomial xP is the tuple of integers
(c1(b), c2(b),...,car(b)). Let ¢;(b) for ¢ > M or i < 1 be 0.

Example 2.2. Let k have characteristic 3, and let S = k[z,y]. Consider the monomial x4y, of
degree 10 =1-3°40-3' +1-32, which gives M = 2. The base p expansions of the exponents of
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rty®are4=1-3"+1-3" and 6 = 0-3° +2-3!. Using Equation (1), the carry patterns c; (4, 6)
and cz2(4, 6) are given by

1=¢1(4,6)-3+1 and 1+1-3+2-3=cy(4,6)-3*+1.

Thus ¢1(4,6) = 0, and ¢3(4,6) =1, so ¢(4,6) = (0,1).

Another way to understand a carry pattern is to view ¢;(b), as the amount carried to the p’
column when performing base p addition of the entries of b. Suppose the sum >, b; j_1p" ! +
¢j—1(b) is equal to gp+r, where ¢ is a positive integer (possibly greater than p) and 0 < r < p—1.
Then g is carried to the p’ column; that is, ¢j(b) = q.

Consider again the monomial %45 from above. Add the base three expansion of each of the
exponents, keeping track of how much is carried to the next column:

1 0
bi1 bio 11
—
bor  bao + 20
1 0 1

So ¢(4,6) = (¢1(4,6),c2(4,6)) = (0,1).

Example 2.3. Let S = k[z,y, z] where char(k) = 2, and consider the monomial 23y323. The
degree of the monomial is 9 =1-2° +0-2! +1-23 so M = 3. Add the base two expansion of
each of the exponents of x3y323, keeping track of how much is carried to the next column.

1 21
0 1 1
0 1 1
+ 0 1 1
1 0 0 1

Note that the amount carried to the next column can be greater than p.
Definition 2.4. The set C(d) is the set of all carry patterns of degree d monomials.

The set C'(d) is partially ordered under the digitwise order; we have ¢ < ¢’ if ¢; < ¢ for all
i. It turns out that not all tuples of length M correspond to a carry pattern for a given d. The
following lemma determines which tuples are valid carry patterns.

Lemma 2.5 ([1] Lemma 3). Let ¢ = (¢1,¢a, ...,car) be an M-tuple of integers, and let ¢; = 0 for
i > M. The tuple c is a carry pattern if and only if
0<e <Y dip’™
Jj<i
and
0<di+pciy1—c <np-1),
for all integers 1.

Corollary 2.6. [1] There always exists a minimal carry pattern, namely the carry pattern
(0,...,0). When d < n(p—1), C(d) has a mazimum element.

We extend this to show that C(d) always has a maximum element.
Definition 2.7. For two carry patterns c, ¢’ define
lem(c, ¢') := (max(cy, ¢}), max(ca, ¢y), ..., max(cpm, c,))-
Proposition 2.8. If ¢,¢’ € C(d), then lem(c,c’) € C(d).

Proof. We consider two carry patterns with ¢ = (cq,...,cpr) and ¢ = (cf, ..., ¢y,). We will show
that the lem(e, ¢’) satisfies the two conditions given by Lemma 2.5. First, as ¢; is a carry in ¢,
we must have that 0 < ¢; < ngi d;p?~*. The same is true for ¢;. As max(c;,c}) is either ¢; or
i, 0 < max(c;, ) < ngi d;p?

We now consider the second condition. Since ¢, ¢’ are valid carry patterns for each i we have

0<di+pcit1—c <n(p—1)
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and
/ /
0<di+pci—c;<np-1)
If max(c;, ¢j) = ¢; and max(ciy1,¢jy,) = ¢i1 then we are done. Similarly if max(c;, ¢j) = ¢ and
max(ci1,¢jyq) = ;4 then we are done. So without loss of generality, it remains to consider
the case where max(c;, ¢j) = ¢; and max(c;y1,¢;, ;) = ¢j; 1. But since ¢; > ¢} and ¢;41 < ¢4,
we have

di+pciv1—c <di+pciyy —c<ditpci—¢
thus
0<di+pci;—c¢ <np-—1)
as desired.

O

Corollary 2.9. For a set of carry patterns C(d), there exists a unique mazimal carry pattern.

Proof. Assume by way of contradiction that we have two maximal carry patterns c,c’. Note
that lem(c, ¢') is in C(d) and is greater than both ¢, ¢'. O

This implies that the structure of the carry pattern poset for any C(d) is in fact a lattice.

Example 2.10. Let S = k[z,y], with char(k) = 2. Counsider the set of all carry patterns of
degree ten monomials:

0(10) - {(0707 O)a (1707 O)a (0707 1)3 (1707 1)7 (L 1, 1)}

The monomials generating Syg are paired with their carry patterns:

Note that the set of carry patterns of S1y does not include all possible 3-tuples. For example,
(0,1,1) is not in C(10).
We have the following lattice of carry patterns for C'(10):

Notice that the carry pattern (0,1,1) does not appear in C(10). However, it does appear in
C(9), where c(z7y?) = (0,1,1).

When working with a polynomial ring in two variables, the degree d of a monomial and the
power on x determines the monomial uniquely. Namely, it is 2%y?~®. This simplifies the possible
carry patterns and allows us to understand when there is a single carry pattern possible.

