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Abstract

A quiver with vertices labeled from 1,..., n is said to have period 2 if the quiver obtained by
mutating at 1 and then 2 is isomorphic to the original quiver under the permutation (1,...,n) —
(n—1,n,1,2,...,n—2) of the vertices. In this paper, we classify period 2 quivers with 6 nodes,
and we also construct infinite families of period 2 quivers in an attempt to move towards a
complete classification. We also examine symmetries occuring in such quivers.

1 Introduction

There is a well known relation between cluster algebras and integer sequences which are Laurent
polynomials in their initial terms [2]. For example, the terms in the Somos-4 sequence, given by
the recurrence

TpTn+d = Tn+1Tn+3 + 377214.27

are given by the cluster exchange relation associated to mutating vertex 1 in Figure 1(a).
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(a) The Somos-4 quiver Sy (b) The mutation 154

Figure 1: The Somos-4 quiver and its mutation at 1

Surprisingly, after mutating at 1, we obtain a quiver which is isomorphic to our original quiver
under the permutation (1,2,3,4) — (4,1, 2, 3) of the vertices, and so we can think of a sequence of
mutations as iterations of the recurrence. In [3], Fordy and Marsh classify quivers satisfying this
property, and they also consider a more general type of periodicity corresponding to Somos type
sequences in higher dimensional spaces.

In this paper, we introduce several new results concerning quivers of period 2 in an attempt to
move towards a complete classification. In Section 2, we recall the notion of a quiver and a quiver
mutation, and we also define the notion of periodicity considered in [3]. We then recall in Section
3 the notion of a primitive quiver, and we briefly describe how quivers of period 1 and sink-type
quivers of higher period can be described in terms of primitives. Afterwards, we will examine
in Section 4 certain symmetries arising in period 2 quivers. We establish that period 2 quivers
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on 5 nodes are graph symmetric and find a sufficient condition for period 2 quivers to be graph
symmetric. In Section 5, we classify the period 2 quivers on 6 nodes. Finally, in Section 6 we will
introduce two new infinite families of period 2 quivers in Theorems 6.3 and 6.7.

2 Mutations and Periodicity

In this paper, we will only consider quivers containing no 1-cycles or 2-cycles, and we will assume
that the vertices of a quiver () lie on an N-sided polygon with vertices labeled 1,..., N in clockwise
order. We will identify a quiver () with N nodes with the skew-symmetric N x N matrix whose
(i,j)-entry is given by the number of arrows from i to 7 minus the number of arrows from j to i.
We define quiver mutation as follows:

Definition 2.1. [1] Given a quiver @ and a vertex k, we construct the mutation of @ at k, denoted
by ur Q, as follows:

1. Rewverse all arrows which either begin or end at the node k.

2. Suppose there are p arrows from a node i to k and q arrows from k to a node j. Then we add
pq arrows from i to j to any existing arrows between the two nodes.

3. We remove both arrows of any 2-cycles created in the second step.

Remark 2.2. We can also describe quiver mutation in terms of the adjacency matriz. If A and
B are the skew-symmetric matrices corresponding to the quivers Q and QQ = uiP respectively and
if a;; and b;; are the corresponding matriz entries, then the entries of B are given by the following
formula.

—aij if i=k or j=k
i:j = .
a;j + %(!aiklakj + aixlakj|)  otherwise
We now consider the permutation p: (1, ..., N) — (N, 1, ..., N-2, N-1) of the vertices of a quiver
Q. This permutation acts on Q so that the number of arrows from i to j in p(Q) is the same as the
number of arrows from p~1(i) to p~1(j) in Q. Thus the action can be viewed as rotating the arrows

in a clockwise direction while leaving the vertices fixed. Note that the action of p on our quiver
corresponds to the conjugation of our adjacency matrix by the permutation matrix:

o ... ... 1

1 0
We now consider a sequence of mutations, starting at node 1, then at node 2, and so on.

Definition 2.3. [3] We say that a quiver @ has period m if it satisfies Q(m+1) = p" Q(1) under
the mutation sequence depicted by

Q=0Q(1) 5 Q@2) 5 ... =5 Qim) 5 Q(m + 1) = p™Q(1).

Note that in the previous definition, if (1) has period m, then each of the quivers Q(2),...,Q(m+
1) must have period m. Also note that a quiver @ has period 2 if and only if its opposite, the
quiver obtained from @ by reversing all arrows, is also a period 2 quiver.



3 Primitive Quivers

In [3], the authors are able to classify period 1 quivers in terms of a finite set of period 1 quivers
which they call primitives. They also define primitives for higher periodicities and use them to
classify a subset of periodic quivers which we will describe later in the section. First, we recall how
the period 1 primitives are constructed. Consider the matrix

which we call a skew-rotation. We construct the primitives from this rotation as follows. First
consider a quiver with a single arrow from N — k + 1 to 1 and denote its adjacency matrix by
RE\];) so that (RE\I;))N_MFM =1, (R%))LN—kH = —1, and (Rglj))ij = 0 otherwise. We then define a
matrix B](\],c) by

BJ(\I;): Zi]i_olfiRg\l;)T"" fN=2r+land1<k<r,orif N=2rand1<k<r-1
S TzR%)T*’ if k=rand N = 2r.

We call the quiver P](\f ) associated to the matrix B](\]f) a period 1 primitive. It is shown in [3] that

the period 1 primitives are in fact period 1 quivers, and it is also shown that all positive linear

combinations of the period 1 primitives on N nodes are period 1. In fact, these positive linear

combinations classify the sink-type period 1 primitives. Recall that a node j is called a sink if all

arrows incident to j end at j.

Definition 3.1. A quiver is said to be period m sink-type if it is period m and if the node k of Q(k)
15 a sink for 1 <k <m.

