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Chapter 0: Introduction

In this thesis we investigate certain properties of group rings. We describe
a procedure for constructing and classifying all uniserial modules for the group
ring of a p-group over a field of characteristic p. We also discuss non-trivial de-
compositions of the regular representation of a group ring into a tensor product
of modules. We begin by explaining the context in which we will work, and we
describe the less familiar notation.

Throughout this work, p is a prime and F is a field of characteristic p. Unless
stated otherwise, G is a p-group, and we study the group ring FG and its modules.
We will almost always consider left modules. The group ring FG acts on itself as
a module by left multiplication. This module is the reqular representation of FG,
which we also denote FG.

For a subgroup H of GG, we will often wish to refer to the sum of the elements
of H in FG, and we denote this by ||H||. The sum of the elements of a coset gH
of H in G is denoted as g||H|| or ||gH||.

A group ring is a particular type of algebra. Let A be a finite dimensional
algebra. A simple A-module S is a non-zero module which contains no submodules
other than 0 and itself. A semisimple A-module is a module which is a direct sum
of simple modules.

The radical of A, written Rad(A), is the intersection of all the maximal
left (or right) ideals of A. If M is an A-module then we define Rad(M) =
Rad(A)M. Powers of the radical are defined as Rad”(M) = M, and Rad™ (M) =
Rad(A)Rad" (M) = Rad"(A)M. The socle of M, written Soc(M), is the set
of elements annihilated by Rad(A), i.e. Soc(M) = {m € M | Rad(4)m = 0}.
Powers of the socle are defined as Soc™ (M) = {m € M | Rad"(A)m = 0}.

The radical series of the module M is the series of modules,
M D Rad(M) D Rad*(M) D - --

This is the fastest descending series of submodules with semisimple quotients. The
socle series is described similarly, and is the fastest ascending series of submodules

with semisimple quotients.



The Loewy length of a module M, written ¢¢(M), is the minimal value r
such that Rad"(M) = 0, which is also equal to the minimal value r such that
Soc" (M) = M. Both the radical series and the socle series of M have length
¢¢(M). The maximum possible Loewy length of an A-module is L = ¢¢(A).

A uniserial module M is a module for which the following equivalent state-
ments hold:

1) M has a unique composition series;
2

) The submodules of M are totally ordered under inclusion;
3) The successive quotients of the radical series are simple or zero;
)

4) The successive quotients of the socle series are simple or zero.

We study uniserial modules for several reasons. They have appeared widely in
the literature on the representation theory of finite-dimensional algebras over many
years. See for example [F, B, ZH, AR&S]. In the context of group representation
they have been studied in [Sh, LG|, where they play an essential role in describing
p-group structure. Also they were studied in [P].

In this thesis we show in Lemma 1.4 of Chapter 1 that each uniserial module
is isomorphic to a cyclic submodule of the regular representation. This fact makes
it possible to classify all uniserial modules up to isomorphism for any given finite
dimensional group ring. Our work here can be viewed as treating a special case of
open problems (1)-(4) on page 411 of [AR&S], and we present explicit classifica-
tions of uniserial modules for many groups of order 16. We are able to apply these
results using the fact that uniserial modules are prime candidates for factors in a
tensor decomposition of the regular representation of a group. We describe such
decompositions explicitly in many cases.

In Chapter 1 we focus on classifying uniserial modules. In Section 1 we
cover much of the theory behind the classification of uniserial modules. Some
of the theory applies more broadly to cyclic modules. In Section 2 we outline a
procedure for finding all uniserial submodules of a group ring. Section 3 consists
of an example of the use of this procedure. We determine the set of all uniserial
submodules of FQg, and classify all uniserial modules of FQg up to isomorphism.

Chapter 2 consists of calculation results, using the algorithm described in
Chapter 1. Each section concentrates on a specific non-abelian group G of order

16. We restrict our attention to the groups that may not be written as the direct
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product of non-trivial subgroups of G. For each of these groups, we find the set
of all uniserial submodules of FG, and classify all uniserial modules of FG, where
F is a field of characteristic 2.

In Chapter 3 we address the issue of tensor decompositions of the regular
representation. We may take our motivation for the study of such decompositions
in part from the simple observation for a direct product of groups that F|G x H] =
FG @ FH. One may ask more generally when such a decomposition occurs, and
this question is resolved by Carlson and Kovacs [C&K] when G is an abelian p-
group and the decomposition is a tensor product of rings. Such decompositions
also have relevance for the construction of multiple complexes, as considered by
Benson and Carlson [B&C].

In Section 1 we develop some of the theory of tensor decompositions. In
Section 2 we concentrate on permutation modules. This is another important
class of modules which present themselves as factors in tensor decompositions. In
Section 3, we use our results of Chapter 2 and the theory developed earlier in
this chapter to determine all tensor decompositions of FG, where G is a group
considered in Chapter 2.

We will make extensive use of the theory developed by Jennings [J] which we
now summarize. Some of the notation is found in [Al 1].

For a p-group G, Jennings [J, Al 1, Sc| describes a decreasing series of sub-
groups, k\(G) = {g € G } g = 1 modulo Rad*(FG)}, which is sometimes called
the Jennings series. This series of subgroups has the following properties:

1) [k, kp) © Kagps
2) gP € K4y for all g € Ky,
3) kx/Ka2y is elementary abelian.

Furthermore, we may generate k) as

rx = ([ra-1, G, H([I;)/m),

where k1 = G, and [\/p] is the least integer greater than or equal to A/p, and
mf\p ) is the set of pth powers of elements of k). With this formulation, we have
k1(G) = G, and it is clear that k2(G) is the Frattini subgroup of G.

For each ¢ > 1 let d; be the dimension of k;/k;+1. Choose any elements x; s

of G such that the set {z; sxit1 | 1 < s < d;} forms a basis for x;/ki+1. Let
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A4, s

.o, where the

ZT;s = ;s — 1 € FG. There are |G| products of the form [[Z
factors are listed in lexicographic order, and 0 < a; s < p — 1. The weight of
such a product is defined to be > ia; ;. Jennings’ theorem states that the set
of products of weight w lie in Rad"(FG), and forms a basis modulo Rad“**(G).
Also, the set of products of weight > w forms a basis for Rad" (FG).

Alperin comments [Al 1] that the order of the factors is irrelevant, as long
as some order is chosen. After choosing a particular order for these factors, let
{Bi+} be the set of such products with weight i. Writing L = ¢/(FG), the element
Br—11= Hi’fgl = ||G|| is a generator of the socle of FG, and has weight L — 1.

Often it is possible to choose an element z; such that z7 is also one of
our chosen coset representatives for x;,41 in K4, and when this can be done we
make this choice. As we do not need to choose the lexicographic ordering in the
products, we choose an ordering that places z; ; and :cﬁ  together.

For example, in the group Dg = (x,y|z* = y?> = 1) we have k; = Dsg,
ke = (%), and k3 = 1. We choose 711 = z, T12 = y, and 291 = 22 We
choose to write the factors in the order, 211 g2%2.1 1.2 = gat2az1901.2 where
0 < ajs < 2. The elements are then of the form Z'y? with 0 < i < 4, and

0<j<2.