Proposition 2.11. For S = k[z,y] the only possible carry pattern for Sq is (0,...,0), when
d=ap™ — 1 for some positive integer m and 1 < a <p— 1.
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Proof. Consider d = ap™ — 1. The base p expansion of d is
m—1
(@=1p™+ > (p—1)p'.
i=0

By way of contradiction consider some carry pattern with a nonzero entry, say e in position
j. Thus our carry pattern is of the form (0, ...,e,...0). As our expansion of d contains only p — 1
in these positions we must have that bi; + ba; = ep + (p — 1). However, as byj,b2; < p—1, we
have that b1; + by; < 2p — 2 = p + p — 2 which contradicts b1; + by; = ep+ (p — 1). O

We now explain the significance of carry patterns in the main result of [1]. Consider a set B
of carry patterns from C(d). Say B is order-closed if for every carry pattern ¢ in B, and every ¢/
in C(d), if ¢ < ¢, then ¢’ is in B. That is, all descending chains in C(d) of every carry pattern in
B are also in B. Note that B need not have a unique maximal carry pattern to be order closed.

Example 2.12. In Example 2.10, let B = {(0,0,0),(1,0,0),(0,0,1)}. The set B is an order-
closed subset of C(10), where (1,0,0) and (0,0, 1) are both maximal elements.

Lemma 2.13. If a monomial has only two variables, its carry pattern will contain only 1°s and
0’s.

Proof. If we add two digits together in the p" place, then both must be less than p — 1, so the
sum is less than 2p — 2. In order for a 2 to appear in the carry pattern, the sum would have
had to be at least 2p. In higher places, we either have the same argument, or we add a 1 carried
from a lower place. If we add a 1, we have the result being 2p — 1, which is still less than 2p. [

Recall that T's is the GL,, (k)-submodule of S; generated by the monomials with carry pattern
in B C C(d). We are now ready to state the main theorem of [1].

Theorem 2.14 ([1]). The correspondence B — Tg defines a lattice isomorphism between the
lattice of order-closed subsets of C(d) and the lattice of G-submodules of Sq, where G is GL, (k)
or SL,, (k).

That is, the GL,, (k)-submodules of Sy are indexed by order-closed sets of carry patterns. By
reading off the carry patterns of monomials generating a submodule M, one may deduce the set
B for which M = Tpg.

Example 2.15. Consider GL,,(k)-submodules of Sig corresponding to order-closed subsets of
C(10). We index each order-closed subset of C(10) by its maximal carry patterns:

maximal carry patterns GL,, (k)—submodule of S;0
(13171) SlO
(1,0,1) k(at?, 2%y, x%y?, 2Oy, a%y°, aty®, 22y, 2y, 1)
10 .9, 8,2 6,4 4,6 2,8 .9 10
(1,0,0),(0,0,1) k(z™®, 2%y, a®y=, x®y®, ay®, a”yPay o)
10 .9, 8,2 2,8 ,..9 10
(1,0,0) k(@S 2%y, 2%, 2y®, xy”, 210)
10 8,2 6,4 4 6 2,8 .10
(0,0,1) k(@™ 2%y, 2%yt 2ty 2%y, )

Note that in the third row, there are two maximal carry patterns and the linear basis is the
union of the linear basis for each of the maximal carry patterns appearing.

Theorem 2.16. Any GL,, (k)-submodule of Sy is indecomposable.

Proof. By Theorem 2.14, we have that every GL,, (k)-submodule of S; must contain the submod-
ule associated to the carry pattern consisting of all zeroes. In particular, the action of GLy (k)
guarantees that the monomials 2¢ and y¢ are in the GL,,(k)-orbit of any monomial in Sy, so a
direct sum of GL,,(k)-submodules in the same degree is not possible. O

[1] explored the GL, (k)-module structure on Sy, but did not discuss the ring/ideal structure.
To this end, we wish to understand how the carry patterns (and thus GL,, (k)-modules) appearing
in degree d affect the GL,,(k)-modules appearing in degree d + 1. We can move from degree d
to degree d + 1 by muliplying by a single variable. Thus, we now explore how carry patterns
change when multiplying an arbitrary monomial in degree d by a single variable.
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Lemma 2.17. Given a field of characteristic p, fix a monomial zP = xlfl - zbn of degree d with

carry pattern (ci,--- ,ca). Let (¢h,--+ ,chy, Chyppq) be the carry pattern of x;2° (we need Chrat
when d = pM+1 —1). Let 0 <1< M + 1 be the smallest integer where by # p — 1, then:
(1) For 1<k <I:
Cr Cqg =Ch—1 and dy_1 =p—1
=4 —1 ¢,_1=ck—1 anddy_1 #p—1
ck—1 ¢y =ck1—1
(2) Fork=1+1:
a1+l ¢=c¢andd=p—1
Ce1 =X g1 cg=c andd #p—1
Cla1 g=c—1
(3) Forl+1<k<M+1:
ck+1 ¢y =ck1+1landdp_1=p—1
Ck =1 Ck ¢y =Ck—1+1and dp_1 #p—1
Ck C;C_l = Ck—1
Proof. First note that by hypothesis, b; + 1 has base-p expansion:
bi+1=(p—1) 4+ (—1p'"" + (b + p' +bigrap'™ + -+ biap™

by
n

- \‘Ck—l + E:Zl bs,k—lJ
C =

p

Next recall that for any monomial :clil -+~ xpr with carry pattern (eq,- -+ ,cpr), we have:

(2)
and

Ck—1+ Z bsk—1 = dr—1 +pcr =dp mod p (3)
s=1
We will prove (1), (2), and (3) in this order by induction on k. Note that for different values of
[, some cases can be empty: When [ = 0, case (1) is empty. When [ = M, case (3) is empty.
When [ = M + 1, case (2) and (3) are both empty. Otherwise, all three cases are nonempty.
In case (1) when k = 1, since | > 1, we know the Oth coefficient of b; is 0, so by applying
Equation (2) to z;xP we have:

¢ = \‘CO - (p - 1) + Zgzl bSOJ
' p
SO by Equation (3) Wlth I{: = 17 we get:
,Ja dy=p—1
Cl =
c1—1 dy 75 p—1

Now suppose 1 < k < [ and statement (1) is true for every carry before ¢j,. So by induction
¢, is either ¢z—q or c¢x—1 — 1. Since k — 1 < I, we know the (k — 1)th coefficient of b; + 1 is 0,
applying 2 to z;2° we have:

/ rk—l —(p-D+3 bs,k—lJ
Cp, =

p
So by 3:
Cr. ¢y =Cch—1anddy_1 =p—1
Ge=qc—1 ¢_=cpr1and dp_1 #p—1

ck—1 ¢ qy=ck1—1
In case (2), since the [th coefficient of b; + 1 is by + 1, applying 2 to x;2° we have

, ri HI4+3 0 bs,ZJ

Cy1 =
p
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Since ¢ is either ¢; or ¢; — 1 from case (1), by 3:
cit1+1 ¢g=candd =p-—1
a1 =9 G g=candd #p—1
Cl41 g=c—1

In case (3) since k > [ + 1, by induction ¢j,_, is either ¢x_1 + 1 or ¢x—1. As k —1 >, we know
the (k — 1)th coefficient of b; + 1 is b; 11, so applying 2 to z;zP, we get:

/ \‘C;c—l +ZZ:1 bS,li

¢, = )
So by 3
ck+1 ¢, =ck1+landde1=p—1
Ch =1 Ck Ch_1=¢Ck—1+1land dy_1 #p—1
Cr. Chq = Ch—1

As the first application of Lemma 2.17, we look at the new carry ¢}, ; when d = pM — 1.

Corollary 2.18. Let d = pM — 1. Then chryr = 0 if and only if 2P = z¢ for some variable x;
and we choose to multiply =P by x;. Otherwise, Chrer = 1.

Proof. Since d = pM*! — 1, we know d,_; = p—1for 1 <k < M + 1, so by Lemma 2.17 we
see that the new carry ¢}, ; = carq1 = 0 if and only if cases (2) and (3) are both empty. This
means that ¢, ; = 0 if and only if [ = M + 1, or equivalently, 2P is the dth power of a single
variable z; and we choose the multiply P by the same z;. Otherwise, o =cupr+1=1. O
Remark 2.19. Suppose z® = 8 - 2b» has carry pattern (ci,---,car). For a variable z;, let I
be the smallest integer such that by # p — 1. By Lemma 2.17, the carry pattern of z;2P can be
viewed as a path in the following directed graph.

cg ——c—> - —c—cCp1+1 = =ey+1 ey +1
N
ci—1—=>c-1—= - =2>¢g—-1—7cy1 — -+ — C;fy — CM41

Let j be the smallest integer such that d; # p — 1. Define the downward edge of d to be the
edge from the j-th vertex in the upper row down to the j 4+ 1-th vertex in the lower row. Then
the carry pattern of z;2° will be determined by the unique path containing the j-th downward
edge of d. By convention, ¢y = ¢ = 0 and cpr41 = 0.

Note that the value of [ determines how early we get +1’s in the top row and avoid —1’s
in the bottom row, while the value of j determines the position of the downward edge. Thus [
and j determine the new carry pattern. In particular, let (cj,--- ,c};, ), 1) be the new carry
pattern, then

cr+1 l<k<yj
=< ck (k<land k <j)or (k>1andk > j)
cr—1—1 ]<k‘§l

Corollary 2.20. Let zP, 2 be any two monomials in degree d with carry pattern c. Let b;, by
be the exponents on some variable from xb,xb/ respectively. Let | be the smallest integer where
by # p—1, and ' be the smallest integer where by # p — 1. Without loss of generality, let

1 <. Then c(x;z®) < c(xyx®"), with equality if and only if | = 1.

Proof. Since 2P and 2" have the same degree, the value of j, the smallest integer such that
d; #p—1, is fixed. So when [ = I’, by Remark 2.19, the carry patterns of z;2® and z;2® are
the same.
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It remains to show that ¢(z;z°) < ¢(zy2®") when I4+1 = I’. So suppose [+ 1 = I. By Remark
2.19, the carry patterns of z;2° and z;,zP only differ in the (I + 1)-th carry. In particular:

b a1+l 1+1<y
c(ix®)ip1 = :
Cl+1 I4+1> J

clzyx” )iy =

b’ Cl+1 I+1<j
ay1—1 1+1>3

Since the value of j is fixed, ¢(z;z?) < c(zyz®). O

Corollary 2.21. Fiz a carry pattern c with degree d. Then, the set of carry patterns of x;xP
for all1 <i<n and 2® € T, is a totally ordered set.