Proposition 3.2. ([3, Proposition 3.6]) Let N = 2r or 2r 4+ 1, where r is an integer. Every period

1 sink-type quiver with N nodes has a corresponding matric of the form B =, _, ka](\]f), where

the my, are arbitrary nonnegative integers.

1 1
| @ | | ﬁﬁ |
3 4 3 4
(a) PV (b) P&

Figure 2: Period 1 primitives on 5 vertices

Fordy and Marsh defined in [3] period 2 primitives by “splitting” period 1 primitives and used them
to classify the whole family of strictly period 2 sink-type quivers. (It was shown in [3, Section 4]
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that there are neither period 2 sink-type quivers nor strictly period 2 primitives on an odd number
of vertices).

Definition 3.3. (/3]) For the matrices R(k), where N =2r, 1 < k <r—1, we define the primitive
P](\m) to be the quiver with matriz given by

r—1
B = Z TZiRE\],f)7'72i. (3.1)
1=0

In addition, if N s divisible by 4, we obtain the additional primitive P](\;Ql ) with matriz given by

r/2—1
]\7;) _ Z TzzR 20 (3.2)

Finally, we obtain primitives P](f ’22) with matriz given by
By =By L (3.3)

Notice that geometrically, the primitive P](f ’21) is obtained from the period 1 primitive P](f ) by
removing half of the arrows, the ones corresponding to odd powers of 7, and the removed arrows
orm PN,2 .

Proposition 3.4. (/3, Proposition 4.5]) If N = 2r where r is an integer, then every period 2
sink-type quiver with N nodes has a matriz of the form

Zk:l j:l kJB](V,g) + mr,lB%) if41 N
where the my, ; are non-negative integers so that if 4 divides N, there is at least one k, 1 <k <,
s0 that my 1 # my2, and so that if 4 does not divide N, there is at least one k, 1 <k <r —1 so0
that my 1 # my 2.

Fordy and Marsh [3] do not classify general period 2 quiver in terms of their primitives. However,
assuming certain symmetries, they classify the period 2 quivers on 5 nodes or less, and they are
able to construct an infinite family of period 2 quivers on an arbitrary number of nodes.

4 Graph Symmetry

Definition 4.1. Let Q be a quiver on N nodes and let Bg be its corresponding matric with (i, j) en-
try bsj for 1 <i,5 < N. Q is graph symmetric if for all 1 <i,5 < N, (BQ)i; = (BQ)N+1—j,N+1—i-

Fordy and Marsh [3] introduce the idea of graph symmetry in Remark 7.2; stating that period 2
quivers on 4 nodes were all graph symmetric, and classifying all period 2 quivers on 5 nodes which
satisfy graph symmetry. In fact, not all period 2 quivers on 4 nodes are graph symmetric. Fordy
and Marsh’s classification of period 2 quivers on 4 nodes, in Section 7.2 of their paper, imposed
the condition that node 1 is not a sink; all these are graph symmetric. By dropping the non-sink
condition, we provide a complete classification of period 2 quivers on 4 nodes, some of which are
graph symmetric, some of which are not graph symmetric, in the following section. Furthermore,
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we are able to show that all period 2 quivers on 5 nodes are graph symmetric, hence the classi-
fication of period 2 graph symmetric quivers on 5 nodes in Section 7.3 of Fordy and Marsh [3] is
a complete classification of period 2 quivers on 5 nodes. However, for N # 2,3,5 we found that
period 2 quivers on N nodes were not necessarily graph symmetric. In Sections 4.2 and 4.4, we
provide a construction of period 2 quivers on N nodes for N > 4 even and N > 7 odd, which are
not graph symmetric. In addition, in Sections 4.3 and 4.5 we show some relationships between the
period 2 property and graph symmetry.

In this section and those to follow we will find it useful to use an alternative formulation of the
period 2 property given in Fordy and Marsh [3], namely that a quiver @ is period 2 if and only if
p1pQ = p~ Q.

It will also prove useful to note that for a quiver ) on N nodes whose corresponding matrix Bg
has entries b; j, for i > j, (i, ) entries of u1pBg and p~'ui By are:

bl*lf*l +€(bN, '—lvbN,'—1)7 lf] ;é 1
(11pBQ)ij = bz J i i i W
N,i—1, 1fj =1
(p~ By = { T e(bit1,1,05+1,1) = big1,j+1 + i, . ’ (4.2)
ERRE iti=N

where e(z,y) = %(x!y\ — ylz|) and ¢;; = e(m;, m;), where m; = bj411 for 1 < j < N —1 by the
convention in [3].

Note that when checking that p1pQ = p~ ' Q it is sufficient to just check the lower triangular
portion of the matrices as they are skew-symmetric.

4.1 Classification of 4 Nodes

Given Bg, a general N x N skew-symmetric matrix that represents the quiver (), we impose the
relation

mp(Bq) = p~ ' 11(Bg) (4.3)
so that @) is period 2. Given that a quiver @) is period 2, it is determined by the arrows incident
with vertex 1 and vertex N , that is, By is determined by the entries in the first column and the
last row, and the number of arrows going from vertex 2 to vertex 1 is equal to the number of arrows
going from vertex N to vertex N — 1, that is, ba; = by, ny—1 in Bg. Thus for a 4 node quiver we let

bip=mi_q1fori=2,...,4 and by = po.
By imposing the relation (4.3), we get the following four conditions
€31 =0 , m3=b3+e(p2,m1) , bza+ea=m3 , e32=c(m3,po2).
We choose my > 0. Since €31 = 0, mg > 0 if my > 0.