Chapter 1: Classifying Uniserial Modules

In this chapter, after a few preliminary lemmas, we describe a procedure for
classifying all uniserial modules of the group ring for a p-group. We then present

an example to illustrate the use of this procedure.

§1 Uniserial Modules

The first four lemmas are found in the literature. See, for example, [Al 2],
[H], and [AR&S].

We use the augmentation map of a group ring, which is the map, € : FG — F

G(Z gag) = Z Qg,

geG geqG

given by

where a4 is an element of the field F for each element g of G. The augmentation
ideal IG of FG is the kernel of this map. This ideal has codimension 1, and has
the set {g — 1 } g € G,g # 1} as a basis. This set together with the element 1

forms a basis for FG.

Lemma 1.1. If the group G is generated by {x1,...,x,}, then the augmen-
tation ideal is the two-sided ideal IG of the ring FG generated by the elements
{Z1,...,Zn}. Thus we may write, IG = FGZq + - - - + FGZ,,.

Lemma 1.2. If G is a finite p-group, and F is a field of characteristic p, then
i) the trivial module is the only simple module of FG;
ii) the radical and socle series of FG coincide;
iii) the radical of FG is the augmentation ideal, IG;
iv) the unique indecomposable projective FG-module is FG;

v) the unique indecomposable injective FG-module is FG.

Lemma 1.3. (Nakayama) If J is an ideal in a ring R with identity, then the
following are equivalent.

i) J is contained in the Jacobson radical of R;
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ii) 1gp — 7 is a unit for every j € J

iii) If A is a finitely generated R-module such that JA = A, then A = 0;

iv) If B is a submodule of a finitely generated R-module A such that A = JA+ B,
then A = B.

We relate this lemma to our situation where G is a p-group by noting that

the Jacobson radical of the ring FG is the augmentation ideal, IG.

Lemma 1.4. A uniserial module M is a module for which the following
equivalent statements hold:
i) M has a unique composition series;
ii) The submodules of M are totally ordered under inclusion;
iii) The successive quotients of the radical series are simple or zero;

iv) The successive quotients of the socle series are simple or zero.

Lemma 1.5. If M is a uniserial module for FG, and G is a finite group, then
i) M is cyclic (i.e. it can be generated by a single element);
ii) M is a homomorphic image of FG;

iii) M is isomorphic to a submodule of FG.

Proof. Uniserial modules have the unique composition series
M = Rad’(M) > Rad(M) > ... > Rad"(M) =0.

An element of M must therefore generate a power of the radical as a left module.
If this element is not an element of the radical, then it must generate the module
M.

Any module of an algebra A that is generated by a single element is a homo-
morphic image of A.

The module M has a simple socle, S = Soc(M). The module S is isomorphic
to a submodule of FG. As FG is injective, the inclusion map of S into FG may be
extended to a map ¢ on the module M. If the kernel of ¢ were non-zero, it would
intersect the socle of M non-trivially. But ¢ is an extension of an injection of .S,

so the kernel must be 0. Thus ¢ is one-to-one, and M is isomorphic to its image
in FG. O



As a consequence, we will often assume that a uniserial module is a submodule
of FG, and we designate this uniserial module as the module FGA, where A is an
element of FG that generates the module. The zero module is considered uniserial

with Loewy length 0.

Lemma 1.6. A non-zero module M is uniserial if and only if Rad(M) is
uniserial and M/ Rad(M) is simple.

Proof. Let R = Rad(M). If M is a uniserial module, then M/R is simple.
As R is a submodule of M, it too must have a unique composition series, and
must also be uniserial. Conversely, if R is uniserial, and M /R is simple, then the

successive quotients of the radical series of M are simple, so M is uniserial. O

Corollary 1.7. Let F be a field of characteristic p and let G be a finite p-group
generated by the elements {x1,z2,...,x,}. A non-zero FG-module M is uniserial
if and only if M has a uniserial submodule N with dim(N) = dim(M) — 1 and
FGz;M = N for some 1.

Proof. In this case, all simple modules of FG are isomorphic to F. If M is a

non-zero FG-module, then
Rad(M) = Rad(FG)M = IGM = (FGzy + --- + FGZ,,) M.

If M is uniserial, then N = Rad(M) must also be uniserial, and M /N must
be simple. The modules FGZ;M are all submodules of Rad(M), and generate
Rad(M). Since the submodules of M are totally ordered under inclusion, there
must be an index ¢ such that FGZ; M contains the modules FGZ;M for all j. As
Rad(M) = IGM, we must have N = Rad(M) = FGz;M. Since dim(M/N) =
dim(F) = 1, we have dim(V) = dim(M) — 1.

Conversely, if N = FGZ; M is a uniserial module, and dim(N) = dim(M) —1,
then clearly N C Rad(M), as z € Rad(FG). We have dim(M/N) = 1, so the

quotient is simple. Thus, by the lemma, M is uniserial. O
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In the following proposition we regard Hompg(FGA,FG) as a right FG-
module by means of the action (¢ - C)(2) = ¢(z) - C, where C € FG, and z € FG.

Proposition 1.8. If A is an element of FG then Hompg(FGA,FG) =2 AFG as
a right FG-module.

Proof. Let + : FGA — FG be the inclusion map. Given an FG homomorphism
¢ : FGA — FG, by the injectivity of FG, there is an extension ¢ : FG — FG such
that ¢ = ¥ ot Let B = 9(1). Given an element x € FG, we have ¢(x) =
z(1) = zB, as ¥ is an FG-homomorphism. Thus the homomorphism acts as
right multiplication by the element B. Restricting this action to FGA, we have
d(xA) = pu(xA) = xAB. If ¢ is another extension of ¢, we have ¢(z) = zAy'(1),
so AY(1) = AY’'(1) = AB. Thus we associate the homomorphism ¢ with the
element AB. We designate this association by writing ¢ = ¢4, B.

Given an element AC of AFG, let ¢4 ¢ : FGA — FG be the map given by
¢a,c(rA) = xAC. This is an FG-homomorphism on FGA, and ¢4 5 = ¢4 ¢ if
and only if AB = AC. When adding homomorphisms we have

(pa,B +dac)(wA) =2AB+ 2AC = zA(B+ C) = papyc(x),  so
®A.B+Pac = QA BiC-

Also, ¢4 p(x) - C =xABC, so ¢pap-C = ¢a BC.
We have shown that there is a one-to-one correspondence between elements
AB of AFG and homomorphisms ¢4 5 : FGA — FG, and that both sets act as

right FG-modules in the same manner. O

Corollary 1.9. Let G be a p-group and let A and B be elements of FG. Then
FGA = FGB if and only if FGB = FGAx, where x € FG is some unit.

Proof. Assume that FGA =2 FGB. The module FGB is a submodule of FG,
so by Proposition 1.8 we know that there is an isomorphism ¢4 , : FGA — FGB
whose image is FGAx = FGB. The element z is not an element of Rad(FG)
because the Loewy lengths of FGA and FGB must be the same and the Loewy
length of FGAx is determined by the power of Rad(FG) in which Ax lies. All

elements of FG which are not elements of the radical are units, so = is a unit.
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Conversely, assume that z is a unit of FG, and that FGB = FGAx. Then
by Proposition 1.8, FGB is a homomorphic image of FGA. If we apply the map
¢p -1 to the module FGB, we see that FGA = FGBxz~!, so FGA is also a

homomorphic image of FGB, so the modules are isomorphic. O

We now come to our first substantial result.