Proof. Since Corollary 2.20 holds for any two monomials with the same carry pattern, we get a
total order. 0

3. DECOMPOSITION OF STABLE IDEALS

Recall that an ideal I in S = k[z1,. .., z,] is called GL,, (k)-stable if Af € I for all A € GL,(k),
fel

In what follows, for GL, (k)-stable ideals we suppress the prefix “GL, (k)" and call them
“stable ideals”, and they are ideals in .S unless otherwise stated.

To determine if a given ideal is stable, it suffices to consider the action of GL, (k) on the
generators of I. Suppose I = (g1,92,-..,9g¢) for g; in S, and that for any A € GL,(k), Ag; is in
I. Let f; bein S so that f =3, fig; isin I. Then Af =3, (Af;)(Ag;) is in I because Af is a
polynomial combination of elements in 1.

Example 3.1. Let S = k[, y], where char(k) = 3, and let I = (23,3). Consider the action of
an arbitrary element A = (2 %) € GLz(k) on the generators of I:

(Ccl Z) 23 = (azx + cy)® = 323 + 3a%ca’y + 3actzy® + AyP = P2 + 3yP

(Z Z) Y’ = (bx + dy)® = 072 + 30%da’y + 3bd’xy® + dy® = bPa® + dPy?

Let f be in I, where f = f12® + foy® such that f;, fo € S. Then for any A € GLy(k)
Af = (Af)(As®) + (Af) (Ag?)
— ((Af1)a® + (AR))2 + (A1) + A(fo)d)y?
Therefore, Af € I, and I is GLo(k)-stable. If instead char(k) = 3, I is not stable:

(Z Z) 23 = (azx + cy)® = 323 + 3a%cx’y + 3actzy® + SyP

The monomials 2%y and zy? are not in I, so I is not GLy(k)-stable.

Example 3.2. Let S = k[z,y] where char(k) = 2. Let I = (22, y?, 25 2%y, xy*,¢y°). To deter-
mine if I is GLg(k)-stable, consider the action of an arbitrary matrix on the generators of I. For
any ideal, it suffices to check the action on half of the generators because variables can be per-
muted using permutation matrices, which are contained in GL,, (k). Conversely, the generators
of stable ideals must be symmetric in all variables.

(Ccl Z) 2% = (ax + cy)? = a®2? + *y?

(CCL Z) 25 = (ax + cy)® = a®2° + ba’cay + Sactzy® + Sy°

(Z Z) zhy = (a*z? + Myt (b + dy) = a*ba® + atdaty + betay? + AdyP
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Because it suffices to check the action on the ideal generators for stability, one simple way to
obtain stable ideals is to take a GL,,(k)-submodule of Sy, and form the ideal generated by the
elements of that submodule. We focus our study on ideals generated in this manner.

Definition 3.3. Let B be an order-closed subset of C(d), and let Tp 4 be the corresponding
GL, (k)-submodule of Sg. Denote by Ip 4 the ideal generated by the elements of T ¢ (equiva-
lently the ideal generated by the generators of T's 4).

For T 4 a GL,(k)-submodule of Sy, the corresponding ideal Ig 4 is a stable ideal since the
S-generators of Ip 4 are the GL,, (k)-generators of Tg 4. The action of GL,, (k) takes a generator
of Tp 4 to a linear combination of generators of Tz 4, from which it follows that Ip 4 is a stable
ideal.

Form other stable ideals out of these stable ideals by taking sums. The sum of finitely many
stable ideals is a stable ideal (since stable ideals are GL,, (k)-submodules of S).

Lemma 3.4 (Containment of stable ideals). Let I, J be stable ideals. By Theorem 2.14, we have
for each d >0, that 14 = Tp,,a and Jg =Tp/, a for Ba, B, C C(d).
Then I C J if and only if for every d > 0, By is a subset of BY.

Proof. If I C J, then for each d > 0, Iy = T, 4 is a subset of J; = TB/d,d. By Theorem 2.14,
By C Bél for each d > 0. Conversely, if By C B(’i for each d > 0, then again by Theorem 2.14 we
have Iy =Tp, 4 C TBé7d = J, for each d > 0 as needed. O

Below is an algorithm which decomposes any stable ideal into an irredundant sum of ideals
generated by submodules of S; for various d.

Algorithm 1: Decomposes stable ideals into irredundant sum of stable ideals, each
generated in a single degree.
Data: stable ideal I
Result: set of ideals Ip, 4 for which I =" Ip, 4
integer D < smallest degree d for which I; is nonzero;
set Bp + {c(m) | m a generator of Ip};
set L <+ {IBD,D}§
integer d <+ D + 1;
while I; # S; do
set H < {c(z;m) | m a generator of I_1,1 <i < n};
set G < {c(m) | m a generator of I;};
if H # G then
D + d;
Bp + G,
L+ LU{lp,q};
end
d+d+1;
end
return L;

We use the algorithm to prove Theorem 1.2.

Proof (of Theorem 1.2). Let I be a (nontrivial) stable ideal. We set D to be the smallest d
for which I; # 0, and set Bp to be the carry patterns of the monomials generating Ip. By
Lemma 3.4, Ig, p C I. Set L to be the set containing Ig, p.

Let d = D 4 1 and consider the GL,, (k)-submodule 1.