Remark 4.2. In Section 7.2 [3], the authors claimed that in order to find non-sink-type period
2 quivers, they must require mo < 0 for node 1 not to be sink and they had the result that all
non-sink-type period 2 quivers with 4 nodes satisfied graph symmetry. However, node 1 not being
sink is not equivalent to B(1) not being a sink type and there are non-sink-type period 2 quivers
with 4 nodes that do not satisfy graph symmetry. We give a classification of all period 2 quivers
with 4 nodes (including period 1 quivers and period 2 sink-type quivers®).

1We do not restrict our attention to strictly period 2 quivers or non-sink-type quivers by excluding period 1 quivers
and sink-type quivers in our classification as it might be easier to observe the general pattern this way.
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Case 4.2.1 (mg = p2). In this case, bz = m3 + 12 and

0 —m —1m9 —ms
B(l) _ mq 0 —ms3 — €12 —M2
ma M3+ €12 0 -m1 |’
ms mo mi 0

where my = po and either my > 0 and mg > 0, or my = 0.

Case 4.2.2 (mg # p2 m1 > 0). Since €31 = &(p2,m1), it must be that ma,ps > 0. Hence,
b3os = ms3 + €120 = m3 and

0 —m; —Mmo2 —mM3
m;y 0 —mg —p2
B(1) =
( ) meo ms 0 —m ’
m3 P2 my 0

where mo,ps > 0, m1 > 0 and mz > 0. Notice that all the quivers classified in this case are not
graph-symmetric.

Case 4.2.3 (mg # p2, m1 = 0 and mg > 0). Since €33 = £(mg, p2), it must be that ma, py > 0.
Since m1 = 0, b3y = m3 + €12 = mg3 and

0 0 —my —1M3
| 0 0 -—-m3 —p2
B(l) o mo g3 0 0 ’
ms  p2 0 0

where ma, p2 > 0 and mz > 0.

Case 4.2.4 (mg # p2, m1 = 0 and mg < 0). Since e32 = £(ms,p2), it must be that ma,ps < 0.
bso = m3 + €12 = m3 and

0 0 —my —Ms3
|1 0 0 —mg —po
B ( 1) o mo g3 0 0 ’
ms P2 0 0

where ma, po < 0 and mg < 0.

Case 4.2.5 (mg # p2, m1 = 0 and m3 = 0). There are no restrictions on the sign of ma and pa,
and bsy = mg = 0, giving

0 0 —mo O
. 0 0 0 —p2
B() = mg 0 0 0 ’
0 p2 O 0

where mgy # pa.

Note that from the classification, sink-type quivers are not all graph-symmetric and there are
non-sink-type quivers that do not satisfy graph symmetry.



4.2 Non-Graph-Symmetric Sink-type Quivers with Even Number of Nodes

Given N even, the period 2 primitives P](\;C ’21) and P](f ’22) do not have graph symmetry for certain
values of k.

Proposition 4.3. Given N = 2r, the period 2 primitives P(k Y and P](\f’;) are not graph-symmetric

if k is even, i.e., if k = 2,4,...,2|5]. More generally, for a smk—type quiver Q of the form specified
in Equation (3.4), if there exist a k even (for 1 <k <r ifd| N and1 <k <r—1if44N) such
that my 1 # my2, then Q does not have graph symmetry.

Proof. Given N = 2r, when k£ < r — 1 and even, the (N — k + 1,1) entry of B](\];’Ql) is 1 which
corresponds to the term RE\’;) in the sum by Equation (3.1). The (N, k) entry of B( ) is 1 which

corresponds to the term Tk_lR(k) 1=F in the sum by Equation (3.3). Since Bl 2) and B(k 2 add

(k) (k)

up to By’ whose entries are at most 1, the (IV, k) entry of By’ is 0 which is not equal to its

(N —k+1,1) entry and thus breaks the symmetry. Analogous argument shows that B](\]f’f) is not

graph-symmetric. In addition, if N is divisible by 4, when k& = r the (r + 1,1) entry of BJ(\?’;) is

1 which corresponds to the term Rg\? in the sum by Equation (3.2) and the (N, r) entry of B%’g)

(r) -

is 1 which corresponds to the term TT_IR " in the sum by Equation (3.3). This implies that

B](C,n ;) and B(T 2) 4o not satisfy graph symmetry.
If Bg has the form described in Equation (3.4), whenever my; # my for 1 < k <rif 4 | N and

1 <k<r—1if44N, by_gsr1,1 = mp and by = M2 # by—_g4+1,1 which breaks the graph
symmetry. O

4.3 5 Nodes

In [3], Fordy and Marsh classify period 2 quivers on 5 nodes by imposing graph symmetry. We
confirm that their classification is complete by showing that all period 2 quivers on 5 nodes are
indeed graph symmetric.

Theorem 4.4. All period 2 quiver on 5 nodes are graph symmetric.

Proof. Consider a period 2 quiver ) on 5 nodes and let the (i, ;) entry of the matrix associated
with this quiver be b; ; for 1 <4, < 5. The lower triangular portion of the matrix is:

0
bt 0
bs1 b3z2 O

by1 bso bgz O
bsp bs2 bs3 bsa O.

Since @ is period 2, (u1pQ); ; = (p~ ,ulQ) by (4.3). Following (4.1) and (4.2), we have

1=25,7 =1 gives by 1 = b5 4.

i=5j=2andi=4,5 =1 give b471 = b371 + 8(1)5,4, b571) and b573 + 8(1)271, b571) = b572.
i=2,5=1and i=05,7 =4 give b571 + 5(6271, 5371) = 5372 and b473 = b5,1 + €(b5,4, b5’3).

We show b371 = b5,3 as this would imply b471 = b572 and 1)372 = b473.

1 =4,7 =2 gives 53,1 + E(b5,1, b573) = b5,3 + 6(55,1, 53,1).

Without loss of generality let b5 > 0. Note that then £(bs1,2) > 0 for all real numbers = and
equality holds if x > 0.



