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1 What is a leftregularband
LRB

EXAMPLES free LRB In and q analogue Fil

Tits facesemigroupFCA of a

hyperplanearrangementA

Thespaceofphylogenetictrees

2 What is invarianttheory

3 Invariant theory for the freeLRB

featuring the derangementrepresentations
ofOn
































































1 What is a leftregularband
LRB

In case we don'tget it across

Ken Brown Semigroups rings and Markov
chains

J TheoretProbab 13 2000

StuartMargolis
Franco Saliola

CellcomplexesPosetTopology and

theRepresentationTheoryofAlgebrasBenSteinberg
Arising in Combinatorics and
DiscreteGeometry

MeinAmerMathSor 1345 2021
































































What is a leftregularband
LRB

A semigroup M in which

xyx xy Fx y EM

Ex Axe M defines a band
sidesmen.to

up

Studiedby Bidigare BidigareHanlon
Rockmore

Brown Brown Diaconis
Salida Margolis Saliola Steinberg

Aguiar Mahajan
































































Whatdoes xyx y mean

Roughly in examples

Xy x perturbed tomake more decisions

in the direction that y hasmade
them

Like X is a swing voter whomayskip some races

and ballot questions

y is trying
to influencethem andget them

tovote their way
































































EXAMPLE Thefree LRB In on letters ai as an

Fn injective words on the letters
Ino repeatedletters

withmultiplication

nor means

a g al bb but fa g gb b bm remove293rd
occurrences

concatenation of letters
































































e g n 3
Onletters a be Jj n

ay
ab abe
ac acb
ba bas
bi baa
ra cab
Cb iba

with a EEE

a a a

a ca as

a cab acb

ac be acb

bac ab bac

ab bca abc
































































EXAMPLE

Fill q analogueof thefree LRB In
initialpartialflags VnV2 ve ofsubspaces

V skc are in Ig withdimki
line plane dsubspace

with VVa Ve Wawa Wm
removeanyVi Va Ve Vetwn Vetwa Vetwm s Face
thatappears
earlierinthe
list
































































MOTIVATINGEXAMPLE

I Tits'sfacesemigroupofahyperpane arrangement Acir
11974

FA faces F ofA with Fog fareFperturbed
Chambers towardfareG
andall their
subfacecones

FOG

T s

G

L

L u
v
































































FOG fareFperturbedtowardfareG

t 7
FOG

a

FOG F GG X

L u
h u

v u

T s

KEF g FOG

a G G facesGL u
v
































































MODERN LRB MOTIVATION

Inside themonoidalgebra KM I Ifcmm emek

one can model card shuffling Markov chains

and use representation theory of KM to analyze

eigenvalues and mixing times

EXAMPLE Random to topshuffing on Gn PeggyIt S

Rat abc I abc t bac t cab
1 p a

move each letter tothefront
withequalprobability
































































RIT onGn can bemodeled inside QFn

free LRBFn
as left multiplication by

I x where X apast tan

e g n 3 In QFz

Flatts abc flab at bar cab
































































R2Ton can alsobemodeled inside FCA
Thbraid

arrangement
as leftmultiplication by h't

risen

e

where 7 123 n t 2134 n t n 12 n t

Ifattbfastalabofalble s blatblaktalalb

n blak xa xbox Iblatblake
Hola alble

o
alble

3 bolas alba

tabe
dbla aldb
at clalb us fdastalalb
































































Note those elements tnx are invariant under Gn
Similarly for models of other shufflingalgorithms

like inverse riffle shuffles
motivating this result

THEOREM Bidigare 1997

WhenGnacts on kF An the G invariantsubalgebra

k FA a
On e Sol g

PP

t Solomon'sdescentalgebra
forGr

la non semisimplealgebra

and same forallfinitereflectiongroupsWwith
reflectionhyperplanearrangementAw
































































Bidigare and later
BidigareHanlon

Rockmoreused
1999

usedtherepresentationtheoryof kF An toanalyze

reptheory of its invariantsubalgebra kffan

applying it to analyze random to top
Rat

inverse riffleshuffles

andothersymmetric shufflingalgorithms

Furtherwork on KFA as G repand kF t Emoduleby
Garsia Reutenaner 1989
UyemuraReyes2002
Commins2022 ongoingthesiswork
































































EXAMPLE BilleraHolmes Vogtmann 2001 introduced the

spaceTn ofphylogenetic trees with
n leaves

a CAT o cubical complex
vertices

o faces treeswith leaves 1,2 in
internalvertices atleasttrivalent
internaledges allof length I

d cubefaces same exceptd internaledgelengthsfloat in on

I 4

Ty I 4

it
514 5
































































p
III I

8 9
10

FYI
T

Ii
I

a 2 cubicalface in To
































































THEOREM AllCat o cubicalcomplexes have a

Margolis SaliolaSteinberg semigroupstructure on
theirfaces

2021 F G to FOG
BandeltChepoiKyger makingthem an LRB

Commins In thefreespace In
thismonth

Fog startswith
the tree F andfor

eachedge e whose length is floating
inCon

A1,3 ya log
it looks for an edge e in G separating

the same sets of leaves AB QB
If G has nosuch e Fog contracts e

to lengthoi
if hassuch elfwanting F G leaves efloating
If G has e oflength1 FG gives e length1B 128,9
































































F G to G

so E's II
9

F G to G
































































2 What is invarianttheory

Classically it asks for asubgroup G
C Gluck

acting on S kl xi xn by linearsubstitutions

g Xj IigigXi

Structureof the G invariants

SG fix ES fl get fix IgeG as a ring

Generators relations

Structure of the wholering S as an SEmodule
and simultaneously as a G representation
































































