Math 5587 Midterm 2 Fall 2017
Do at least four of the following six problems.!

1. sl Assume that v > —1 is a real number. Find a formula for the solution u(z,t) of the following problem:

9%u 9%u
% 02 yu, z € (0,m)
u(0,t) = 0,
u(r,t) = 0,
u(z,0) = sinz+ 0.1sin2z,
0
u(z,0) I
ot

Solution: We seek the solution as w(z,t) = >, Bj(t)sin(kx).

Substituting this expression into the equation, we obtain

Bk = —(k2 + v)Bi. We need to solve this with the initial conditions for Bi, Ba,... for each k given by the Fourier series of
u(z,0) and 240 We have By (0) = 1, B1(0) = 0, B2(0) = 0.1, B2(0) = 0 and B(0) = 0, Bx(0) = 0 for k > 3. We obtain
Bi(t) =sin(v/T+~7 t), Ba(t) = 0.1sin(y/4+ 7 t), and the rest of the coefficients vanish. Hence u(z,t) = sinx sin(y/T+ vt) +
0.1sin 2z sin(v/4+7t).

2. Consider the heat equation for an inhomogeneous rod

(o) 2 = 2 (K0<x>g;;) . ze(0.D). 1)

with the boundary conditions at the endpoints given by
u(0,t) =u(L,t) =0. (2)

We assume that c(x), p(x) and Ko(zr) are smooth and strictly positive functions on the closed interval

[0,L]. Let ¢1(x),¢2(x),... be the eigenfunctions of the Sturm-Liouville problem — - (Ko(x)%f)) =

Ae(z)p(z)o(x), ¢(0) = ¢(L) = 0, with the corresponding eigenvalues 0 < A\; < A2 < .... Find a formula for
the solution of (1) with the boundary conditions (2) satisfying the initial condition

u(z,0) = ar1¢1(z) +agd2(x) + - + amPm (),

where m > 0 is an integer and aq, as, ..., a,, are given real numbers.

Solution: We seek the solution as u(x,t) = c1(t)¢1(x) + ... cm(t)dm(x). Substituting this into the equation and using that ¢y
are eigenfunctions of our Sturm-Liouville problem, we see that the equation for ¢ is ¢ = —Arck. The general solution for a
—Apt

given k is Cge and from the expression for u(z,0) we see that C, = ag for k < m and Cy = 0 for k > m. This gives

w(z, t) = a1¢1(x)e= Mt + agpa(x)e™ 2t + - & amdm (x)e mt,

3. Let us consider two inhomogeneous strings, both fixed at the ends and under tension. Both strings have
length L, and their density is given by the same function p(x).2 The tension in first string is 71 and we
know from a measurement that the lowest possible frequency of its oscillations (under tension T1) is wy. We
do not know the tension T3 in the second string, but we know from a measurement that the lowest possible
frequency of oscillations of the string is wy. Express the unknown tension 75 in terms of the quantities 77, wy
and wo.

2., 2.,
9 gt(;’t) = Tja 1:9]1(293,0 for x € (0,L) and t € R, with u;(0,t) =0

and uj(L,t) = 0. We note that the transformation uz(z,t) = u1(z, kt) maps the solutions of string with tention 77 onto the

Solution: The equation of motion for the strings is p(x)

1For grading purposes, any 4 problems correspond to 100%. You can get extra credit if you do more. You can use the
textbook, any notes, and a calculator, as long as it does not have wireless capabilities. Devices with wireless communication
capabilities are not allowed. Hints for solutions such as the ones above might not be included on the real exam.

2Here we interpret density as mass per unit length.



solutions of the string with tension x27). The condition k277 = T then can be used to conclude that in our case we should

take kK = 4/ % With the change of variables above, the lowest frequency w; of the first string corresponds to the frequency kw1

of the second string, but this quantity is known to be wa from a measurement. Hence k = :—f Comparing the two expressions
2

for k, we obtain Th = le—%.

Alteratively, one could use dimensional analysis, arguing for example in the following way. The dimensionally correct expression

for wa must be of the form To = T f <i—i) for some function f, because one needs to keep the units of mass and length in
Ty, T> intact to keep the right dimensionality. When p is constant, we have an explicit formula w = %, /% and in this special

2
case we conclude f(€) = &€2. Therefore there is no other choice in the general case than Ty = Ty %
1

4. Let v,w be strictly positive numbers satisfying v < 2w. Let us write the second order differential

equation (describing damped oscillations) # = —vi — w?z for a scalar function z = z(t) (where @ = ‘fi—f and
T= %) as a first-order system
o=y,
. 3
o= —w-oin, )

and consider the following numerical scheme (forward Euler method) for system (3):

z(t+71)—x(t)

y(t) , @)

WD () — wa(r).

Here 7 > 0 is the time-step (and we think of it as a small number), and the scheme is used to start from
t = 0 and successively evaluate the solution at the times t = 7,27, 37,....

(a) Show that under our assumptions any solution z(¢) of the original equation satisfies lim;_, o, z(¢) = 0.
(Hint: The general solution of the equation is AreMt 4+ Age*2t where A, Ao are the roots of the characteristic equation
A2 = -\ —w?)