Case 4.4.1 (b1 > 0). In this case, since £(bs1,b53) > 0 and €(bs1,b31) = 0, bz1 < b31 +
5(()571, b573) = b573. Hence b5,3 >0 and b371 + 5(()571, b573) = b573 reduces to b3,1 = b573.

Similarly the case bs3 > 0 leads to b3 = bs 3.

Case 4.4.2 (b3,1, b573 < O). In this case b371 *b571b573 = b573 *1)5711)371 hence (b371 *b573)(b571 +1) =0.
Since bs 1 > 0 we again have bs 3 = b3 1 and the quiver is symmetric.

O]

4.4 Breaking Graph Symmetry for N odd, N >5

For N > 7, N odd, there are infinitely many period 2 quivers on N nodes which are not graph
symmetric.

Definition 4.5. Let N =2k+ 1,k > 3. We define Fiy to be the quiver on N nodes associated with
matriz Br, whose (i, j) entry for i > j is as follows:

,

~1, ifi=j+3j=2w-11<w<k-—1
1, dfi=j+lj=2w+1,1<w<k-1

(BFN)i,j: -1, ifi=N,j=2o0ri=N,j=N—-2o0ri=N-2,5=1
1, ifi=N-—-2,7=2
0, else.

Theorem 4.6. Let N > 7 be odd and n be non-negative integer. Then B](\})

corresponding to a period 2 quiver.

+nBry 1s the matriz

This is a subset of Fg, defined in Section 6.2 so the quivers of this form are indeed period 2.
4.5 Sufficient Condition for Graph Symmetry of a period 2 quiver
Theorem 4.7. Let Q be a 2-periodic quiver on N nodes and let the (i, j) entries of the corresponding
matriz be b; j for 1 <i,5 < N. If

bi71 = bNyNJrl,i fO’f‘ all 2 S ) S N, (44)
then the quiver is graph symmetric.

Proof. Tt suffices to prove b; ; = byyi—jN+1—; for ¢ > j since the matrix of the quiver is skew-
symmetric.
Ifi=N,j=kandi=N-k+1,j=1for2<k<N-1 (upQ);; = (p*lulQ)” and (4.4) give
us:
bN_1k—1=bgt1,1 +€(ONN-1,bNk—1) = bN Nk +(b21,bN_k+21) = DN_k12,2- (4.5)
In addition ,
bit1j+1 — bim1,j—1 = €(bjs1,1,bit11) +e(bnj—1,bNi—1)-

By (4.3),
=e(bnN—j, bnN—i) F €(DN—j+2,1,bN—i42.1) = bN—j N—i — DN—jt2,N—it2

for2<j<i<N-1.

Hence if bi—l,j—l = bN7j+2,N7i+2 then bi—i—l,j-l—l = bN*j,Nfi-

By induction on k with base cases byy11 = by nN—x and byi22 = by_1, N—k—1, Which follows from
(45),1<kE<N—1and 1<k <N — 2 respectively, we have that @ is graph symmetric. O
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5 6 Node Quivers of Period 2 Classification

We did a case by case analysis for 6 node period 2 quivers (as was done in [3, Section 7.2]). As
we shall see that for 6 node period 2 quivers, all the non-graph-symmetric quivers are integer
linear combinations of period 2 primitives, i.e., there are no additional € terms in the matrix that
represents these quivers.

We again impose the relation
pp(Bg) = p~ ' (Bg)
and let
bit =mj_q fori=2,...,6 and bgj =ps—; for j =2,...,4.

We get the following 14 conditions that must hold:

ms = b3y + €21, (5.1)

pa = baz + €31, (5.2)

p3 = bs2 + a1, (5.3)

P2 = pa + €51, (5.4)

m1 + e(ms, pa) = baz + €32, (5.5)
ma + e(ms, p3) = bsz + €42, (5.6)
ms + e(ms, p2) = p3 + €52, (5.7)
mq + €51 = M2, (5.8)

b3z + €(p4,p3) = bsa + €43, (5.9)
baz + €(pa, p2) = p2 + €53, (5.10)
bsz + (pa, m1) = ms, (5.11)
baz + (p3, p2) = m1 + €54, (5.12)
bsz + &(p3, m1) = ma, (5.13)
bsa + €(p2, m1) = ms. (5.14)
We set m1 > 0 and consider all the cases based on the signs of mo,...,m5. This is a natural

way to classify all 6 node period 2 quivers since €(x,y) vanishes whenever x and y are of the same
sign, simplifying the conditions above written in the most general form. For example, whenever
mims > 0, mg = my and py = po. The following seven cases contain all the 6 node period 2 quivers
(including period 1 quivers and period 2 sink-type quivers).

5.1 The case m; >0, mg >0, m3>0,ms>0,p4 >0

0 —mi1 —Mm2 —MmM3 —MM2 —Ms;
mi 0 —ms —ps —m3z —ps
B(l) _ mo ms 0 —mi1 —Mm2 —M3
mz  ps My 0 —ms —pa
ma ms3 meo ms 0 —mq
ms  ps M3 ps My 0

Note that B(1) = mlBé}Q’l) + m5Bé712’2) + mgBé?z’l) + p4Bé722’2) + mgBéS) with all the coeflicients
nonnegative. By Proposition 3.4, this case is exactly the 6 node period 2 sink-type quivers.



