
Universal parameters for
Stanley-Reisner rings
and a colorful Hochstein formula

A. Adams (UCDaris)
V. Reiner (U .

Minnesota)

Rolytopics @ MaxPlanckInstitute - Leipzig, Apr9,2oz ,



1
. Stanley-Reisner ring reminder {f - vectorsh- vectors

Hilbert series

2
. Hochstein's formula 4977)

3
.

Colorful Hochstein formula (new ! )

4
.

Universal parameters : depth
resolutions (ONT! )



1
. Stanley-Reisner ring reminder
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The f - vector of I is related to its

Stanley -Reisner ring over a field k

kLo] = Kla , b.a,d, e] / ( od , ae , be)
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KID] has k- basis given by monomials supported on
faces
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Hilbert series
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2
. Hochstein's formula 49771

Can also compute Hills (Wolf) from a finite

(minimal) free resolution of klo] as an S
-module :
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1 basis element in degree d



be} syzygies : oth ist and 3rd
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Ttftohszerm ,guy
The minimal free S - resolution of KLA] has

for each vertex subset T
its vertex -selected

sub complex

IT : = f FEI : F E
T }

N

contributing dim
,
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#T- i - i (IT ;

k)
(freaked)simplicial homology

copies of Sf -#T) to the ith syzygies .
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.

Colorful Hochstein formula

The S - free resolution of KCET = Ie is unnecessarily long :

THEOREM It will always take

VIII.snbdetim 1959)
# variables ins

- depth HA] syzygy steps
-
-

#vertices inA f
A length of a regular sequence

d

m"'

O, ,Oa, . . . , Os
ink¥71111¥:e¥±.pro?nEiEo....os. 'e

has depth Ho]=2,
so S- free resin

had 5-2--3 2 #vertices in I - climate) etsomefningee?
syzygy steps



There are shorter resolutions of KII] . . .

Given any proper
t - coloring of the graphfi- skeleton ofI

f- vertices + edges)
define colorful parameters On

,
Q
,.
. .

,
Ot c-HI]

Qi : = I xj
verticesj
ofcolor i

Then (d) is afin . genial module over
A- kHitz, - -ft) ,k

Zi acting on KCA] as multiplication by Oi .
-

The (minimal) A - free resolution has length Ry Auslander
⇒my- Buchsbaum

t - depth klo) E t = # colors
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THEOREM For anyproper
t- coloring of the graph of I ,

(Adams-R .

2020)
" colorful Hochstein minimal free A - resolution of KLA] has

formula
"

for each color subset Tellis .-t} the
color-selected subcomplex

IT : = f FEI :
colorsoff E T }

N

contributing dim
,
Htt" '

- i

(IT ;
k)

(freaked)simplicial homology

copies of Sf -#T) to the ith syzygies .

( = Hochstein's formula for thetrivial coloring)
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Universal parameters
Two complaints :
- D

what if d -- dinAtl ,
butwe can 't properly d- colorthegraph

off .

Can we still find d parameters On
,
Oz
,
. . .

,
Od to resolvewith?

P
what if I has some group G

of symmetries .

Can we make a resolution that helps describe KII)
as a G - representation in each degree KCI]d ?

£¥ans 7¥orable ! Iii.ba?5.9c.ds.ca.bxsdl3
icosahedron =L Ca,b) , Cc,

d) )
(a polytope ,

y)
has symmetry

woo-hoo group G
= Hs ± 2/221 × 2/22

with #G= 120



It helps to have parameters On
,
Os
,
-

→
Od C- HI]

fixed pointwise by all symmetries of# .

DEFINITION The universal parameters QQ, -→Od in KCI]
(Deconemi

-Eisenbud p
-Pwcesi 1974

are Q. := I I for i=b3--od

Garsia -Stanton
1984' facesFEI (jtpxj I! I

D.E.Smith
1990 '

with#F- i

Herzog
-Moradi 2020)

-

a

D= KID] = Kla , b.a,d, e]/Ccd , ae , be)

Qtatbtctdte
g- abtactbctadtbdtcetde

Oz -- abcxabd



pteoaspdstion HIT is fin. gen'd over A- kHi, - sad] ,
zi acting by the universal parameter

THEOREM
G.E. Smith 1990 The universal parameters detect depth :
for A pure ,

Admins -gEier?F) depth klo] = max IS
: Q

,
Oz . .,Os are a

regular sequence
in kCDT }

Theuniversal parameters Q. are closely related to the colorful parameters

for the natural d- coloring of SDI: = barycentric
subdivision of I

⇐ '' = I



CONJECTURE The shape of the resolution of

(Adams -R .
2020) tho] over the universal parameters Oi

is the same as those predicted by the colorful Hochsteinformula
'

for the resolution of k( SdI] over its colorful parameters .

For each subset TE 152, - -od }, the subcomplex (SdI),
contributes dime II

#T- t - if §dI), ; k) copies of

PEs Af #T) to the ith syzygies of klsdA) over colorful parameters,

conjecture At j) to the ith syzygies
of HIT over universalparameters .
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D= o← HIT#A
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REMARKS :

works not just for Stanley -Reisnerrings kco] of simplicial complexes

but also for Stanley 's face rings of simplicial poset (1991)

EXAMPLE complex of injectivewords a.

y
) a.D

o
")

studied by Athanasiadis@I8) X I GD ( ) "R)(l) (2)
\ I °

(2)

G. Murai)
Is HI] isomorphic as A-module over

universal parameters
to kfsdI] as A -module over colorful parameters

P

( i.e . do maps also coincide in the two resolutions Do )
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