1 Fourier Transformation.

Before stating the inversion theorem for the Fourier transformation on L »(R') recall that this is the space
of Lebesgue measurable functions whose absolute value is square integrable. Alternatively, according to
Remark 3.15 of [6], it is the completion of the space of continuous functions with compact support, with
respect to the norm given by the Riemann integral,

I£=all = ([ ()~ gt2an) &

For the notion of the completion of a metric space, we refer to Exercise 3.24 of [5]. The present proof is,
essentially, the one given in Section 113 of [4]. The main difference being that instead of a trigonometric
integral we use a limiting case of the residue theorem; Theorem I11.19 of [1], Theorem V.2.2 and Example
and Example V.2.7 of [2], Theorem 10.29 of [6].

It is apleasure to thank Math-8802 student Changhyeong L ee for his suggestion, which led to a selfcon-
tained proof of Lemma1.3.

Theorem 1.1. Let S denote the set of finite linear combinations of characteristic functions of subintervals of
R' and define

Fi(x) = (2m)* / e~ f(y)dy, | € S, @

Rl
Then,
F*F =1, onS. 3

Furthermore, the closure of this transformation is unitary, that is to say,

F*F =1,, onalof Ly(R"). 4
and

FF* =1, onall of Ly(R"). (5)

Before proving this theorem we note that it is aversion of Theorem 7.7 of [7]. In fact, acloser versionis
givenin Theorem 9.13 of [6]
We start the proof of Theorem 1.1 with a proposition saying that F' is anisometry on S.

Proposition 1.2. Let

feS (and) g€ S. (6)
Then

(Ff,Fg)=(f.9)f )

We start the proof of conclusion (7) by showing that it holds for the characteristic function of a single
interval. In other words, define

1, ifa<z<b
X(a.b)(T) = _ ©)
0, Otherwise.
Then,
(FX(a.8) FX(a8]) = (X(a.8)» X(a.8])- 9



As afirst step of the proof of formula (9) we note that clearly,

(X(a.b],X(a.b]) =b—a. (10)

As asecond step of the proof of formula (9) we observe that

1 © (1 — efi(bfa)z +(1— efi(afb)z
Il = 5 [ ks L. a1

Indeed, combining the definitions (2) and (8) with the Fundamental Theorem of the calculus and with the
chain rule, we find

. e—zbw _ e tax

FX(ap)(z) = (2m)72 -
Combining the previous formulae, in turn, with the definition of the inner product, we find formula (11).
Asathird step of the proof of formula (9) we employ the residue theorem, to evaluate the integral on the
right of formula (11). For this purpose, we formulate alemma. Thislemmais, essentialy, a version of the
residue theorem.

Lemmal3. Let0 < a and 0 < ¢ be given and let ng denote the semicircle in the upper z-half plane:
Sy ={z:2=20¢" 7>60>0}. (12)

Then,
1— eiaz
lim 5

dz = —am. (13)
Smilarly,let o < 0 and 0 < § begivenandlet S denote the semicircle in the lower z-half plane:

Sy ={z:2=20¢" ©<6<2r}
Then,

1— eia:
lim 5
d—0 S; V4

dz = —iam. 14

To prove this lemma recall that e* is an entire function, and so it does admit a convergent power series
expansion in the entire z plane. Hence, there are constants a ,, such that

ef = "f an,z". (15)
n=0
Next we apply this formulato iaz in place of z and subtract the resulting formulae from 1. Then using that
the constant term of the resulting power seriesis zero, wefind
1 — eio® o e~

_ = an [(ian—Q)n—Q] Zn—2 (16)

n=2

22
Since the power series (15) convergesin the entire plane, for each complex number z ¢,
sup |an (20)"| < 0. (17)
n

Thisimplies that
sup |an(ia)"] < oo. (18)



Hence,

n=oo

sup | Z an(ia)™ 22" 2| < oo.
lz|<l 5o
We see from the previous estimate that
. — - \n—2 n—2 _
}13(1) /s;r nz:; an [(i)" 2] 2" 2dz = 0. (19)

Combining relations (19) and (16) we find,

1— eiozz

lim dz=—lim | “Zd. (20)
6—0 S;— z 6—0 S;— z
Next we claim that )
/ iy = ia[i(Arg0 — Argm)] = —an. (22)
st z

Indeed, we apply the definition of the integral of a complex valued function over a given path of the complex
plane, Definitions 10.8 of [6], to the path of the definition (12). Then using that along this path,

dZ .0
@(0) = ide (22)
we find,
. 0
—/ "2 :a/ ds. (23)
S;" z b

Hence, formula (21) follows. Then, inserting formula (21) into formula (20) we find conclusion (13). Since
the proof of conclusion (14) is similar, we do not repeat it. This completes the proof of Lemma1.3.
As afourth step of the proof of formula (9), we note that clearly