5.2 The case my <0, ms <0
0 0 —my 0 —my —Ms
0 0 —ms —P4 0 —P4
B(1) = Mo Mms 0 0 —mo 0
0 ps O 0 —ms —py
mo 0 mo  Ms 0 0
ms P4 0 D4 0 0
5.3 The case my <0,m3 <0, m5<0,ps <0
0 0 —m—2 —m3g —mo —ms
0 0 —ms  —p4 —M3 —P4
B(1) = me Mg 0 0 —mMo —Mm3
m3 P4 0 0 —ms —pg
mo M3 mo ms 0 0
ms P4 ms3 P4 0 0
5.4 The case my >0, mg <0, ms <0
0 0 —my —ms3 —myg —My
0 0 —ms —my —m3 —Mm2
B(1) = mo ms 0 —mg(ms —m3) —my —ms3
m3 mg  ma(ms —ms3) 0 —ms  —ma
mo M3 ma ms 0 0
ms M2 ms3 mo 0 0
5.5 The case m; >0, my >0, mg <0
0 —mq —my —ms3 —1y —1m1
mi 0 —m —mo + mims —ms —me
B(1) = mo mi 0 —m1 +maoms —mg+mimsg —ms3
m3 Mo —Mmims 1M1 — Myms 0 —m1 —T1m9
mso ms3 Mo — M1Mms3 mi 0 —my
my ma m3 ma my 0
Notice that all the quivers covered in this case are period 1 and not period 2.
5.6 The case m; >0, my <0, ms >0
0 —mq —ms9 0 —Mm9 0
my 0 —ms + mima —Mme —ms +mima  —mo
B(l) . mo M5 — M1M2 0 —m1 + maoms —mo 0
- 0 mo mi1 — Mmams 0 —ms + Mmimgo  —Mo
mo —TMm1Mmsy mo ms — 1M11M2 0 —m
ms ma 0 mo my 0
5.7 The case m; >0, mo <0, mg >0, ms >0
0 —mi —my —ms —my
my 0 —ms + mima —Ma —ms3 + mims
B(l) _ mo My — 1M1Mo 0 —mi — mg(m?, — m5) —1m9
ms ma my + ma(msz — ms) 0 —ms + mimsa
mo M3 — 1MmMimso meo ms — 1Mmi1Mmo 0
ms ma m3 ma mi
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6 Infinite Families

6.1 Family Fg,

We define four types of quivers on odd number of nodes which we will utilize.

Definition 6.1. 2 Let N = 2k + 1,k > 3 be the number of nodes of the quiver. The (i,7), i > j

entries of matrices for the quivers An,Cn,Dn,En are as follows:

(BDN)i,j = {;

(BEN)i,j = {O

Theorem 6.2. Let n and m be non-negative integers. For N odd and greater or equal to 7, the

(BAN)Z‘J' =

(BCN)

L

i?j -

L,
L,
0,

ifi=j+1,1<j<N-1
ifi=j+2,1<j<N-2
ifi=N-1,j=1ori=N,j=2
ifi=N—-1,7=2

otherwise

ifi=N,j=1

otherwise

1, ifi=2wi+1,j =2ws— 1,1 <wy <wy <k,(i,j) #(N,1)

otherwise

ifi=2w1+1,j=2w—1,2<wy<wy; <k-1

otherwise.

quiver corresponding to the matrix Ba, + nBcy +mBp, +nmBg, is period 2.

Remark 6.3. Note that in the 5 node case that As and Cs make sense and the resulting quiver

when a non-negative number of copies of Cs are added to As is period 2.

Remark 6.4. If m = 0 and n # 1, then the resulting matriz falls within the family F in [3, Section

7.2] which will be discussed later on.

Proof. The lower triangle portion of the matrix corresponding to the resulting quiver @ is:

0
1 0
-1 1+n
0 -1
—-m 0
0 0
—-m 0
0 0
—-m 0
0 0
-m 0
-1 1
n —1

0
1+n 0
nm—1 1+n 0
0 -1 1+n
nm —m 0 nm — 1
0 0 0
nm—m 0 nm—m
0 0 0
nm —m 0 nm —m
0 0 0
-m 0 -m

2We do not define a quiver By as we reserve subscripts of B to denote matrices.

0
1+n
-1

11

0
1+n

nm—1 14+n 0

0

o o o o -

-1
0

1+n 0

nm—1 1+4n
0 -1
-m 0

0

1+n 0

-1

1 0.



Figure 3: Quivers on 11 nodes

We now show the (i,5) entries of ui1pBg and p~'u;Bg are equal for 1 < j < i < N by using
relations (1) and (2). Let the b; ; be the (4, j) entry of Bg.

Case 6.4.1 (3 < j < i < N —2). In this case e(byj—1,bni—1) = €(bit1,1,0j411) = 0, as
bN,j—1,bNi—1,bix1,1, and bji1,1 are all nonpositive, so relations (1) and (2) reduce to bit1 j41 =
bi—1,j—1 which is true for all 3 < j <i < N —2.

Note that @ is graph symmetric so (p‘lplBQ)N,jH,N,iH = (u1pBg)ij for all 1 < j < i < N.

Hence (p~'11Bq)ij = (m1pBg)i,; if and only if (0" mQ)n—j+1,n—i+1 = (11pBQ)N—j+1,N—it1. It
now suffices to check (p~1u1Bg)i; = (m1pBg)ij for i =2, N — 1, and N; the cases j = N —1,2,1
follow directly.

Case 6.4.2 (i=N—-1). If j =1 thenbyp+¢e(bn1,b21) = —1+¢e(n,1) = —1 = by n_2 as desired.
If j =N —3 then by n—2+¢e(bn1,bn—21) = —1+¢e(n,—m)=—-1+nm=nm—1+¢e(—m,—1) =

bn—2,N—4 +(bN,N—1,bN,N—2).
If j = N —2 then bN,N—l +€(bN’1,bN_1’1) =1 —{—5(n, —1) =14+n=n+1 —|—€(O, —].) = bN—2,N—3 +
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e(bn,N—3,bN,N=2)-

If1 < j < N —3 and j odd then bN,j—H + E(bN,bijrl,l) =0+ E(’n, 0) =0=0+ E(bNJ_l, —1) =
bn_2j-1+e(bnj—1,bNN-2).

