
 

Combinatorics ofthe
Coincidental

ReflectionGroups

Vic Reiner
Univ ofMinnesota

July 5 2019

FPS AC in Ljubljana



PSAs



PSAs
Thanks
FPSAC 2019

organizers P



PSAs
Thanks
FPS AC 2019

organizers 17

Cometo
OPAC 2020
May I8 22 2020

Univ ofMinnesota
Minneapolis



Reflectiongroups
and their sources

who are the coincidentals

They are hereditary

They are product
oriented

They haverootposels
that are doppelgangers

They are dynamic



Reflectiongroups
what's reflection
Areal reflection GLAD

KIR
has H V frevitakr
of dimension 1

andtnegatesthelineV

A
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AcomplexreflectionteGLCv
Cupnsietuadrud's Ken
hasfiniteordexandagain
H of dimensional
Sot diagonalizes to

sang

0
root ofunity

Hiscalledthe
reflecting hyperplane fort



A fomplex reflectiongroup is a
finitesubgroupW cGUV Kay
generated by reflections

Say that W is reducible if
V Va with

www.KGKY v

futoo BV2
and irreducible otherwise



The irreducible reflectiongroups
were classifiedbyShephard Todd

11955

OneinfinitefamilyGldge n
nxnmonomialmatrices
InonEEfodtifada.IEoisiotB

is

34exceptional groups

Very deceptive



Why didShephard Todd classify
Forthe backward implication here

THEOREM Shephard Todd 1955
Cheralley 19552

When afinitesubgroupWCACV
acts on 5 QLx xn via linear
substitutions ofvariables the

W invariantsubalgebra
SW fades flux fCx

is itselfpolynomial SW Effi An

W is a reflectiongroup



Thefn fn in Skaff are

notunique butwhenchosen
homogeneous their multisetof

degrees disdas Sdn
is unique

This leads to muchnumerology e.g

THEOREM Shephard Todd1955Solomon 1963

W EIdi
and more generally

q

weEyjqdimlV7_FICgteiIwhere

ii.pn dis dn i

are calledtheexponents ofW



There is similarnumerology involving
the co exponents left en

which are the roots of the
characteristicpolynomial

Mobiusfunction

XAn.gl Encyxygdimk
XELLAW

where Law is theposet ofall
intersections Hi n nHir
of reflectinghyperplanes



THEOREM Orlik Solomon1980
Forany

reflectiongroupW

XCtwqf wfwdeta.gg
dimNY

n

IT Cq et
it

wherethe co exponents et en givethe

degrees appearing in any choiceof
homogeneous Sw basis On On for

thefree Sw_module S V Y
ie Oi I y

homogeneousofdegreeet
where f E has E basis ya yn



SOURCES ofreflectiongroups

Regularpolytopes
convex polytopes PC REV
with linearsymmetrygroup

WcG4V

transitive onmaximal flags
of faces

to a Fa c Fa c C Fm
vertex edge polygon
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Regularcomplex polytopes gShephard 1952

arrangementsofaffinesubspaces

inkan with linearsymmetry
groupwcGlev transitive

on

maximalflagstaff Ctn i and

maximalflags connected alongridges
Focfic CE.no eFi f cFn iFia
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Finitecoxetergroupstredreffeupction

we.isi l mite

un Coxeterdiagram rigs

m Coxetercomplex
hryettereptindes

intersectingthe
unitspheres

Realwhave ei co expeneenxtposnents



For regularpolytopes

Coxetercomplex

barycentricsubdivisionoftheboundary
ordercomplexoftheposetof
boundary faces ofthepolytope
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z
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Regular complex polytopes still have a

Coxeter Shephard Milnorfibercomplex

Eordercomplexottheirpesetotfaces

anda diagrampresentation
H W 132K Glair
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THEOREM Koster1975

ThefinitegroupsWwith pi
Mii p

diagram presentations

w
s
l

are exactlythe
realreflectiongroups and

symmetries of regular
complex polytopes

f Shephardgroups



Liegroupsealgebras
harerootsystemslhatgirense
Weylgroups W
crystallographic real

reflectiongroups
reserving a fullranklattice In REV

Q2
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positive
WeylgroupsharearootposetEw
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Inl dik 34222 34142
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exponents as their dual partition
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who are the coincidentals