Theorem 1.10. Let G be a p-group. If A € FG, and the left FG-module FG A
is uniserial of length [, then the right FG-module AFG is also uniserial of length [.

Proof. If FG A is of length 1, then FG A is the trivial module, so A is a multiple
of ||G||. The group ring element ||G| is central, so FGA = FG||G|| = ||G||FG =
AFG, and is uniserial of length 1.

Assume the statement of the theorem is true for all j < [. Then if A
is an element of FG which generates a left FG-module of length j < [, then
Hom(FGA,FG) = AFG, and by induction, these have dimension j.

Let A® be an element of FG such that FGA® is uniserial of length . Since
FG is injective and contains every simple module in its socle, every indecomposable
left FG-module whose socle is simple is isomorphic to a submodule of FG. Thus
there is a submodule M of FG that is isomorphic to FGA® /Soc(FGAWY). Let
¢ be the composite homomorphism FGA®) — FGAWY /Soc(FGAW) — M. Then
¢ corresponds to an element AVB € AWFG, for some element B of FG, and ¢
has the form ¢(gAY) = gADB. Thus M = FGAW B, and it is uniserial of length
| —1. By our assumption, A% BFG is a uniserial right FG-module of length [ — 1.

Given C € FG, let u = ¢(C) € F, and r = C — u € Rad(FG). Then
FGAWr is a homomorphic image of FGA® . Since AWr is in a higher power of
the radical than A®, it is in a lower power of the socle of FG (since the radical
and socle series of FG coincide when G is a p-group), and it must be true that
U(FGADr) < L(FGAM). This implies that FGA®r has dimension less than [.
This means that it is also a homomorphic image of FGAW B, so AOr ¢ AU BFG.
The element AOC = AOy + ADy lies in FA® 4+ AW BFG, since v is an element
of F. Since C was an arbitrary element of FG he have AOFG = FA® + AU BFG,
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and it has dimension [. Since A®) € Soc!(F@G), it must be true that //(AVFG) = 1.
This means that AOFG is a uniserial module of length I. O

We have shown that the set of homomorphisms from a uniserial left FG-

module into FG forms a uniserial right FG-module of the same length.

Lemma 1.11. Let G be a p-group and let A and B be two non-zero elements
of FG. The cyclic modules FGA and FGB are equal if and only if B = fA+r for

some non-zero element f of F and some element r of Rad(FGA).

Proof. Assume FGA =FGB. As B € FGA, we may write B = A, for some
element = of FG. The radical of FG is a subspace of codimension 1, so we may
write = f1+ s, for some element f of F, and some element s of Rad(FG). Thus
B = (fl1+s)A= fA+r, where r = sA € Rad(FGA). The element f must be
non-zero because FGr C Rad(FGA) # FGA.

Assume that B = fA+r, for some non-zero element f € F and some element
r € Rad(FGA). Then A € FGB + Rad(FGA) so FG = FGB + Rad(FGA).
Therefore by Nakayama’s lemma FGA = FGB. O

Lemma 1.12. Let G be a p-group. If A and B are elements of FG, A\ =
VU(FGA), and FGA = FGB, then B = fA + r for some non-zero element f of F

and some element r € Soc* ™ (FG).

Proof. Assume that FGA = FGB. By Corollary 1.9 we know that FGB =
FGAz for some x € FG. We rewrite x = f1; + s1, where 0 # f; € F and s €
Rad(FG). Then FGB = FGA(f, + s1). Since f; # 0, we have Af; € Soc*(FG) —
Soc* 1(FG). As s; € Rad(FG), and Soc*(FG) is a two-sided ideal, we have As; €
Soc* 1 (FG). By the previous lemma, we must have a non-zero element f, € F
and an element ro € Rad(FGA(f1+s1)) such that B = fo A(f1+s1)+712 = fA+T,
where f = fofr andr = foAsi+re. As AC SOCA(FG), we have r € SOCA_l(FG). O

We use these results to justify the algorithm described in the next section.
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62 A Procedure for Finding Uniserial Modules

We are about to describe an algorithm for finding uniserial modules of FG.
The algorithm works when G is a finite p-group and [ is a field of characteristic p,

and we make these assumptions. We choose a set of generators of G, {x1,...,z,}.

Algorithm 2.1.  Suppose we are given a uniserial module N C FG of length
I — 1. We construct all uniserial submodules of FG having length | which contain

N as a submodule by the following procedure:

We find all elements A € FG with the properties
i) z;A € N,Vi
ii) for some i, T;A generates N.
Then the module FGA is uniserial of the kind specified. Every uniserial

module may be constructed in this way.

Remark 2.2. Such A must necessarily lie in Soc'(FG). If we start with the
submodule 0 of FG, we generate all uniserial submodules of FG by successive use of
Algorithm 2.1. Since every uniserial module is isomorphic to a submodule of FG,
this algorithm produces all isomorphism types of uniserial modules of FG. Note,
however, that distinct uniserial submodules of FG' may in fact be isomorphic. We

explain later how to distinguish between isomorphism classes of uniserial modules.

Let A be an element of the kind specified in the algorithm, and let M = FGA.
Then if 0 # f € F, and r € Rad(M) = N, then fA + r also generates M. We
would like to find one distinguished generating element for each module. We may
then classify all uniserial modules of FG having length [ by the set of distinguished
generating elements.

A description of the distinguished generating element of each module will now
be given.

Let B = {b; »} be a basis of FG such that By = {b;,|lp < A} is a basis
for Soc*(FG). We will call such a basis a filtered basis of FG. Among the basis

elements with a common second subscript, set up an ordering that is reflected in
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the first subscript. Write elements of FG as linear combinations of these basis

elements.

Lemma 2.3. If M is a uniserial submodule of FG with Loewy length [, then
there are unique sets {A(A)\l <A<} C M and {b;, |1 <<} C B such that
i) Soc* (M) =FGAW
ii) iy is the minimal i such that the coefficient of b; 5 is non-zero in AX)
iii) The coefficient of b;, » in AN is 1
iv) The coefficient of b;, » in AW is 0 for all ;1 > \.

Proof. If | = 1, then the only choice is AN = by ; = ||G]||. We use induction
on the Loewy length of M. Assume the statement is true for N = Rad(M) # 0.
The unique sets {A®) | 1 <A< 1} and {bj,» | 1 <X <} associated with N
then exist. Let A be a generator of M. As M is uniserial, M /N is isomorphic to
the trivial module. The choice of b;, ; must therefore be unique, regardless of the
generator A for M. Let Ay = A/c, where c is the coefficient of b;,; in A. Let ¢y
be the coefficient of b;, » in A;, where 1 <X <. Let

-1
AW = A, — Z ex AN
A=1

Then the statement holds for M as well. The construction of b;, ; and AW did not
depend on the choice of A. O

In the algorithm for finding all uniserial modules, Lemma 2.3 may be used to
limit the search for generating elements.