If j =2 then by s +e(bn1,b31) = —m +e(n,—1) = by_21 +(bn1,bv N—2).

If2 < j < N —3 and j even then by ji1 + €(bn1,bj41,1) = —m + e(n,—m) = —m + nm =
nm—m —+ 5(—m, —1) = bN,QJ,l + €(bN,j,1, bN’N,Q).

Case 6.4.3 (i=N). If j =1 then by; =1 =bnn_1 as desired.

If 1 =2 then bel,l + 5(bN,1,bN,N71) =—1+ E(’rl, 1) =—-1= b3,1.

Ifj = 3 then bN_LQ + 5(()]\[72, bN,N—l) =14 6(—1, 1) =0= b4,1.

If j =N —2 then by—1,n—3 + E(bNnyg,bNnyl) =—-14¢(0,1)=-1= bn_1,1-

If j=N—1thenby_1N—2 +e(bnN—2,bNN-1) =14+n+¢e(—1,1) =n=bn.
If3<j <N —2then by_1-1+ E(bNyj_l, bN,N—l) = 8(()]\77]'_1, 1) = bnj—1=0bjy11.

Case 6.4.4 (i = 2). Since i > j we have to only check the case i = 2,7 = 1.
bzo+e(b3i,b21) =1+n+e(—1,1) =n=>bn as desired.

6.2 Family Fg,
Definition 6.5. . Let N > 5 be odd and integers a;, t;, c;, g; satisfy

e ay,t1 <0

° GL%J :tL%J ifNE 1mod4

© git+aj,gi+tjcitajci+t; <0 forj=ii+1, foralll <i< |T|

The first and last condition ensure that entries in the first column, except first two entries and last
entry, and last row, except the first entry and last two entries, are non-positive.
We define the (i,7) entries, i > j, of a quiver on N nodes,where N is odd, as follows:

1 if m=2
N ay ifm=23
2§mg’% gn +1n fm=2n+2n2>1
Cn+ant1 fm=2n+3,n>1
1 ifm=N
T ay ifm=N-—-1
Nscpoy |Gt in ifm=N+2-(2n+2),n>1
T gn + Qnt1 ifm:N+2—(2n—|—3),n21
1 ifm=1
1 if m=2
bym = ‘
1<m< V=t cn + ap fm=2n+1n>1

gn +tpr1 fm=2n+2,n>1

13



1 ifm=N-—-1
t1 zfm =N-2
bN,m - .
Nilopenot | ntan  ifm=N-(@2n+1)n>1
enttpnrr fm=N-—(2n+2),n>1.
Define
bm,2 = bN,m—Q - bm,l fO?“ 3<m<N-1
bm,3 = bmf2,1 - bN,m—2 fO’l" 4<m<N-1
biv1j+1 =bi—1-1 for3<j<i< N —2.
The (i,7) entries fori=j are 0, and for j >, b; j = —bn{1—i N4+1—;j-

Remark 6.6. Note that relations (6.1) can be replaced with

bN—1,m = bm+21 —bnm for 2<m < N —2
bN—2m = ONmt2 — bmyo1 for2<m < N -3
bit1,j41 =bi—1j-1 for3<j<i< N —2.

(6.1)

(6.2)

(6.2), along with defintions of b; 1, for 2 < i < N, and by; for 1 < j < N — 1 define the same

The lower triangle portions of the matrices on 11 and 13 nodes are shown below, with ¢y = gg =

quiver Q.
0,(10 =1y = 1.
0
1=go+to 0
co +ay ap — a1
g1+t go — g1
c1 + ag a; — ag
g2 +to 91— g2
co + 12 az — to
g1+ a2 g2 — g1
1+t to — 11
go+ a1 g1 — 9o
1 go +t1
0
1=go+to 0
Co+a1 ag — aq
g1+t go — g1
c1 + ag a; — ag
g2 +to 91— g2
co +ag az —ag
gg+a3 O
c2 + to t3 —t2
g1 + a2 g2 — g1
c1+t to —t1
go+ a1 g1 — 9o
1 go+t1

to—t1
Co—C
t1 —to
C1 — C2
to — ag
C2 —C1
a2 — a1
c1+ag

to—t1
Co—C
t1 —t2
C1 — C2
ty — t3

a3 — az
C2 — (1
az — ay
c1+ay

apg — ap
do — g1
a; — a9
g1 — 92
ag — ta
g2 — g1
g1+t

ag — a1
do — g1
a1 — a2
g1 — 92
a2 — a3

ty — to
92 — g1
g1+t2

to —t1
Co —C1
ty — 12
C1 — C2
to — ag
c2 + ag

to — 11
Co — C1
ty — 12
C1 — C2
ty — 13

asz — ag
Co + a2

apg — aq
90 — 91
a1 — ag
g1 — 92
g2 + a2

apg — aq

go — g1
ap — az

g1 — 92
a2 —as

g2 +t3

14

0
to — 1
Co — C1
tp —t2
c1 +to

0
to —t1
Co —C1
t1 —t2
C1 — C2
to —t3
co2 +t3

0
ap — ay
go — g1
g1+ ax

ag — aj
o — %1
a1 — ag
91— 92
g2 +az

0
to —t1
co+t

to — 1
Cop —C1
t1 —ta
c1+to

0
l=go+a O
0
apg — a1 0
go—g1 to—t
g1tar co+tr

0
1=go+ao

0



Theorem 6.7. Fg, is a family of period 2 quivers.

Proof. Let Q be a quiver of this family. We claim that uip swaps ap with ¢ and g with ¢ for
each k in Bg, henceforth known as the swapping property.

