1 A special caseof Theorem 13.19; the only if part

In this note we prove a special case of Theorem 13.19 of [3]. See also [1].

Theorem 1.1. Let H be a Hilbert space and let U be a given unitary operator on it;
vur=U"U =1.

Suppose that the nullspace of U istrivial,

and define

Then, this operator is selfadjoint,

We start the proof of conclusion (4) by showing that
T = —i(I+U"(I-U*""
To see thisformula, recall Theorem 13.2 of [3] which says that for any two operators, say ¢ and R,
Q*R* C (QR)".
Furthermore, if in addition R € B(H)), then
Q"R" = (QR)".
Clearly, the operators (I + U) and (I — U) ~! commute,

(I+U)I-U)t=I-U)'I+U), z€R(I-U).
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Formula(6) allows usto apply formula (1) to the operator (I —U) ~! in place of () and to the operator (I +U)

inplace of R. Thenusing that i* = —i, wefind,

T = —i(I+UY[(I -U)"']".

)

Another application of formula (1) to the operator (I — U) ~! in place of @) and to the operator (I — U) in

place of R yields,
[(1-0)""T"=u-U")""

Combining formulae (8) and (7) we obtain formula (5).
We continue the proof of conclusion (4) by showing that

(I4+U)I-U)y" ' =—(T4+U"I-U""
Indeed, we see from the assumption (1) that

(I+0U)-(I-U")=—(I+U*)-(I-U)

(8)

)



Next we multiply this formulaby
(I-ust.(1-v)"

Then using that each of the two factors of this product commutes with each of the four factors of formula (1),
we obtain formula (9).

We compl ete the proof of conclusion (4) by inserting formula (9) into formula (5). At the sametime, this
completesthe proof of Theorem 1.1.
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