Simplest answersforfinite reflectiongroups Gc Gln Q

SE alfa fa fn is also a polynomialalgebra
in generators O relations

eg G En permuting
variables in ECxi xn

has Ala xp in
8 Gifted elementary

symongthials

S Ala Xn is a free 8 module

SGX each X isotypiccomponent is5 0
G irreducible a freeSGmodule withXPbasis
charactersX elements in knowndegrees
































































3 Invariant theory for the freeLRB

PROFESHon Thefree LRB In has G invariant subalgebra

Ktn Onwith k basisof orbit sums for any
coefficients k

NOTE X X frombefore

latant tan
havingRIT L x

X alastga 9,9 t tanan 1

Xn 9,9 ant an ga

EXAMPLE KI G has k basis Xo l

Xp at btc

Xj abt bat art cat bit ab

X abc acb bastbeatcab cba
































































PRESTON
X X apast tan left multiplies in thisbasistriangularly

x xp l Xet Xlt

EXAMPLE n 4 so Fy has letters a b c d

x xE tbtctdlfabtbatactcat.t cdt
d

Lgbtbat act cat cdtdo abc tacbt bad
T

comesfrom a ab comesfrom
a ba a be

2 2 73
































































easy
corollary Thepowers 1,4 3 X expand unitriangularly

in theorbitsum k basis 1,774 in fork
with StirlingnumbersStik of2ndkind

as coefficients XM.ISmkXr

EXAMPLE StirlingnumbersSink
nk o n a 3 4

1Xo o

É atbtc 1 x z n n

x2 Atb c 1 x t 1x2 3 1 3

4 1 6 71

x3 fatb 3
1Xpt 3 2 143 smile ofsetpartitionsof

1,2 in BwBawwBr
withkblocks

SGk sfnykiltksln.sk
































































COROLLARY X apart tan generates Kfa with
Brauner
Commins minimalpolynomialFXX x 7 X 2 X n

R 2022

Hence one has aringisomorphism

k x Hx KE
X x

Inparticular when n e k theinvariantring F Gnis
commutative
semisimple
and x actswith eigenvalues ob

n

infinitedimensional Kfa modules
































































conclusion To completethesecondinvarianttheorygoal

ofdescribing kin simultaneously as

f
kn module
and

G representation

one onlyneedsto describe the

Gnreponeach eigenspace kerfx m on Itn

foreach m 011,2 in
































































and same storyfor the q analogueInto
withthe actionof GlnFg

x s x81 54
4 4 4 t Laz

where n
q itqtpt.iq

Stirlingnumbers Stuk m q StirlingnumbersofMilne1982

kentGu's I k x xx 1 x 11g x Mol

n8Th is commutative semisimple and X

ants with eigenvalues folg f g n on modules

when Gln Fg Ek
































































BUILDINGBLOCK ThederangementrepresentationofGn

The derangement numbers

du n It fit's ht tnf
count permutations

0 19,9 _a in Gn

with no fixedpoints g i

n o 1 2 3 4

da 1 0 I 2 9

1123

1132
138 11211341

derangement
11324 137124g 12

113427inGu
14231

1141623

1432
































































But dy are also dimensions of an G repDnwhoseassociated

symmetricfunctiondm was introducedbyDésannenienWachs 1993

EQUIVALENTDEFINITIONS
i dnt sEdard Said explicit Gu irreducible

decompositionofD

YoungtableauxQ
whoseistascentiiseren eifyenmin.fm

hiscompletedu than enhpitezhpateshpn3
n.tt item

homes
symm.fm

han dnthndnythadn.at had thn

Due ker R2T QE
QE k

Dnt sgng.no
tophomologyofthe
ell complex kn of
injectivewords on anas an

at X
































































symmetri derangement
a

standard
functionYoungtableaux Q number

withistascentieven du du

o 0 1 7

7 O 0

2 I spy 1

3 13 Sp 2

Sf spy
4 BE 34 134

Sets
































































Analyzingthewholering kFn for thefreeLRBFu

Filter In byword length

Fse k spanofinjectivewordsoflength al

Fi fo I 3522 2 Fan In

Semisimplicity of KI
G andof KG

sufficient todescribe the G rep on

each x eigenspale Ker lx
m for m o b in

acting on eachfiltrationfactor Fae Ee
































































THEOREM Branner Commins R 2022

In kFn the x eigenspale Ker lx m for m o b in

when x acts on Fae Eet for l on in

carries G rep with symmetric function

hn e hm de m

that is the induction
rep

8 1 go
pimpet

derangement

GnexGmtGe m
































































and theexact same holds for the q analogue k
18

but replacing

Gn irreducibles m Glatt unipotentirreducibles

indurationGatGbtoGatb

my paraldictionGlatGhbtoGlatb

In otherwords the q analogy runs perfectlyhere
































































Proofideas
In bottomoffiltration Kf KG regularrep

and can construct m eigenvectorsfor x on KG

byinducing1169 Pg g null
vectors for X on kGn m

Then use han dath dnythadn.at had thn
toshownullspace must carry In

m eigenspace must carryhmdm m

j eigenspacefor x on Fae Ee is G isomorphicto

En
m hm dem h ej eigenspacefor

Gue GetGneon kGe
































































What's next

Invarianttheory for G on k

treespare

Commins ongoing

Brawner Commins and Summer2022 REM students

brought typeA HeckealgebraHnlg acting on flags

into the q analoguestory hoping togain leverage
on symmetrizedshuffling operators

R2ToR2T
t
QE QEn

WhatotherLRBswithsymmetry are outthere
Symmetric CATo abe complexes
































































Thanks for

your
attention