The lower triangular portion of ;11pBg for ) on 9 nodes, with cp = go = 0 and ag = o = 1, is as
follows:

0
1=-cy+ag 0

go+t1 to*h 0

cl+a1 Co — C1 ag — aq 0

g1+t ti—t2 go—g1 to—t1 0

Co + a2 c1—C a1 —0a2 Cy—C1 Qag—aj 0

g2+ as to—az c1—cy t1—ta go—g1 to—11 0

c1 +to cg—cC aG2—ty gi—gs ar—aGz Cp—C1 Gg— a1 0

g1+ a1 az—ay g2—g1 a2—ta c1—ca t1—t2 go—g1 to—11 0

co+ 1t c1—¢ ta—li c2—c la—ax g1—g2 a1—az co—C1 a — a1 0
1 cotar g1+t catax gatita catita gitax c+ti gotar l=co+ty O.

Recall that for ¢ > j,

bi—1j-1+e(bnj—1,bN,i-1), ifj#1
bNi—15 if j = 1.

(m1pBq)i,; = {

Denote (p11pBq)i; by b;,j for each 7, j. It proves convinent to think of by as co +ag and as ¢ +to.
We will show that the swapping property is true for the last column and first row, and that relations
(6.1) are satisfied by p1pBg, hence the swapping property holds for the entire matrix.

Case 6.7.1 (j = 1). In this instance b;;,1 = bn,i—1 which corresponds to swapping aj, with t;, and g
with ¢y, for each k in b;1 to obtain b;l.The first column of p1pBg satisfies the swapping property.

Case 6.7.2 (i = N, j > 2). In this instance, e(by j—1,bni—1) = by j—1. Hence b,Nj =by_1,j-1+
bnj—1 = bjy11 by (6.2). This which equates to swapping aj, with t, and g, with ¢ for each k in
bn,; to obtain ble.

Case 6.7.3 (i = N,j = 2). sz2 =bn_11+¢e(bna, by N—1) = bn_11 = go + a1 which equates to
swapping ay with t1 and gg with cg, since go = c¢o. Note too that be2 =co+a+1=b3;.

We have established that the first column and last row satisfy the swapping property and that

biy = by forall2<i< N (6.3)
blN,j =bjp1p forall1<j <N -1

It now sufficies to show that the recursive relations (6.1) hold for the b;’j. Using (6.3) we obtain:
For3<m< N —1:

!

! I
b2 = bm-11+0N1,0Nm-1) = bm-11—bNm—1 =N 2 — b 1-
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Fora<m< N —1:

i

/ ’
bns =bm-12+e(bN2,bNm-1) =bm-12=bNm-3 —bm-11="by_21 — by m_o-

For3<j<i<N-—-2:

/

biv1je1 = bij +e(bn,j,bng) = bij = biaj_a +e(bnj—2,bni2) = b1 ;1.

For j=3,: < N —2:

bis14=0bizg=0bi—21—bni-2=">bi—12.
Hence the recurrences are satisfied and By has the swapping property. puip is an involution and @
has period 2.
O

6.3 Other Family

In this section, we describe a family of 2-periodic quivers (with at least five vertices) which enjoys a
particularly simple description in terms of period 1 primitives. This family can be seen as a subset
of a family described in [3, Section 7.4], which we’ll call F; in particular, a subset Fp of nonnegative
linear combinations of a specific set of quivers. Before continuing, we will briefly review Fordy and
Marsh’s family F. It consists of quivers on IV vertices with matrices which are functions of N — 1
parameters m, (which we write as a vector m),

0 —my —Mmpy_1
ma 0 *
B(m) = | . : (6.4)
my—1 * 0

where the entries in the regions marked * are functions b;;(m). To be in F, these quivers must
additionally satisfy m; = my_; for 2 < i < N — 2, and the following identity (which ensures
2-periodicity):

p~  (B(m)) = B (o(m)), (6.5)

where o is the involution (mq,...,my_1) — (my—1,...,m1). Because of the symmetry require-
ment for the m;, o can be considered as exchanging m, and my_1, so strictness of the 2-periodicity
is equivalent to the condition m; # mpy_;. In their paper [3], Fordy and Marsh showed that
membership in this family was equivalent to requiring

j—1

bij = 09 H(bijy11) + Z e TN} (6.6)
s=1

where €, , = €(my, my). It should be noted that o acts formally on these terms as expressions in
the my;.

We now describe Fp, in a way that is independent of the characterization of F; then we will show
that indeed Fp C F. On N vertices, Fp consists of quivers obtained by adding a nonnegative
linear combination of a finite number of quivers which are not themselves 2-periodic to a single
copy of a certain period 1 primitive. To describe them, we introduce the following notation: let P](\f)
denote the period 1 primitives on N vertices as in [3]. Then take A%) = P](VHZ) — P](f)_ 4» Where the
difference is the difference of matrices obtained by adding two rows and columns of zeros around

the matrix for P](f)_4. Note that these are defined for £+ 2 < N/2. Furthermore, take Cy to be the
16



A = PP~ Bl

Figure 4: Examples of Cy and A%) for N =9.

quiver obtained by removing the arrows 2 —+ 1 and N — N — 1 from P](\,1 ). For examples of these
quivers on 9 vertices, see figure 4.
With this, we have the following proposition:

Proposition 6.8. With P](\f), A%) and Cy defined as above, we have that the quivers (which
constitute Fp) given by

L
Qp(kcr,....c) =Py +kCy + 3 AR, (6.7)
(=1

for any nonnegative c1,...,cr, (where L= |N/2|—2) and k > 1, are in the family F, and therefore
strictly 2-periodic.