As we are dealing with a p-group, the radical and socle series of FG coincide,
or more precisely, Rad?"»(FG) = Soc*(FG), where L = ¢/(FG). Thus, it is
convenient to use Jennings’ construction of a filtered basis, filtered with respect
to powers of the radical.

A note on extending the procedure to group rings which have more than one
simple module: finding a series of distinguished generating elements for a uniserial
module and its submodules is a bit more cumbersome. One must deal with G-

orbits of the generators when choosing by ;,, among other details.
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63 An Example of the Procedure for Finding Uniserial Submodules of
FG

As a first example of the procedure, let
G=Qs=(xyla" =122 =¢? Yo =27"),

and let F be a field of characteristic 2. The Jennings series of subgroups is k1 =
Qs D ko = (x?) D k3 = (1). By Jennings’ theorem, we may choose generating

2 — 92, we may use 22y for a

sets {11 = T, 212 = J}, and {z21 = Z?}. Since T
basis element, going against Jennings’ specifications, and still be using the same
elements.

We obtain the following filtered basis for FG:

Boa =1
Bii=9 Bip =7
P21 = TY Bao = @?
B31 =Ty B30 =13
Bi1 =Ty

The notation we wish to use for our basis is by ; = B(5-),;, emphasizing powers
of the socle, rather than powers of the radical.

The geometric presentation of the basis elements will be exploited to represent
elements of FG. A vector in FG is written with the shape given above, with the
coefficient for each basis element in the corresponding location. This gives a clearer
meaning than the standard linear way to explicitly express a vector.

From the previous section, we let A1) = bi1.

Since Soc?(FG)/Soc(FG) is semisimple, and Rad(Soc?(FG)) is one dimen-
sional, any element of Soc?(FG) — Soc(FG) generates a 2-dimensional uniserial
module. The set of distinguishing generators for 2-dimensional uniserial submod-
ules is {Ag) = b1 +1b22 ‘ reFyu{B® = bao}t

It is necessary to take into account the left action of FQgs. As x and y generate
G, the radical of FG is generated by z and g. If M is a module, Rad(M) =
Rad(FG)M = Span(zM,yM). We need to find the left actions of Z and g on the

basis elements.
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The left action of Z on the basis elements is clear. Remember that z* =
(r—1)* = 2* — 1 =0, as we are dealing with a field of characteristic 2. It may be
calculated that yz = 2y + (2% + 23)(y + 1), and that 4 commutes with 22 and z3.
Also, 3> = z%. Thus § z§ = 22y + Z° + Z°7.

In vector notation, as described above, we write an arbitrary element A of

FQs, as well as TA, and yA as

as 0
aq.1 a4,2 0 as
A= a3z as2, TA = a4, a4,
az,1 az,2 as,1 as,2
ai as 1
0
as 0
yA = a4,2 a4,1 + aa2
a4,2 +a31+asp2 a4,2 + a3

g2+ az 1+ az2

or, more conveniently,

a
b c . a a :
A=d e, TA=0 c, yA = c b+ c
f g d c+d+e c+d
h f c+d+g
where the character “” deemphasizes the zero entries.

When multiplying on the right we obtain

: a a .

Az = b b+c ,and Ay= c b

b+d b+d+e e d
b+d+ f g

Using our vector notation, the distinguished generators for two-dimensional

uniserial modules are:

Agﬂz) — . . (fr' 6 F), B(z) —_ .
1 T . 1
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Assume A is a distinguished generator for a uniserial module of length 3. We

must have a = b = ¢ = 0, since A € Soc®(FG). These restrictions give

A= d . : . :
f g d e d+e d

h f d+g

Either ZA or jA must be an element of Soc?(FG) —Soc(FG), so d or e must be
non-zero. This forces the coefficient of by ; and by 2 to be non-zero in at least one
of TA and yA. As they must both be in the same module, both coefficients must
be non-zero. We must have an extension of IFGA&Q), where r £ 0. By Lemma 2.3
parts ii) and iii), we need d = 1, which forces e = r, and 147 = 1/r. This implies
that » must be a primitive third root of unity, as char(F) = 2. By Lemma 2.3iv),

we may assume that f = h = 0. We then have,

3

—~
=

3
)

TAG) = . C=AB A .= 1A§?>+(1+3)A<1>
T 147 1"
1+s

where r is a primitive third root of unity and s € F.

Now we show that there is no uniserial module in FG of length 4.

Assume A is a distinguished generator for a uniserial module of length 4. By
the multiplication shown above, we must have a = 0. The element £A must have
a non-zero coefficient for either bz ; or bz . Since this must be a generator of a
uniserial module of length 3, both coefficients must be non-zero, so both b and ¢

must be non-zero. Using Lemma 2.3 parts iii) and iv), we may assume that b =1
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and d = f = h = 0. These restrictions give

7" . . . .
A= s, TA=1 r, yA= r 1+r
r+g

We now have zA = AS”Q For yA to be in IFGA,(%), we must have

A=A+ (r+ 5) AP + (r+ 9) AV = r2
r+s rs+r2+rs
r+g

2 = r 4+ 1. However, the coefficient for bz 2 needs

In our field, rs +r2+rs=r
to be r, not r + 1, which leads to a contradiction. This leads to the following

theorem.

Theorem 3.1. The isomorphism classes of uniserial modules of FQQg are in

1-to-1 correspondence with the distinguished generators
{A(l),Ag), B(z),AS”)O } rweF w?+w+1=0}

(If F does not contain a primitive third root of unity, then there is no uniserial
module of length 3 for FQs.)

Proof. By Lemma 1.5 we know that all uniserial left modules of FQg are
isomorphic to submodules of FQg, taken as a left module. By Lemma 2.3, and

the work above, all uniserial submodules of FQ)s may be generated by one of the
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elements in the list {AM), A®  p@) AS”L |7 s,w€F,w?+w+1=0}. The
action of FQ)g on a module characterizes the module.

There is only one isomorphism class of 1-dimensional modules for FQg. They
are thus isomorphic to FQgAM).

Assume M is a 2-dimensional uniserial module generated by A. If zA = 0,
then ZM = 0, and M =2 FGB®. If £A # 0, then §A = rZA, for some r € F. This
only occurs when M =2 IFGA,(?).

Two modules M and N are isomorphic over FG if and only if the group
representations of G with respect to M and N are isomorphic.

Assume M is a 3-dimensional uniserial module. For some w,s € F, M =
IFGA&?’,)S. Let A = AS”L —(s+ l)Aqu). As this element has a non-zero coefficient
for AS’,L, it generates M. A basis for M is given by B = {A4,7A4,72A}, where
A =AY — (s +1)AM and 224 = AM. The action of § on this basis is then
JA = (1+ w)AP + (1 4+ 5)AD — (s + 1)AD = (1 4+ w)zA, and § A = wz2A.
Thus, regardless of s, there is a basis for M such that the action of x and y are

given by the matrices

p(z) =

O R
[
_ o o
e
—~
<
S—

I
—_
o+ =
&

E — O
_ o O

asrt =T+ 1,y =g+ 1. Because Rad(M) = IFQgAEJQ) ¥ IFQgAfJ)Fl, there are

exactly two isomorphism classes of uniserial modules of length 3 for FQs. O

We now present an alternative proof of Theorem 3.1 which uses a more practi-
cal method. We use this second method to find the isomorphism classes of uniserial
modules in the next chapter.