DEFINITION
W Guv f an
an irreducible reflection group
is coincidental if

it can begeneratedby n reflections

Wis well generated equivalently
etten Edn

itsdegrees d s DE Sdn form an

arithmetic sequence
di d ta d 12A d th Da

AlexMiller 2015 gave 11 equivalentconditions



Sowhoarelhey really
TheshephardgroupsexceptesHy

REAL COMPLEX

3 3 3

An 2 2 2
3 3 3 3

Bn Cn 242 2
d 2 2 Gdy n
243 3

Hz 252 2

Ifm 2M 2 pm go tpttgtfn I

GaffaifehseFgitmeven

Excluded fdne.gg FqHy l3moreexceptionals



What's so goodabout them

They are hereditary

afinite real or Shephardgroup
W

EffhMilnorfibercomplex 0 andany
effectinghyperplane It call

wownHawall

int
THEOREMAbygmaeynko Areal

reflectiongroupWha

everywallownH
EDw Wiscoincidental

THEOREMfflitter AShephardgroup
Whaseverywat

Dw as a fulldimilsubcomplex
ownHcontainingsome Wis coincidental



Moregenerally foranyintersection

Him nHin ofreflectinghyperplanes
considerthe restrictionarrangementinX

Af Xhtt Hareflectinghyperplane
forW

XI H

2estrictionarrangementssharemanyproperties

withtheoriginal reflection arrangement Aw

includinginteger
factorizations

XHw.gl reing

whereLeisey gemxf are
calledthe

Orlik SolomonExpionents off



FACT 1A Miller2015
Forreal andShephardgroupsW
the OrlikSolomonexponents ofX
EeYes edYm dependonly on dimX

W is coincidental

Infact amongwell generatedgroupsW

one hasthattheOrlikSolomonexponents

ei.es exdimxHeiieIi eiiinx3VXthTdimXsmaTest
coexponentsofW

W is coincidental



Thecoincidentals are productoriented

REFLECTION FACTORIZATIONS

In real reflectiongroups W S

a Coxeter element is c s g sn

having order h In theCoxeternumber

Recall a formulaofChapoton 2004 says
factorizations

t.ci tiin.o.fihhI



DeligneCA4 gave a recursion onthe
CoxeterdiagramforCW5 tocompute
the more general quantity

f
factorizations at ti thb
ti reflections codim Va t k t codimN

b

andReading2007 noted

THEOREMThisquantity almosthasproductformula

nCnD Cn Hi II htdi
which is correct W is coincidental

Explainedby work ofDouv ropolous 2017,209
whythisfollowsfromOrlik Solomonexponents

eYEE ehmy dependingonly on dimX



f VECTORS AND h VECTORS

Recallthisproductformulator
real reflectiongroups w

Catewt II htadihhhtnsntz.intiIW Catalan 121
number
counts maximalfacesinthe

W duster w Cambrian complexes
ftomizzoeffvinsky Regodoifg

i i
i polardual

iii arms in
Y e I
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W Az simple
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Ajausterkambrian 2 2 2
or Stasheffpolytop

complex 1963



Whataboutotherfacenumbers
i e thefull f Vector f Hoffa fn
W Az 2 2 2 f Ho f f2 f3

i 14,21 9,1
in Kirkman doily'leyor

4870
i littleSchrodernumbers

Associahedront tuff ntkkHStasheffpdylope

W Bz 242 2

f 20,392,1
again.edu

ooaCydohedronE nth
Bott Taubespolytope1994



Alternatively whatabouttheir
h vectors h Cho h hn
definedby

Eiht frank

f 44,219,1 mm h
tto.tn sIttYn.Yn

nY

i
Narcay55a'nanumbers

Associahedron tuff

I f Go 21,1mm h 19,91
simoniaooo

Cydohedron
H2



Tomin Reading 2005gave a recursion
on theCoxeterdiagramofCWS to
computethese f vector and h vectors
Theythenobserved

THEOREMTheyalmosthaveproduct
formulas

the cnn.ithit
the k II dnd i

whichare
correct W is coincidental



Weunderstandthis now Islightly better
THEOREM Armstrong R Rhoades The f vectoris

FraaffffabffR

fifth'lb sxoNHAVY.gs qht
YaYe9abyg of1

THEOREM R SheplerSommers

complexreflectiongroupsWharethis productformula

HilbffsxowxohVY.at
qdqeiI geE IITHoieittI

Citgeitt

A IIC gdi
kthglemmmeaentffduction

W is coincidental

THEOREMCR SheplerSommers Forcoincidental W
theproductformulatorfeconvertstone
for the via a hypergeometrictransformation