If I; = Sy, stop and return the list L. (We verify that this algorithm terminates later.) If not,
then do the following: Set H to be the set of carry patterns of monomials z;m for m a GL,,(k)-
generator of Iy_1, and 1 < i < n. These monomials x;m are the degree d monomials appearing
in the degree d homogeneous component of Ig, p. Set G to be the set of carry patterns of
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monomials m for m a GL,,(k)-generator of I;. Certainly H C G. If H # G, then append to the
set L the ideal Ig,4. Increment d by one and repeat this paragraph for 1.

Every monomial in S, p is divisible by some zP by the pigeonhole principle. Thus I,,p
contains all monomials of degree nD, since Ip contains xf foreach 1 <j<n. As I,p = Sup,
the algorithm must terminate.

Observe that at each stage of the algorithm, the sum of the elements in L is contained in [
by Lemma 3.4. It follows that the sum of the elements of the L that is returned is contained in
1.

Let I’ = >~ ,Ip,,qd be the sum of the elements of L. We show that I is contained in I’. Let
¢ > 0. Then I, is contained in I; if and only if the carry patterns of monomials in I, appear
as carry patterns of monomials in Ij. The algorithm ensures that this is the case, since we are
always comparing the set H of carry patterns of monomials of I,_; multiplied with variables x;
with the set G of carry patterns of monomials in Iy, at each degree /.

When H = G, all the monomials of I, appear in I;. No ideal is added to the set L in this
case. If H is a proper subset of GG, then there are monomials in I, which are not obtained by
taking products of monomials in I,_; with variables x;. So in this case we add in the ideal Iz,
generated by monomials whose carry pattern is in G to the list L. In either case, I, = I;.

If the ideal I ¢ were not added to L in the second case above, then there would be a monomial
in I, which did not appear in ;. In this sense the algorithm produces an irredundant (or minimal)
list of ideals L, as removing any of the elements of L would cause the equality I = I’ to be false.

Since the equality I, = I} is true for each £ >0, I = I'. O

This theorem has some downsides. Using this theorem, we cannot characterize stable ideals
without without computing and comparing many carry patterns and taking products of many
monomials; as in the algorithm above.

Example 3.5. Let S = k[x,y] where char(k) = 2. Consider the ideal
I = (2% 2%y, xy*, y°). Since I = I(0,0),5, the decomposition of I using Algorithm 1 should only
be itself. We check that the algorithm gives this result.
Assign D =5, Bp = {(0,0)}, and L = I(0,0),5-
Multiply each monomial in I5 = T{(,0),5 by @ or y to obtain the monomials {z°, 25y, 2*y?, 22y*, xy°, y°}.
Then H = {(0,0),(1,0)}. Since G, the set of carry patterns of monomials in Ig, is the same as
H, no ideal is added to L.
Repeat, multiplying the monomials in Ig by  and y. The result list of monomials is the list
of all monomials in S7, so the algorithm terminates. Hence the decomposition of I is I(g0)5 as
expected.

Example 3.6. Let S = k[x,y] where char(k) = 2. Consider the ideal
I = (2829 28y, x%y*, 2ty 2y®, 9%, y®). We will decompose I into a sum of stable ideals using
Algorithm 1.

Set D =8 and Bp = {(0,0,0)}, so L = I(g,0,0),s-

Multiply the monomials in Ig by = and y. The set of carry patterns of the resulting set of
monomials is H. Compare this with G, the set of carry patterns from monomials in Ig. Since
H # G, assign B = G and add the ideal Ip g to L.

Is = ((2%,y%)s = T(0,0,0),8
{x7y}18 = (<x9ax8y7xy85y9>)9 = TH79

H = {(0,0,0)} and G = {(0,0,0), (0,0, 1)} — B=G
9

Ipg = (27 2%, 2%y* a'y® 28, )

L =1I0,0,0),+ B9
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Multiply Ig by elements in {z,y} and call the resulting set of carry patterns H. The degree ten
piece of I has no monomials of higher carry pattern so H = GG, and no ideal is added to L.

{2,y o = (2, 2%y, 2%, 2%, 2*y°, 2®y®, 29° 4'°))10 = T, 10
H = {(0,0,0), (0,0, 1), (1,0,0), (1,0,1)} = G
L= 1TI0,00),8+IB9

Multiplying I1p by elements in {z,y} results in Sj1, so the algorithm terminates, and the de-
composition is

I'=1¢9,0,0,s8+Ip9
4. FREE RESOLUTIONS OF GLg(k)-STABLE IDEALS

For a graded S-module M, denote by M(—j) the graded S-module whose graded pieces are
[M(—3)): = M;_;; that is, M (—j) is the graded module which is the same as M, but each graded
piece of M has been shifted up j in degree. We will mostly suppress this notation in this work.

Definition 4.1. [3] A free resolution of a finitely generated S-module M is an exact sequence
of S-module homomorphisms

F: OFM&FQ&FH(—"'<—Fi_1&Fi<—~"

for which each F; is a free S-module.

e When M is graded, we say F is a graded free resolution if each F; is graded and each
map 0; has degree 0.

e Say F is minimal if 0;41(Fiy1) C (z1,...,z,)F; for all ¢ > 0. This implies that no units
will appear in the matrices for each 0;.

e Say F is a finite resolution if its length, max{i | F; # 0}, is finite. Otherwise F is an
infinite resolution.

e Let G be a group. If S, M are G-representations and if in F the maps 0; are all G-
equivariant maps, then F is an equivariant free resolution of M.