(b) What condition on 7 has to be satisfied so that for any initial vector with coordinates z(0),y(0) the
sequence of vectors with coordinates x(k7), y(k7), k =1,2,3,... obtained from the numerical approxima-
tion (4) converges to zero as k — oo?

Solution: (a) Under our assumptions there are two distinct roots of the characteristic polynomial A2 + v\ + w? with the real
part f% < 0, and hence the general solution must approach zero as t — oco.

(b) Denoting the vector with the coordinates z(t), y(t) by X (¢), the iteration scheme can be written we X (t+7) = BX (t), where

B = ( —7-1w2 1 —TT’Y ) . We need to calculate the eigenvalues of B. The characteristic polynomial of B is det(B —\I) = A2+

2w2 .

2—7yty/7292 473w
2

2
(=24 79)A+1—7y+72w2. Its roots are A2 = and with our assumptions we have \)\172|2 =1—7y+71

To have X (kT) — 0 as k — oo for any initial data, we need |A1,2| < 1, which gives the condition 7 < %.

5. Let us consider the equation

ou ou

i —Z =0 5

ot + er (5)
for functions u(z,t) which are 2r—periodic, i. e. u(z + 27, t) = u(x,t). Consider the following approximation
of equation (5)

u(z,t +7) — u(z,t) u(x + h,t) — u(z,t)
+a
T h

where 7 > 0. Assume we implement (6) as a numerical method for calculating (approximate) solutions for
functions which are 2w —peridic in x: for a positive integer n we set h = 2% and consider a grid xg = 0,21 =
h,xo =2h,...,xn_1 = (n—1)h.

(a) Let ! be any integer. Show that when a > 0 and we use (6) to calculate the function u(z,t) at x =

=0, (6)

20, %1, ... Tp—1 and t = 7,27,37,... starting from the (complex-valued) function u(l)(xj, 0) = ei®3 then
lim |u(z;, kT)| = 00, (7)
— 00

for each j =0,1,2,...,n— 1.



(b) Use the result in (a) to find at least one real-valued function u(z,0) on the grid for which the functions
u(x, kT) obtained by (6) will not be bounded when a > 0. (We say that the function u(x, k7) is bounded if
there exists a constant C' such that |u(z, k7)| < C for all k =1,2,... and all points = on the grid.)

Hint: Look at the real part or the imaginary part of the complex-valued solutions or, alternatively, use that the functions of
ilx

the form e*?® form a basis of the functions on the grid.

(¢) Show that when wu(z,0) is a smooth function, then the solution of (5) with the initial value u(z,0) always
stays bounded.

Solution: (a) We can re-write the scheme as u(z,t +7) = u(z,t) — 97 (u(z + h,t) — u(z,t)) . If u(z,t) = e then u(x,t+7) =
1- ‘%(e“h —1))u(z,t). Letting Ay = 1+ 47 (1 — '), we see that for u(z,0) = e'® we will have u(z, kT) = AFu(z,0). When !
is an integer satisfying 0 < I < n, then it is easy to see that Re(1 — ") > 0, and hence Re A; > 1. Hence u(z;, k) = Afu(z,0)
will be unbounded as k — oo.

(b) Consider the solution u(x, k) of our scheme constructed in part (a). As the equation (6) is linear and has real coefficients,
the functions Reu(z, kt) and Imu(x, x7) will again satisfy (6). Clearly, at least one of them is unbounded. When e#" is not
real, it is not hard to see that in fact neither the real nor the imaginary parts can be bounded. When e*" = —1 our solution
starts real-valued and remains real-valued.

(c) The solution an be written as u(z,t) = u(z — ct,0), and will clearly be bounded if u(z,0) is bounded.

6. Assume that the equations for small oscillations of a physical system with n degrees of freedom described
by some coordinates x1, x3, ..., x, are

n
miii:—Zaijacj, i=1,2,...,n, (8)
j=1
where {aij}?,jzl is a symmetric positive-definite matrix and the numbers m; > 0, ¢ = 1,2,...,n represent

masses. Assume that in a situation when m; are exactly equal to some specific u > 0, the lowest frequency of
the oscillations of the system is known, and is equal to some specific number 2 > 0. Given this information,
find the best estimate of the lowest possible frequency of the oscillations of the system (with the same matrix
A) in a situation when we only know about the masses m; that %,u <m; <2u, i=1,2,...,n. A correct
justification of the answer should be a part of the solution.

Solution: Let M be the diagonal matrix diag(mi,ms,...,mn). The lowest frequency will be given by VAmin, where Amin =

ming g %, which is the same as the lowest (generalized) eigenvalue A of the problem Az = AM=z. From the properties of
. . 2 s Az,x . Az,x . Az,x . Az,
the Rayleigh quotient we have % = ming-g % < ming2g éMq;’:c)) < mingo (% ;’;)) =202, and A\ = ming g ﬁ

We see that the lowest frequency Q' for the system with the variable masses %M < m; < 2u will satisfy %Q < Q< V2.

Taking m; = %u we see that the upper bound cannot be improved and taking m; = 2u we see that the lower bound cannot be
improved.