W biCATALAN NUMBERS

CatfW FIhf notonlycounts
maximal W dusterkambrianfaces but

also antichainsintherootposetIof

2 14th
air 4 2 aida

n 11 Kira
x ma i

g t Kil ka's
5 maximal cones Ew y

0
W Aja a b anti chains

CattAa g
MEI



THEOREM BarnardReading20177

maximal cones in the common refinement

oftheCambrianfanforabipartite
Coxeterelement e Tls ITS

blacks whites

and its oppositelnegativefan
antichainsindoubledrootposet

bicatfW W biCatalan
number

4th doubled root
4 S poset

r

n
is

r 7 6maximal 6 74923
ones antichains kid fad

Kitab
bicattAa 6 I

0



Barnard Reading giveformulas for
biCatLW forall realreflectiongroupsW
and observe that theproductformula

III
h
E

andis almost bicattw
correct W is coincidental

Eg Azhas exponents lei.es G 2

and h dE eat1 3 so

II hte 3ttN I't 6

biCatAa



Thecoincidentalsharerootposels

t
FATE Otaku i i

Armstrong12006 suggestedthese
rootposetsIofforthenon crystalloghic
real coincidentaltypes

1

i
ii Eiti

based on desiredproperties for

exponentsLeidualtoranksizesoteii.catfhf
IIhta.fi antichainsinoIL

Themtrianglenumerologyotchgpogb.ph



Cuntzestumpkoldshowedthat
Armstrong's wtforw I.cm have

manyotherdesiredlexpectedproperties

d IowtforcrystallographicW but
LherecanbenosuchrootposetIotIp

coincidental
0

THEOREM NWilliams2013
buildingonworkotHaimanProctorPurbhooStanley

Arealreflectrongroupwhas

Afreducedswords fleiffansfions
Wo Sifijsin t

T tow
Stongest whenwis coincidentaldementwoEW



THEOREM HamakerPatrias
PechenikWilliams 2016

TheirrootposetsIowthave minuscule doppelgangers
posetwithsame

orderpolynomial Iplm
coincidental Iowt minuscule
W doppelganger

Fem
even l

Hz
i

i i
Bn i i

An g iRhotquitedoppel
gangers

d 1



The coincidentalsaredynamic
finthesenseotdynamicalalgebraiccombinatorics

CLUSTERS MULTI CLUSTERS

THEOREMftp.EudTS.Fu2006
ForrealreflectiongroupsW the product

Catchqt h q W gCatalan

dig
givesacyclicsievingphenomenon

for

theactionofthe deformed
Coxeterelementeon

FominZelevinsky2001
maximalfacesotthew clusterkambriancomplex

InfiximatFEF fatlw.gl
q f

Intypeathistjustrotatestriangulations

T.yfixepdbyfgfixed.by



Whatabout non maximalfaces
The natural of analogue

fedg
Hilbf S N AVY ft aft

seems to give theanalogous
CSP

W is coincidental

tookHIEIFaffs

We didn'tfullycheck it works for H
nor that it fails for Fy Ece Et Et H4



The Eu Fn resulthasawnjectural
generalizationbyCeballos Labbe Stump
replacing

12013

maximalfacesindustercomplexeswith
maximalfacesin multi clustercomplexes

Catan with a

mutticatfw.gg ftp
ch

t2jgLdit2jTq.deformedCoxeterelement

with

Auslander Reitentranslationt
of

orderhtal soplugginginq fe.FI
e
d

butonlyforWcoincidentalCeballosLabbeStomp 13

5 Hopkins 2019



P PARTITIONS ROWMOTION

Thedoppelgangerresultsof HPPW2016

togetherwith workof
Proctor1984 re interpets

multiCatfWeg FIFI Ight
where f runs through theset
P partitions f Iof on a l

Lep Ha E f p
and Ifl Ifk

ThesePpartitions haveanotherinteresting
actioncalled PL row motion p of order 2hnot h 129

CONJECTURE S Hopkins2019
For coincidental W Matti Cat W l g
has anotherCSB forpontheseP partitions
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