(1 _ ei(bfa)z) + (1 _ efi(afb)z)

1
F F =—1 . 24
(FX(a.8)» FX(a.t]) o s s<lal< 2 dx (249)
At the same time we see that @ > 0 implies,
1— iz
lim C  dr=0 (25)

2
d—0 S%— z

Next we apply conclusion (13) of Lemmal.3to b — a in place of a. Then combining the result with formulae
(25) , (26) and with the Cauchy Theorem on holomorphic functions, we obtain,
1— ei(bfa)z

lim ————dz=w(b— a). (26)
020 Js<|a|<} 2 ( )

Similarly, applying conclusion (14) of Lemma1.3to a — b in place of « we obtain

1— ei(a—b):
lim ————dz=n(b—a). (27)
020 Js<|a|<} z
Finaly, adding formulae (27) and (26) together and using formula (24), we arrive at formula (9).
We continue the proof of conclusion (7) by showing that it holds for the characteristic functions of two
digoint interval. In other words,

a<b<ec<d (28)



implies,
(Fx(a,b], Fx(c,d]) = 0. (29)
Indeed, similarly to formula (24), we see that

(ei(d—b)x _ ei(d—a)x) + (ei(c—a)w _ ei(c—b)x)

1
F F =—1 dz. 30
(FX(a.8) FX(cya)) 5 dm s<lol<t p x (30)

Next we subtract 1 from each of the two negative terms and then add 1 to each of the two negative terms of
the numerator. Then assumption (28) alows us to apply conclusion (13) of Lemma 1.3 to each of the four
terms of the resulting integral. Thisyields,

1 (ei(d—b)x _ ei(d—a)x) + (ei(c—a)w _ ei(c—b)w)
— lim dr =
27 60 6<|x|<% x? (31)

=7[((d—=b) = (d—a)+ (c—a) — (c—b)].

Since the right side of formula (31) adds up to zero, we obtain formula (30).

We compl ete the proof of conclusion (7) by observing that any function which is afinite linear combina-
tion of characteristic functions of intervals can also be written as afinite linear combination of characteristic
functions of digoint intervals. Combining this fact with formulae (30) and (9) and with the linearity of the
inner product, we arrive at conclusion (7). This completes the proof of Proposition 1.2.

We continue the proof of Theorem 1.1 by showing that F'*, the adjoint of F' is aso an isometry. Indeed,
we claim that F'* is the closure of the operator:

F'f@) = @mt [ e py. fes @)

We prove formula (32) by showing that

(F'X (a8 X(e.d) = (X(ab)> FX(e,a1) (33)

/ / e~ Ydydz.

(e,d] J (a,b]

/ / e~ Y dydz.
(a,b] /(c,d]

It follows from Fubini’s Theorem (Theorem 7.8 of [6]) that the right sides of the previous two formulae are
equal. Actually, we do not need the full force of Fubini’s Theorem. All that we need is therather special case
of arectangle and a continuous function defined on it. For this special case we refer to Corollary 18.26 of

Indeed we see from definitions (2) and (8) that

Nl=

(FX(a,b]7X(c,d]) = (2’”)7

Similarly, we see from definition (32) that

(N

(X(a,b]aF*X(c,d]) = (27T)_

[3]. Hence formula (33) follows and so does formula (32), by linearity.

We complete the proof of Theorem 1.1 by observing that if we replace the complex number i by the
complex number —i in the definition (33) then we find the definition (31). This fact allows us to apply
Proposition 1.2 to the operator of definition (31). This application showsthat F'* is an isometry on S. We say

that an operator, say, T' admits a closure, if the closure of the graph of T', G(T') is agraph. Then we define
the operator 7', closure of the operator 7', by

G(T) = G(T).

N



For the definition of the graph we refer to Definitions 13.1 of [7]. It s clear from this definition that the closure
of adensely defined isometry is an isometry defined on the entire space. Hence the nullspace of the closure
of the operator F'* istrivial. Applying Theorem 4.12 of [7] to the operator F' in place of T', we find

It is asimple consequence of the Projection Theorem (Theorem 12.4 and Corollary of [7]) that
(M+)+ =M.

Since F* isan isometry, this shows that the range of F' is dense. Since F' is an isometry aswell, thisrangeis
closed. Thus F' isunitary and Theorem 1.1 follows.
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