Proof. Our approach is to show that the formula (6.6) agrees with the entries of the matrix obtained
from (6.7) when we choose the appropriate values for the m;. To begin, we consider the first column
of the matrix Bp of Qp(k,c1,...,cp). For N = 2r, it is given by b1y = ba; =0, b1 = —1, by1 = 1,
b51 = C2, ..., br+1,1 = CL, br+271 = CL—1y -+ b2r_271 = (1, b2r—1,1 = —1, and bgr,l = k. For
N = 2r + 1, the sequence is the same, except there is an extra c;, in the middle, so b,421 = cf,
after which it continues as it did for the even N case. To show membership in F, we therefore set
m; = bjy11 for 5 =1,..., N — 1, and check the conditions as described above. First, we see that
indeed m; = my_; for 2 <i < N — 2, and my # my_1, since k > 0. All that remains is to check
the formula (6.6).
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Note that, due to the nonnegativity of the m; except for mg and my_o (which are —1), we have
that £, , = 0 unless exactly one of x and y is equal to 2 or N — 2. Now, we compute with the
formula (6.6), considering different cases for the value of i — j.

Case 6.8.1. i —j = 1.

In this case, for j = 2, (6.6) gives bsa = o(m1) + €12 = my—1 = k (we have €12 = 0 because
my = 0), which is what we expect from (6.7). For 2 < j < N — 2 and j odd, the first term on the
right side of (6.6) vanishes since m; = 0, and the sum over s contributes two terms; the s = 1 term,
given by en_12 = k and the s = 2 term, given by €23 = —c1, giving b;; = k — ¢1. On the other
hand, for j even in this range, the first term contributes o(m1) = my_1 = k, while the s = 1 term
no longer contributes, meaning we again have b;; = k — c¢1. These results both agree with (6.7).
Finally, for j = N — 2, the 077! (b;_j1+1,1) contributes a o(m;) = k, while the s = 1 term vanishes,
and the s = 2 and s = N — 3 terms cancel, so we find by_1 y—2 = k; for j = N — 1, the first term
contributes 0, and the s = 1 term cancels with the s = N — 2 term, while the s = 2 term cancels
with the s = N — 3 term, so we find by y—1 = 0; both of these agree with (6.7).

Case 6.8.2. 1<i—j=d< N —1.

In this case, we never have i —j+4s = 2 in the sum, and we also never have s = N —2, since j < N—d
and s is at most j — 1. So the only terms that can possibly contribute are s =2 and s = N —2 —d.
Neither term appears for j = 2, so we always have bjz = o(bj—11) = mgq. For2 < j < N —1—4d,
only the s = 2 term appears, which contributes —mg.2, so here we have b;; = mg — mgy2 (note
that the o’s have no effect because 1 < d < N —1). For j = N —1—d and N — d, both nonzero
terms in the sum appear, but cancel each other out, due to the fact that m; = my_;, so we once
again obtain b;; = mg. Note that for d > N — 4, there is no region 2 < j < N — 1 —d, so we only
obtain the outer two regions, where b;; = mg. Again, all of these results agree with (6.7).

Case 6.8.3. i —j =N —1.

In this case, we are only considering the entry by 1, which the formula trivially gives to be my_1 = k,
again in agreement with (6.7).
The proof for odd N is almost identical, so it is omitted. So, we indeed have that the quivers
Qp(k,c1,...,cr) described are all in the family F, and therefore strictly 2-periodic.

O

In [3], Fordy and Marsh additionally showed that a specification of my, ..., my_1 within the stated
constraints (m; = my_; for 2 < i < N — 2) only yielded a quiver in F if the m; also satisfied
m; > 0 for 2 < i < N — 2 with ¢ odd, as well as mg = —1 for NV odd. However, for N odd, the
nonnegativity of m; for odd ¢ with 2 < 7 < N — 2 implies that, in fact, we have m; > 0 for all ¢
with 2 <7 < N — 2, since we require m; = my_; and either ¢ or N — ¢ will be odd for N odd. So,
we obtain the following:

Remark 6.9. For N odd, the quivers Qp(k,c1,...,cr) and their images under the involution
p~ L1 account for all of the quivers in F on N wvertices with either mi =0 or my—_1 = 0.

Because the quivers in Fp are in F, we can easily find the image p~'u1Qp(k,c1,...,cr) in gen-
eral. This is because Qp(k,c1,...,c) = B(0,—1,¢1,...,¢p,...,c1,—1,k), where B here is the
function in (6.4) (again, there is an extra ¢z, when N is odd), and by definition, this satisfies
[p~'u1)B(0,~1,¢1,...,¢cp,...,c1,—1,k) = B(k,~1,¢1,...,¢0,...,c1,—1,0). Because the ¢, are
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not affected by this operation, we can immediately conclude that the image Qp(k,c1,...,cr) will
be of the form

L
Qp(k.ci,....c0) = P](VQ) +kCy + ZCzA%)
=1

for some Cy. We can then find Cy simply by computing [p~tu1]Cn — P(Q), which is evidently

. —1 i—j=1 or ¢i=N—1andj=2,
GM)”Z 1 j—i=1 or i=2andj=N—1,
“ 0 otherwise.

Now, the formula for the entries of B(mq,...,my—_1) found by Fordy and Marsh shows that if
my = my_2 = —1 with the rest of the m; positive, then each entry is a linear combination of the
parameters mq, ..., my—_2, because the ¢; ; vanish except when one of 7 and j is either 2 or N — 2,
in which case ¢; ; is equal to m; or —m;. Since the operation p~ iy has the effect of exchanging
mq and my_1 for quivers in F, this means that if we set my_1 = 0, then the occurrences of m; in
p tuiB(my,...,my_2,0) exactly coincide with the occurrences of my_1 in B(0,ma,...,my_1).
In our case, this means we can recover the general form of the quivers in F from )p and Qp:

Corollary 6.10. For N odd, the quivers

L
QA(k,];‘,Cl, .. .,CL) = P](\?) + kCyn + /%C'N + ZC@A%)
(=1

account for all of the quivers in F on N wvertices.
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