Theorem 4.2 (Hilbert’s Syzygy Theorem [3]). The minimal graded free resolution of a finitely
generated graded S-module is finite and has length at most n.

Definition 4.3. The projective dimension of an S-module M, denoted pdg(M) or just pd(M),
is the minimum length of all of its finite free resolutions.

Remark 4.4. Theorem 7.5 in [3] asserts the existence of a unique minimal free resolution of
a finitely generated graded S-module M up to an isomorphism of complexes. So to find the
projective dimension of M, it suffices to find the length of a minimal free resolution of M.

Definition 4.5. For M an S-module, an M-regular sequence is a sequence (f1,..., f¢) of ele-
ments in m := ®4>15¢ such that f; is a non-zero divisor on M/(f1,..., fic1)M fori=1,... L.

Definition 4.6. For M an S-module, we define the depth of M, denoted depthg(M) or just
depth(M), is the maximum of the lengths of all M-regular sequences.

Theorem 4.7 (Auslander-Buchsbaum formula [3]). For M a finitely generated graded S-module,
we have

pd(M) = n — depth(M).

We study the minimal free resolutions of S/I (equivalently, minimal free resolutions of I) for
stable ideals I.

Proposition 4.8. Let I be a stable ideal. Then depth(S/I) = 0.

Proof. By Theorem 1.2, there is a d’ large enough so that Iy = Sg. Take d’ to be the smallest d’
for which Iy = Sg. [From the discussion preceding the theorem, we have that d’ < nD, where
D is the smallest integer for which Ip is not 0.] It follows that any element f of m is a zero
divisor (i.e. is not a regular element) on S/I:

Let f € m, so that the homogeneous components of f each have degree at least 1. Observe the
S-module (S/I)g_1 is nonzero because d’ was chosen minimally above. Then for any nonzero
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g€ (S/I)a—1, we have fg =0 in S/I, since each homogeneous component of fg has degree at
least d’. O

Corollary 4.9. The length of a minimal free resolution of S/I for a stable ideal I is n, the
number of indeterminates x; in S.

Proof. The Auslander-Buchsbaum formula or Hilbert’s Syzygy theorem combined with the pre-
vious proposition yields the result. O

We show that Frobenius powers of powers of the maximal ideal (z,y) are the only ideals with
syzygies in one degree.

Definition 4.10. Let I = (f1,..., fm) be an ideal of S. Then the p°-th Frobenius power of T is
the ideal IIP"] = {fP° | f € I}. Since k has characteristic p, it follows that IP] = (fF" ... fP").

Proposition 4.11. A stable ideal I in S = k[x,y] has syzygies of the same degree if and only if
I is of the form ((x,y)™)P].

Proof. Let I = ((x,y)™)P] = (aP"2yP"(m=a) | 0 < g < m). The monomial 2P %yP"(m=9) ig
greater than the monomial a:pe(a_l)ype(m_““) in lexicographical order (for 0 < a <m—1), and
there are no monomials 2P € I such that z? “yp fm=a) > gb > gpla=1)yp®(m=atl) Then the
syzygy for the monomials P %yP (M=) and gP“(@=1yp"(m—atl) ig of degree p°.

Conversely, suppose I has syzygies in a single degree ¢. Then I = (™, 2™ °y°, ...,z ¢ y™)
for some m, and it follows that ¢ divides m. We show that c is a power of p.

Suppose that ¢ is not a power of p. Then m is not a power of p for any e. Then let p¢ be
the smallest power of p dividing m with e > 0. Then m — p¢ > 0, so the monomial 27" y™ P
has carry pattern (0,...,0). But 2™ is a monomial in I with carry pattern (0,...,0) and I is a
stable ideal, so P y™P° € I also. This is a contradiction since ¢ is not a power of p. (I

smallest GL,,(k)-stable ideals in a given degree
We first note that the smallest GL,,(k)-stable ideals, in terms of number of generators, for a
given degree are exactly I(g,.. 0,q)- The rest of this section studies ideals of this form.

Lemma 4.12. Ford =), d;p*, a monomial x%y?*

where each 0 < a; < d;.

is carry pattern (0,...,0) iff a = >, a;p’

Proof. We first prove that 2%y%~? is a monomial of carry pattern (0, ..., 0).

We have that the p-adic expansion of a is ), a;p’ by construction. Also, as each 0 < a; < d;,
the expansion of d — a is >_,(d; — a;)p’. Thus when we find the carry pattern of yd= ex-
amining every power 4 in the expansion we receive the sum d; — a; + a; = d; < p. And thus

there is no carry. As this is the case with every position 4, the carry pattern is (0, ..,0), as desired.

We now examine the converse of the above statement, which we prove by contrapositive. We
consider some 2%y~ where a has expansion > a;p’ such that some d; < a; < p — 1. Assume
that j is the first position in which a; > d;. Note that the expansion of d — a at position j
becomes (d; + p) — a; in accordance with subtraction in base p. Hence [the sum (d —a); + a; is
greater than p, so ¢;41 > 0.] when we find the carry pattern of z%y d=a in position j we have
some sum of the form (d; —a; +p)+ (a;) = p+d; > p, corresponding to a carry in this position.
Hence z%y?~ is not of carry (0, ...,0). O

A sequence d, = ds; = 0 with = s (of length 1) is allowed.
Blocks are substrings of the base p expansion of d and always have the form

(p—1,....,p—La—1).
Note that a — 1 may be zero, in particular when dy; = p — 1.