Proof. By Lemma 1.5 we know that all uniserial left modules of FQg are
isomorphic to submodules of FQg, taken as a left module. By Lemma 2.3, and
the work above, all uniserial submodules of FQ)s may be generated by one of the
elements in the list {A(l),Ag),B(z),Ag)S | r,s,w € F,w? +w+1=0}. Let A
be one of these generators, and let M = FQgsA. By Proposition 1.8 we have
Hom(FQgA,FQs) = AFQs, so the set of homomorphisms is spanned by the set

{ApBx,i}. For each of these distinguished elements we have,
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Al = A, AMB, =0 (A >n)

APz = A, APy = A

B®z =0, B®@g =AW

APz =42 + a0 ADg=wA® 4540,
AP 72 = AW, AP 25 = wAW

From this information we may list all homomorphic images of each uniserial mod-
ule.

There is only one isomorphism class of 1-dimensional modules for FQ)g. They
are thus isomorphic to FQgAM).

Let M,gz) = IFGA,(?). The homomorphic images of A&z) are of the form aA,(?) +
BAW  where o and 8 are elements of F. All such elements are elements of M,@.
The isomorphisms occur precisely when « # 0. Thus, for each r € F, the module
M,gz) forms its own isomorphism class. Likewise, N2 = FGB® forms its own
isomorphism class.

Let Mf’g = IFGAS’,)S. Given an FG-homomorphism ¢ of M, we wish to find
the distinguished generating element of ¢(M). We know that ¢(A(3),, ,) is of the
form aASiL + ﬂAfJQQ) + 714(1)' Writing this in our vector notation, this is

e oaw
s g as + Bw?
Y
If a = 0, then ¢ is not an isomorphism. By using different values for g and v we
see that Mﬁ) is a homomorphic image of M£,3g, as is M) = FGAM.

If o # 0, the image of Mff”ﬁ is 3-dimensional, so ¢ must be an isomorphism.
We find the elements 352/04¢>(A§’,L) = AM and (:f:qb(Aff’)s) — BAW) Ja = AP are

elements in the image of ¢. Thus the element

Q@ aw - - =« aw
16} as+ fw? Bw . as+ (3
Y Y ‘

is also an element of gz&(Mngg)
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If we look at all possible isomorphisms of M£,3g, we see that setting a = 1 and
letting (3 vary over I that Mf,?’g =M U(ng, for all ' € F. We may choose the module

M S’% to be the representative of this isomorphism class. O

We now display two lattices of all the uniserial submodules of FQ)g. The first
lattice shows the sub-module structure of the uniserial modules. A submodule of
another module is listed below it, and there is a vertical or diagonal connection
between them. The horizontal arrow indicates that the module Mé,z) is a module

of the type Mﬁz), where r € F. We define the modules as we did in the proof.

M)
M <——=p N®
M@

The second lattice describes the homomorphism structure of the modules. If
M is a homomorphic image of N then the module M appears at a lower level in
the lattice than the module N, and there is a vertical or diagonal line connecting
them. The horizontal arrow indicates that the module Mﬁ) is a module of the
type MT(Q), where r € F. Each isomorphism class is represented by a “bucket”.
The information inside the bucket describes all modules that lie in the same iso-
morphism class. The information outside the bucket describes all isomorphism

classes of this type. Thus the top bucket implies that MLSQ ~ ) , Wwhenever s

w’,s

and s’ are elements of F, and only when w = w’. These modules exist for all w € F

such that w? +w = 1.
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M)

w?4w=1

M752) M(22) N®)
<<
relf

w?24w=1

M@

In the next chapter we use similar notation. For simplicity, we place the name

of the generator of a uniserial module in the bucket, rather than the name of the
module. In doing this, we do not need to name all the modules, and there is less

possibility of confusing the generators of the modules.
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Chapter 2: Classification of Uniserial Modules for Groups of Order 16

In this chapter we explicitly describe the uniserial FG-modules, where F is
a field of characteristic 2, and G is one of a certain collection of 2-groups. We
restrict ourselves to the groups of order 16 that are non-abelian, and may not
be written as the direct product of two non-trivial groups. There are seven such
groups ([H&S, Sc, As]), and we denote these G, (2 x 4).2, Modys, D16, SD1s,
16, and DgY4. Each group will be considered in its own section.
Each section concentrates on one specific group, GG. In each section the pre-
sentation of material follows this pattern:
e A presentation of G is given.
e We describe the partially ordered set of all uniserial submodules of the regular
representation FG, were the ordering is by inclusion.
e We describe the partially ordered set of all isomorphism classes of FG modules,
where M < N indicates that M is a homomorphic image of N.
The modules are then defined explicitly in the following way:
e A basis is given for the regular representation FG.
e An arbitrary element A of FG is given.

e We give actions of generators of FG on A.

We list the uniserial submodules U of FG in increasing order of dimension.
We do this for each uniserial submodule by listing a distinguished generator
B of U, along with the left and right action of generators of FG on B.
Each module is denoted by listing its distinguished generator. These genera-
tors are written as symbols such as AS”Q Here the letter A denotes the family to
which the module belongs, the superscript denotes the dimension of the module
generated by this element, and the subscripts are parameters which lie in F. If dif-
ferent values are given to these subscripts, then different modules are represented.
The particular definition of each generator is given after the diagrams of inclusion
and homomorphism.

In the diagram that represents the partially ordered set of uniserial modules,
if for example, A&i? is above A'? with a solid line connecting them, this indicates

that, for any fixed r € F and all s € ¥, the module generated by A,€33 contains the

module generated by A9). In the diagrams, if there is an arrow from, let us say,
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Af) to AQ), this indicates that the module generated by A§2) is a specific case
of the more generally described module generated by Aq(az). A dotted line between
C’St) and AQ indicates that there is overlap in the definitions of the modules
generated by these generators. The overlap is described with the dotted lines.

In the homomorphism diagram, isomorphism classes are represented by buck-
ets. Each bucket contains a list of all items which are in a particular isomorphism
class. We describe the general bucket by analogy with the description of the
following specific bucket:

A(4)

r,8,t

s€F

r+#1
All information pertaining to a specific isomorphism class is contained inside of
the bucket. All information listed outside of the bucket is used to distinguish
different isomorphism classes, or to determine permitted values of variables. Given
r,s,t € F, where r # 1, our sample bucket represents the isomorphism class of

FGA™ .. The variable s is permitted to vary over all the elements of F. Thus

r,8,t°
if » # 1, then FGA%S)J = IFGA%),’T if and only if p = r and 7 = ¢, where all
parameters are elements of IF.

