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Lecture

1 Invitation to g counts
Monday representationtheory

quotients of Boolean algebras

2 Representationtheory review

Tuesday reflectiongroups

3 Molien'sTheorem
coinvariantalgebras

Thursday

4 CyclicsievingPhenomena
CSP

Thursday Springer'sTheorem n

see ECCO2018 lecture notes

5 More CSP's
Friday the deformation idea



TODAY'S GOAL

Discover how to
add in a q

into the regular representation

G for a finite
reflection

group G

by mucking
around with

graded traces on polynomial rings

la at Sym V

symmetricalgebra

where 11 6 has A basis
Xn Xu



Lets examine behaviorof characters
under multilinear constructions applied

to group representations

1 Direct sum

We've noted and used
that if
V V2

P Pipa so pig
V fils

O

V2 O pals
on V Villa

then Xp pi Xp Xp

Isince Trace If TraceA TraceAs



2 Tensor product

Given G representations
GI GL u
GI GLIvy

one can also define

G 7 GLC Vor

where pop g
rou pls u pig Iu

Nothard to check thematrix for pop g

is the tensor Kroneckerproduct

of matrices pig pig
after

picking G bases vis in for V
vii um forV

and Vix's
In
for V8



Recall tensor Kroneckerproduct of
matrices

A1
ad B

is A Be anB a B

YG B azzB

with Trace A B anTrace B as Trace
B t

Trace A Trace B

Hence Xpq
g Trace popDigi

Trace pls opts
Traepls Tracepigs

Xp g Xp lg



3 dth tensorpower
Given a G representation G I Glo

we saw TV V'd Vigil
also has one where G acts diagonally

G GL Vid with

Tdf g vivax oud

pls y 0 plsNd

Cancheck similarly that

Xyag s Xp g Xp g Ypg

Xplad



4 Tensor algebra

Consequently the tensor algebra

TV ETH
do

D V VAV to V01 o

TH F FI FT
has a G representation GM GL TN

withgradedcharacter
trace

X g q I qd.xtap.la
do

EÉqd xp
d

Fig



5 Symmetric algebra

Picking a G basis Xu Xu for V

one can view the
commutative polynomial ring

fi in É Cffgdeneous
degreed

polynomials

as the symmetric algebra

Sym V Synd V
do gymmetricpower

Thr Hand 0 ord

mally Voa 0
041dL

Vd andCEGd

acall the imageof V 0 U

in thisquotient upVa rn



Given a G representation G E GLN

one can define one on fly Sym V

and eachECIJASymN

via diagonal action as usual

Syndf g vi ve Va

plg un p g y plg Vd

Q On Sym V can we compute the

gradedcharacter trace

Xsympls q Éqd Xg
map

G
do



I Yes and it's interesting

PROPOSITION
Exercise

Iggy g detftq.tt1.3.2 d

COROLLARY Molien 1897

Given a finite grouprepresentation

G L GLC with V d

for any other G representation
4 one has

Ésymap Xu
qd

Etta



Inparticular taking D 11g trivial rep gives

COROLLARY

Hills SymN q II qd dineSymVG
Filbertseriesfor

the G fixed
subalgebra

SymMG
Ela int Fifa deftly



EXAMPLE
Let G G POM GLO GLU

where Kd has A basis
Xi 2,73

Then Sym V Cx xa.es with

G permutingthevariables

so SymVIE DE x Xs

Symmetricpolynomials inXuxa s
degrees I 2 3

D en es e

M XXIX xx 423
FUNDAMENTAL YEA
THEOREMOF

SYMMETRIC
FUNCTIONS

acthalenia ien
elementarysymmetric

polynomials



Hence we expect here that

Hills Sym u
G

q
Hilb EG as g

Hilb Ole eses q

itqtqtqt 1 8 84894
1884

pickingatermfromeatparenthesis

correspondstopicking a monomial

eye est eneste
in thisexample

Iq
A q É q3

Q What does Molien'sTheorem actually
tell us here



Recall G has irreducible e II
character table n i n i

Sgn I 1 1

Pref 2 o t

and hence Molien gives us

EggmanXx q
I Egypt

if 4 11

til Fitt
if Ssn

L t.fi EitlifX
Pref

R

4qfgp.gs
if 4 gn g

Muggestive

Figgs if Pref



What are thosemysterious

numerators fylq appearing in

Yamada ftp.gff g
numerator

fuk H e 41 I

I 11 i n I

I Sgu I 1 1

Pref 2 o t

They are the fake degreepolynomials

that come fromthereflectionactionof G
and the ShephardTodd Chevalleythm



THEOREM
ShephardTodd1955

Given a finite reflectiongroup
G C GWR I GLADGLND

Chevalley1955

acting on SymV Glen xn Cle
Jasisfor V

a the G invariant subalgebra Ox
G
is

again a polynomial algebra XIE fr fu

for somehomogeneous fr fa fn
of some degrees da da du

so that Hilb 01 19 q f gd.lt i qd

b and as G representations

x fr fr fu I Preg
regular
representationTedthewintant
a Galgebra



MORAL When G is a reflection group

the coinvariant algebra ICE fi ta

gives us a naturally graded version

of the regularrepresentation
of G

it tells us how to add in a q

Using a bitof
commutative algebra

x is a Cohen Macaulayring

fr fu are a system ofparameters

hence also a regular sequence

one can deduce the following



COROLLARY In the abovesettingof a reflection

G acting on V for any G representationY

IEYaaiXuliqd

Hilblau9p_EhX aaiY7g.d

I

f
qdftqdzj.ftgdy.fi

t

called the
fake degree
polynomialforX

Flq
f qd tqd2 tf



EXAMPLE For GG GA
what does the coin variant algebra look like

Sym V Ax Xa s

Sym VF Efx 42,437 let's É
xx z Ey Has

423

So the coinvariant algebra is

x I ICE a x3 xtax Xistixistz'sXx
use xthat3 0

u to substitutexz
X x2

Glx s xxx xx Exit Rs xx

Cx.tl xExixztxs xfxztxixs
degree o n 2 3

panel 1 Xa Xa x 43,42
G rep 11 Pref Pref 59

fright EAT Fig



REMARK
A recentpaper

of Sagan Swanson

arXiv 2205 14078

conjectures the Hilbert
series for the

coinvariant algebra
when Gn acts on

Ig ites

A GEE Egging
Sumana

variables v88 Ojai
05 0

that is Hills A AI q t

tracks Meg Oi

deg in Xi

The conjecture is elegantly formulated

in terms of q Stirling
numbers