Definition 4.13. The starting position of a block (d,,...,ds) of d is r. Alternatively, we say
the block (d,...,ds) starts at r.
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Definition 4.14. Let d be a natural number with (dy,...,ds) its base p expansion. For any
subsequence (d,, ..., ds) of d, its content is Y _._ dr1;p*, denoted by |(d,, ..., ds)|.

For a block b, denote its content by |b]. A block with content 0 is called a zero block, otherwise
it is called a nonzero block.

The content of b is the value corresponding to the tuple b viewed as a base p expansion of a
natural number.

Remark 4.15. Alternatively, a nonzero block of d is a tuple (d, ..., ds) of maximal length with
0<r<s<M+1,suchthat > ;_ d;p" =p"(ap*™" —1) for some 1 <a <p-—1.

Proposition 4.16. For d a natural number with (dy,...,dyr) its base p expansion, the number
of nonzero blocks of d is

‘{iEZZQ‘0<di<p—1}‘+|{iezz()|di:0 and d;_1 =p—1}|,
where d; =0 fori> M.

Proof. Let d be as above. Every block of d is of the form (p —1,...,p — 1,a — 1) for some a
between 1 and p— 1. It follows that every block either terminates with a digit less than or equal
to p — 2. If a block terminates with zero and is not preceded by a p — 1 in the base p expansion
of d, then it is a zero block.

Every d; between 1 and p — 2 is the terminating digit for a nonzero block. The only other
nonzero blocks are those that terminate with 0 and are preceded by p — 1. ]

Example 4.17. Let p = 5 and d = (2,0,1,4,2,2). (So d = 8027 in base 10.) There are five
blocks: (2),(0), (1), (4,2), and (2), which agrees with Proposition 4.16:

(i€ Zoo |0 < di < p—1}] = [{0,2,4,5}|
|{iEZ20 | d; =0 and d;_1 :p—1}| = |®|

The number of nonzero blocks is [{0,2,4,5}| = 4.
We can also write d as in Remark 4.15:

d=53-5"-1)+5%2-5° - 1) +5%3-5' — 1) +5°(3-5° — 1)

Example 4.18. Let p =3 and d = (1,0,2,2). (So d = 73 in base 10.) There are three blocks:
(1), (0), and (2,2,0), which agrees with Proposition 4.16: |{0}| + [{5}| = 2.

We are now ready to proof Theorem 1.4.

Proof (of Theorem 1.4). (1)

Let A={a e N|a<d, ap <dpVk} CN. Ais a totally ordered by the order induced from
N. By Lemma 4.12, A is the set of possible exponents on x for the minimal generators of I. By
construction of A, the degrees of syzygies are the differences between consecutive terms in A, so
it suffices to show that the differences between consecutive terms in A are of the form.

We consider consecutive numbers within the set A. For d with base p expansion (d, ..., dps),
we consider some exponent a € A given by (ag,...,apr). We note that, by Lemma 4.12, digits
must consist only of 0 < a; < d;. Let ¢ be the first index such that a; < d;. We now take
the smallest exponent greater than a in A. This is given by @’ = (0,...,0,a; + 1,a;41...an).
Notice that the difference is ' —a =p' — >, d;p’ =p' —|(do, ..., di-1)|.

We note two things:
First, if d; = 0, we must always have a; = 0, as such there is never a case such that ¢ corre-
sponds to d; = 0, as this would imply that we have an exponent outside our set A. Thus, when
considering syzygy degrees, we may skip any digit ¢ in which d; = 0. Thus, zero blocks do not
correspond to a unique degree of syzygy.

Second, if we take 7 to be some value in which d;_1 = p — 1, we have that the sum

P = 1o, dic)| =" = (0= 1)p' " = [(do, ..., di2)| =P " = |(do, ..., di2)|.



14 CATTELL-RAVDAL, DELARGY, GANGULY, GUAN, AND SIVAKUMAR

Hence if d;_1 = p—1, the degree of the syzygy calculated at indices ¢ and 7 — 1 are the same, and
it suffices to only consider the starting position of each nonzero block. Indeed, in a substring
of d given by (de, ...,ds) where d; = p —1 for all e < j < f, it is sufficient to consider only the
staring position of this block calculating degrees of the syzygy.

These two statements show that indeed, p’ — djpj is unique only when ¢ corresponds

J<i , )
to the start of a new nonzero block. Also, the sum >, _; d;p’ is equivalent to p' —|[(do, ..., di—1)|
, by construction of the content of blocks. That is to say that the distinct syzygy degrees are

always of the form p’ — |(do,...,d;_1)| for i € Z.

We note that each syzygy degree must occur, as for such an ¢, the exponents given by (ag, ..., anr),
and (0,0, ...,a; + 1,a;41,...,ap) do indeed occur, as guaranteed by Lemma 4.12.

(2)

By (1), every syzygy degree is of the form p’ — |(do,...,d;_1)| for a block starting at i, and
as such the map from blocks to syzygy degrees is surjective. We must now show that the map
is injective, that is each p* — |(do, ..., d;_1)| is unique.