Assume, for example, that in a diagram the bucket containing Afgt is above

another bucket containing C’ﬁg’s) This indicates that there is a surjective homo-
morphism from the module generated by Afg’t to the module generated by C’ﬁg’s) .
It must be noted that r and s have the same values in each of these generators.
The homomorphism diagram lists all situations where there is a homomor-
phism from one uniserial module onto another uniserial module. If two modules
are isomorphic, then their distinguished generators are listed in the same bucket.
If there is a module homomorphism ¢ : M — N, then the bucket containing
the distinguished generator of M is above the bucket containing the distinguished
generator of IV, and there is a line or series of lines connecting them. There may

also be parameters in each bucket, and these must match.
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§1 Uniserial submodules of FG,

Group: Gy = (z,y ‘ 2t =yt =1,yzr =27y, {22,9?} C Z), where Z is the
center of the group.

This is the partially ordered set of uniserial FG; submodules:

D, RN, BY
\
D CS) il ______ AS}) B®
\
A(2)>—>A£2) B©
/
A

(4) (4) (4) (4) (4)
AT+1737t Cl,t,u,v—i—/\u OS+17757’U«7U sttau Bs,t
r,a€lF;r£0 s,u,a€F;57#£0 a,teF a€lF

Ts—l—rt+52:a \EF Sv—l—t2—|—tu:o¢ 52+5t—|—u:a s—|—32—|—t:o¢

3 3 3 3 3
C£+)1,,\ Ag,g—i—u Ai+)1,,\ Bg\ ) DE\ :
AeF AeF AeF AEF
r#0 s#0

(2) \ 2
Ar-l—l Ag )

/
b
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A basis for FGy is:

U
] &

Nl

1
. Y
Ty
2y 7
z2y?
) 23

a
b
TA=d ‘ !
h ! 7
l m
p
yA =
a
| b b+c
b b+d+e . -
o btetgthti b+e+1
bt+etgtitk btetgtithtitm
btetg+ithtmtn
Az =
a
b+c C C
ct+d+e o s
cteth ctethtity o
ctet+h+j+k+i+m S
ctet+h+j+k+m+p

—24 —
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b c
Ay = d e f
g h 1
k l
n
The uniserial module of length 1:
AL — AW = gAM = AWz = AWg =
1
1G]l = AW
The uniserial modules of length 2:
AP = zAP = gAY =
r 1
1 r
FGil|(a?, 92, )| = FG1AP),  ||(y,22)] = A5
B® — zB(?) = yB® =
1

FG1|(z,y%)|| = FG1B®
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The uniserial modules of length 3:

A®) =

r+1
Homomorphic images: FG1 A3} /FG1 A' = FG4 A7,

TAVY) =

<
Il

W

gAY =

r+1-+s

Isomorphisms: If r # 1 then IE‘GlAiS = IE‘GlAf’O,Vs eF. IE‘GlA:;”S forms its own

isomorphism class.

3
Cé,t) =
S 1 1
t
3)_
Oé,t) =

s+1
Note: C{gs) = AQ

Homomorphic images: FG1C?, /FG1A' = FG1 A2

zC%) =

— 926 —
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Isomorphisms: If s # 1 then IE‘GlC’g”t = IFGle’O. IFGlC’it has been mentioned

above.

D = D3 — GD® —
1
s 1 1
S 1
Dgi”)j = . . . . Dgi”)g = .
1 1
1+s

Homomorphic images: FG; D3 /FG,A! = FG, B?.
Isomorphisms: FG4 Dg’ = FG, Dg’

B = 7B = B =

B(3)j — . . . . BS’)Q — .

S Y

1+s
Homomorphic images: FG1 B3 /FG1 A 2 FG A3.
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Isomorphisms: FG1 B ;” = FG, BS’

The uniserial modules of length 4:

4 a4 _ 4
Ag,g,t = qu(gg,t = yAg",g,t =
r? r r 1’ . ’
r2+r s r r 1 r? 2 r
t s s
t
4) - 4) _
AT = e
r 1 1 r? r r
1+72 45 r+1 riar s
L+7? t
Homomorphic images: FGlA%S)’t/FGlAl = IE'G10£3T)2+T+S.
Isomorphisms: If r # 1, then IFGlA,(i)’t = FGlAg,lg,erths?/(rJrl)' IFGlAf;’t forms

its own isomorphism class.

FGi||(z~ 'y, 2%y = FG1 ALY o = FG1C{3 o0
FGh||(zy, 2%%)| = FG1A{) | = FG1CYY
Il = A5 FGill{z?y)|| = FG1AS ,

s,t,u,v S t,’LL,U
U t S 1 1
v t
_ (4
ycg,t),u,v =
S 1 1
s+1+u s+1+u-+t
s+1+u—+wv



(4)

s,t,u,v

&I

I

Q
=k
£
S
N

I

S S 1 S S 1
s+14+u-+t s+1 U t
s+1+4+u v

Note: Cﬁlt),O,v = AY’?’U

JFG1 A 2 FG A®) ~FG A, ..

Homomorphic images: FG1 oW s.1+uts2 it

s,t,u,v
Isomorphisms: For any A € F, IFGngi)u?u’v = FGle(?1,t+,\s,u,v+>\u+>\2s' If s =0,
this simplifies to FG1C'Y) , .., = FG1C{},, 2 FG1C) ., for all A € F.

FGi|[(z y, y?)[| = FG1CS.00,  FGil(ay,y?)| = FGiCSY 4

W _ D@ _ D@ _

s,t,u T z s,t,u T Y s, t,u —
s+t t 1 . . 1
U s+t t 1 1+s
U 14+t
4) - 4) _
DT = D).y =
1 1 . 1 1
1+s 1+¢ . s+t
1+t+4+u .

Homomorphic images: IFGlD(4) /FGlAl = FGleﬁt = FGlBSS).

s, t,u

~ G, DY

Isomorphisms: For all A € FF, FGlD(4) Abs.t A AEFA2 "

s,t,u

4 _ 4
FGi|(zy,«%)| = FG1D§Y,  FGi|[{zy~' 22| = FG DY} |
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1+s - : : : 1 1

S

Bglt)j = B(flt)?j =

1+s . . 1+s
t .
Homomorphic images: IFGlBgt)/FGlAl = IFGng?jr)s & FGlD(()?’).
Isomorphisms: for any A\ € F, FGlBSt) =~ FGlBSﬂA’H/\%\z = FGlB(()A,ls?—i—s?—i-t'
4 4
l@)l = BiY,  FGill@y?)| = FG1B{y

There are no uniserial modules of length 5.
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§2 Uniserial submodules of F(2 x 4).2

Group: (2x4).2=(z,y |zt =y* =1, y=y~?)
This is the partially ordered set of uniserial F(2 x 4).2 submodules:

4 4
AL, B}
AR B
AP B®

A

This is the homomorphism diagram for uniserial F(2 x 4).2 modules:

(4) (4)

Ar,5+>\,t—|—/\(1+r+)\) Bs,t
AEF

r+1,\ B§3)
AEF

AP B®

/

A
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A basis for F(2 x 4).2 is:

1
z (]
z? Ty y?
73 72§ e 73
iy 7272 77
7352 720
#3073
a
b c a
d e f b c
A=y h 1 7, TA=d e f
k [ m h 1 7
n P l m
q p
a
b b+c
gA = d b+e b+e+ f
g g+h b+e+1
g+k g+k—+1
g+k+n
a
b c c
Az =d e ct+e+ f
h e+h+1 ct+e+j
h+k+1 e+h+m
h+k+p
a
b c
Ay = d e f
g h 7
k [
n



The uniserial module of length 1:

A — AW = gAD = AWz = AWg =

|(224).2|| = AM)

The uniserial modules of length 2:

AP = zAP) = APz = gA® = APy =
1 r . .
r 1
Hzy2) = AD, oy, v € F(2 x 4).24
B2 — B® = B@z — B2 = B g =
1
1
1(y, 22)|| = B@

The uniserial modules of length 3:
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TAL = , gAY =

r+1 ¥+ 1 r

s 1

Ag"?sj - s Agﬂ?sg =
r 2+ 1 r+1
s+1
B = zBY) = Bz = yBSY = BMy
1
s 1
s
The uniserial modules of length 4:
4
Ag",s),t =
1 r r? 4+ r3 42’
1+r+s r2 4
t
a_:Af:ls)’t = gAff,ls),t =
r r24r r3 412 1 147 r24r
1+7r+s r24r 1 r+s
t
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s+1 r?
r+t

4 ~ 4
1(z)]| € F(2 x 4).245" s = F(2 x 4).2A45 , 3 [[(zy?)|
4 ~ 4 _
lzy)|| € F(2 x 4).241) , = F(2 x 4).24% | 5 |[(zy™1)]]

B = #BY = BYz =
1’ ’
S 1
t S
4 4
Il =BS, ey = B

There are no uniserial modules of length 5.
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§3 Uniserial submodules of FMod g

Group: Modjs = (x,y ‘ 22 =9 =1, Yo = 2°)

This is the partially ordered set of uniserial FMod;g submodules:

B v
7 (7
B((),z)L,v,w B&,u,v,w
B, B,
B
where d =0 or 1
4 4
5 5
B®
A1(«2) B(z)

A1)
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This is the homomorphism diagram for uniserial FMod; modules:

B®
U+, 0+ A2 w+Hr+A2 v+ A4
A\, veF
B B
Lau+1+X0v+A+A2,0 S,ut+1+XNv+A+A2,v
A\ VvEFRF A\ veFR
60e{0,1}
(6) (6)
Bt,u+)\,v+/\—|—/\2 B(5+1,u—|—)\,v+)\+)\2
A€F AeF
0€{0,1}
(5)
Bt+1,u
neF

4 4
By B

AP B®
A
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A basis for FModg is

1
z y
72 Ty
73 72§
7 737
75 745
76 755
77 705
Ty
a
b c a a
d e b c b
f g d e . d
A=h i, TA=f g, yA= b f
J k h i b b+e+h
[ m J k f b+e+j
n P [ m f fHi+l
q P f+i+n
a : a
b c b
d e d
Az =  c+f g , Ay = f
ct+e+h c+1 h
et+tg+y ct+e+k j
g+i+1 etg+m [
g+i+p n
The uniserial module of length 1:
A(l) — . . jA(l) — yA(l) — A(l)j — A(l)g — .
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The uniserial modules of length 2:

A = , TA = , gAY =
1 r
r
Ag)j — . . A£2)g — .
r 1
B® — . - zB®@ — . . yB® = .
1
1
B@z — . . B@y = .
1
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The uniserial modules of length 3:

S

B(3)j — .

s )

The uniserial modules of length 4:

B§4t) — ) :EBSLt) -
1
S
t S
4) _
Bg,t) = )
1
S
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The uniserial modules of length 5:

BO= 1, Bl -
t
U t
B{)z = :
’ 1
t+1
1
The uniserial modules of length 6:
1
Blgiz,v = ) jBéi}?,v =
t
U t
v U
BY) &= 1,
t+1
u—+1 1
1

The uniserial modules of length 7:
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Note: 6 =0 or 1.

Bg,?zz,v,w = 6 ) jBéB,v,w =
U )
v U
w v
1
Bg,?zz,v,wj = ’
0+1
u—+1 1
v 1
The uniserial modules of length &:
1
Bzgsgzwm:u ) sz(Lngwm: ’
7 v 7 U
w v
T w
1
1881); w,al = 1 )
sy Uy Wy w +1 1
v 1
w .

There are no uniserial modules of length 9.
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yBé,u,v,w

(M)

5,u,v,wy =

B®  z

u,v,w,xy =

B®)

UV, W,T

1+9
1+wu



§4 Uniserial submodules of FD4

Group: Dqg = (x,y ‘ a? =y? = (vy)® = 1)

This is the partially ordered set of uniserial FD;g submodules:

AL B
A B
Ag?i,o>—> Ag%,v Bg?&,v <—<B§,61)L,0

AQ) B
A <A} B{Y) B}
4B B
AP ——— 4 B®
\ /
A
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This is the homomorphism diagram for uniserial FD; modules:

(8) (8)
BA?M?”vm AA,IMV@
PWIRZS) A u,veR

(5) 5

AP BY)

A u€eER A peR
4 / 4 4 \ (4)
B B AL A

D —— -—<

AEF AEF AEF AEF

14§H Z?g”

AeF AEF

2 2
B® AR A
\ i
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For this group ring we use a basis which is not in Jennings’ form. The group
G = Dy, = (z,y ‘ z? =y? = (zy)" = 1) is the dihedral group of order 2n. We
writex =x—1 and y = y—1. Let n be a power of 2, and F a field of characteristic
2. Let a,, = Tyx - -- be an element of FD,,,, where & and y appear alternately in
the product, starting with z, and the total number of terms in this product is m.
Let b,, = yxy--- be defined in a like manner, where the product starts with .
We define ag = by = 1. It may be shown that
i) an = by = || D2yl
ii) ap = by, =0 when m >n
iii) a,, and b, are elements of Rad™ (F Dy,
iv) a,, and b, are not elements of Radm+1(IFD2n ifm<n
v) The set {ag, a;, b;, ap, ‘ 0 < i < n} forms a basis for FD,,, filtered with respect
to the powers of the radical, where the subscript indicates the appropriate
power of the radical.
We choose not to prove these statements here.

The following results may be quickly generalized to other dihedral 2-groups.
A basis for FDqg is

1
x Y
yr Ty
Tyx YTy
Yryxr YTy
yryryry
a
b c a . a
d e . c b
f g d . e
A=nh ) TA = g yA=f .
j k h . . i
l m k J .
n P [ . m
q p n
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N
Kl
I
S > 0 o 0

p
The Uniserial module of length 1:

1

The Uniserial modules of length 2:

A?) — . . 53147(?) _ .
1 T

B(Q) — . . a_jB(Z) —
1
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Nl

T

QA(Q) —

gB(Q) — .



The Uniserial modules of length 3:

AB®) = . . TA® = . . gA®) = .
1 .
s 1
s
B® = . . zBG®) = . . yB® = .
1
s

The Uniserial modules of length 4:

Ag‘? = . . jAgilt) = . . gAgilt) = .