We wish to show that each p* — |(do,...,d;_1)| is distinct. We assume that some

p = |(do,....di—1)| = p* = |(do, ..., d—1)|.
Without loss of generality we may assume that ¢ > k. We have the following:
pi —pk = ‘(do, . 7di—1)| — |(d0, . ,dk_1)|

Expressing both sides in base p, we get:

i—1 i—1
Z(p -1 = Zdjpj
j=k j=k

By the uniqueness of base p expansions, each d; must thus be equal to p — 1, meaning the
expansion of d from k through i — 1 are all p — 1, so digits k, and ¢ are in the same block. Hence
each p' —|(do, ...,d;_1)| is unique, and thus the map from nonzero blocks to syzygy degrees is
injective, as desired.

(3)

First, we show that a syzygy degree of the form p’—|(do, . .., d;_1)| occurs between two consec-
utive monomials if and only if the larger exponent a is given by (0, ...,0,a;, ..., s, G511, -y Q01 ),
where i and s correspond to the start and end position of the block, and the first nonzero entry
of a occurs within the block. By the same argument on consecutive exponents in (1), and the
second observation, such a pair of monomials will have syzygy degree of p* — |(do,...,d;_1)].
And by the bijection shown in (2), these are the only such pairs of monomials.

We now wish to count how many of such monomials occur. Fix every a; such that j > s.
Now consider the function

O (g, ...,a5) = [(ai,...,as)|
By the uniqueness of p-expansion, ¢ is injective. Since there exists some i < j < s such
that a; # 0, the image of ¢ is the set {1,2,...,|(d;,...,ds)|}. Hence for every set of fixed
As41, - - -, apr, the number of possible exponents is |(d;, ..., ds)| = |bi]-

Finally, we find how many total possible monomials with the desired syzygy degrees exist. As
the values a;, such that j > s, do not affect the syzygy degree of monomials described we must
consider every possible permutation. By Lemma 4.12 the possible values are 0 < a; < d;, so the
number of options are d; 4 1 for each a;. Hence the number of syzygies with desired degree are
(ds1 + 1) (ds2 +1)...(dnr + 1) (|bs]) = [bs] [[;5:(dj + 1) as desired.

(4)
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As every exponent in a monomial in I (g, . o) is given by Lemma 4.12 we must simply use principle
of counting on the possible values given by the lemma. For every d;, the possible values of the
digit for an exponent a are 0 < a; < dj, giving d; + 1 choices. By principle of counting the total
number of generators is thus [[,(d; + 1).

O

Corollary 4.19. Let o = Hf\io(dmtl), Bj = |bi; | I, (dr+1), and &;, = P —=|(do,....di,~1)l,
where £ is the number of distinct degrees of syzygies. Then we have the following minimal free
resolution:
04 8/I+ 8 <= S(-d)* <& @ S(~d—5;,)% « 0. (4)
1<j<e

Example 4.20. Consider again the set-up of 4.17, where p =5 and d = (2,0, 1,4,2,2). Since
there are four nonzero blocks, there are four distinct degrees of syzygies. We find the degree of
these syzygies and the multiplicity of each.

First, the set of starting positions for the nonzero blocks is Z = {0,2,4,5}. The content of
each nonzero block is [(2)] =2, |(1)| =1, |(4,2)| = 14, and |(2)| = 2. By Theorem 1.4, we have
the following degrees of syzygies and the number of each degree of syzygy:

starting position of block ‘ degree of syzygy ‘ multiplicity
i1 =0 50-0=1 2(2-5-3-3) =180
ig =2 52 —2.5% =23 1(5-3-3) =45
i3 =3 5% —1-5%2-2.50 =098 14(3) = 42
4=25 5% — 1453 —1-52 —2.50 = 1348 2

And so the number of minimal generators of 1 is3-1-2-5-3-3 =270
We also have the minimal free resolution:

04 S/I+ S+~ 5(-8027) <& P S(-8027 — ;)% + 0. (5)
1<j<e

where oo = 270, §; € {180,45,4272}7and.5@ € {1,23,98,1348}
5. FUTURE WORK

Within Section 2 we described an algorithm, Lemma 2.17, to determine carry patterns of
monomials in degree greater than d in a stable ideal given the carry patterns of monomials in
degree d in the stable ideal. We seek to find a criterion that more explicitly finds the carry
patterns of monomials of degree higher than d.

In Section 4 we determined the form of minimal free resolutions of stable ideals of S = k[, y]
generated by degree d monomials with carry pattern (0, ...,0). We know how to determine the
form of minimal free resolutions of stable ideals generated by degree d monomials with carry
pattern less than or equal to ¢ € C(d) also, but this result is not included in this report (the proofs
need polishing). We seek to find a method of determining the form of minimal free resolutions of
stable ideals in more than three variables generated in a single degree by monomials with carry
pattern less than ¢ € C(d).

We also showed that the Frobenius power of a power of the maximal ideal (x1,...,z,) has
syzygies of a single degree. We suspect that ideals formed by taking products of these Frobenius
powers of powers of the maximal ideal (x1,...,2,) will have syzygies of more than one degree
also.

Finally, we seek to capture the above results about submodules of Sy for d > 0 and stable
ideals of S in a Macaulay2 package.
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