Bgflt) = . . T nglt) = . . Y nglt) = .
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The Uniserial modules of length 5:

AP) =1 TA®) = .
S 1
. s
U
U
BP) = 1 zB%) =
s
U
The Uniserial modules of length 6:
1 . .
Ag61)L v S j”AgG% v "
u
v
v
1
B, = s =B, = 1
s
U
v U
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5

)

~

W~

g



The Uniserial modules of length 7:

. s 1 .
Ag,?&,w = ’ jAgz)L,w = S gAgz)L,w
u
u
w
w
1
S . . . .
B§71)Lw: ! ’ J_:Bg?th ’ ’ ng?z)Lw:
K u K K
w
The Uniserial modules of length 8:
1 .
s 1
Aggt)me: ’ U a_:Agsl)wa: ’ ’ gAgsz)wa: ’
w
xr
s
1 .
S 1
. . 8 . .
B.gs’l)L’LUZE: U : ngs’L)L’LUZL’: : : ngsgwx: ’
K K u K K
w
s w

There is no uniserial module of length 9.
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§5 Uniserial submodules of FSD4

Group: SDyg = (x,y } 28 =y? =1, Yo = 23)

This is the partially ordered set of uniserial FSD1g submodules:

B wa
B w A
B(G) 44 37— B§612, v AgG’l)L v HAgEi’L)L u

BS) AQ
B! B, Al———4Q
B§3) Ag3)
B(z) Ag) MA&Q)
A

— 50 —



This is the homomorphism diagram for uniserial F.S D¢ modules:

BE wa

s2+53+54+55+s2u+u+u2 +w+r=«

a€eF

(7 (7)
Ak,uw Bk,uw
A\ u,veR A\ p,velR

(6) (6) (6) (6)
B)x,u,)\3—|—)\4 Bs+)\,u,v+s/\2+s2>\+>\3+>\4 A)\ U+, v+p AA,u,,u
PUNEEEEESY <<
A\ peF A peF A\ peF A peF
(5) (5)
Ak,u Bk,u
A u€eF A ueF
(@) (@) () \ ()
B) \iaz By yaazas Ay Ayd
- > - <
AEF AEF AEF AEF

Ag\?)) Bg\?))
AEF AEF

AP AP B®
A




A basis for FSD;¢ is

1
z y
72 Ty
73 72§
7 737
75 745
76 755
77 705
Ty
a
b c a
d e b c
f g d e
A=h i, TA=f g,
J k h i
l m J k
n P l m
q p
: a
b b
b b+d+e
yA= d+f b+e+ f
. d+f+g+h+1
d+f+7 J
J d+f+g+i+j+1l+m
j+m-+n
The Uniserial modules of length 1:
AL — , 7AM — ’ gAM =
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The Uniserial modules of length 2:

T T

AR — . - FAR) — .

B(Q) — . - f‘B(Q) -
The Uniserial modules of length 3:

S S

AB) — . . FABG) — .

S
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Y

gA® = .

T

B® — .

S

gA(?’) — .



The Uniserial modules of length 4:

A= L el

The Uniserial modules of length 5:

AG =11, PAD), = -
S ’ 1
1
U
%)= 1, 2B -
S b
s2+s s
U . 52 4+ s
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_ (4 ‘
gAY = -

gA(E’)

S, U

1+s

1+s



The Uniserial modules of length 6:

1 . . .
AG =+ s, zAP =1 1, gA®) =1
that] 1 that] ) 8 that] .
u 1 1 .
v U sS+u
v U
B§613,v: jBLng)Lv: QBLng)Lv:
1 .
s ’ 1’ .
s?+s . S . . 1+s
u . s+s : s2+s s+ s
) U . s+ s 1+s2+s+u
32—|—s—|—v
The Uniserial modules of length 7:
1 1 . .
. S 1 1
AN =+ 1, AT, = s, gA() =1
7 U 7 1 7 . S
U U 1 .
w U S+ u
w U
Bg’gw: ng’gw: ?ng?z)Lw:
1 .
S . . 1 1
s+ s 2 s 2 s 1+ s
U s2+s 52
34-1—33 . U . s+ u U
w s4+s3 u s+u—|—s4—|—s3
u 4+ w
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The Uniserial modules of length 8:

1
S

s+ s : s
g?&,w,x = U T ng’gg’w@ = 82 + s

st + 3 . U
w . s + 53

x w

. S
B ua= o 24
. s2+u
2+ st 453 st 483

st 483 s?2 +st+ 83 +w
st+ s 4z

There is no uniserial module of length 9.
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66 Uniserial submodules of FQ1¢

Group: Qi = (z,y | 2% =1,2* = 3%, Yz =271)

This is the partially ordered set of uniserial F(Q)14 submodules:

Ai?z);,s2+s+u+1 Agi)‘ﬂ’ Bg?&,v HB§?11754+53+52+1

AD) <A, BE)

4 4 4
Ag,t) Bi,s)2+s+1: > Bg,t)
AS’) ng)
AP 4@ B2

A
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This is the homomorphism diagram for uniserial F(Q)14 modules:

(7) (7
Bk,uw Ak,uw
A\, u,vEFR A\, veR
6 6 6
A AL B B
> > - <
s+s2+utv=1 s+s2tutv=a s2+s3+sttu=a s2+s3+sttu=1
a€F aclF
(5) (5)
BA H Ak,u
A\ peR A\ u€eF

(4) 4
A3 A3
>
AeF A€F
3
B
AeF A€F
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A basis for FQ14 is

1
z y
72 Ty
73 72§
7 73
75 745
76 oy
77 765
Ty
a
b c a
d e b c
f g d e
A=nh i, TA=f g,
7 k h i
l m 7 k
n P [ m
q p
. a
b b
b b+d+e
JA= btct+d+f btetf
b+e b+d+e+f+g+h+i
b+d+e+g+j b+e+y

bte+ f+i+] b+d+e+g+j+l+m

bte+f+i+tj+m+n

The Uniserial modules of length 1:
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The Uniserial modules of length 2:

T T

AR — . - FAR) — .

B(Q) — . - f‘B(Q) -
The Uniserial modules of length 3:

S S

AB) — . . FABG) — .

S
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Y

gA® = .

T

B® — .

S

gA(?’) — .



The Uniserial modules of length 4:

AR = AN =, gAY = -
1 1 . .
S 1 1 1
t . s 1 1+s
t 1+s
B(jlt) = i) jBSt) = T QBSt) =
1 . . .
s 1
t S S
t
The Uniserial modules of length 5:
AP) =1 1, zAP) = - . gAD) =
s 1
1 . .
U 1 1 1
U
BS) = zB) = B =
1’ -’
S 1 1
s2+s5+1 s . s s
u . s2+s+1 . 1+s s2+1
. 1+s+u
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The Uniserial modules of length 6:

1 . .
Ag?z)L,v = S, jAg?z)L,v =1 1 ) gAg?z)L,v =1 1
1 S ]
U 1 1 .
v U 1+s 1+u
v 1+s+u
Bg?&,v == ng?g,v == ng?g,v ==
1 .
s . . 1’ .
s2+s+1 . s . . 1+s
U . s2+s+1 . s+ s s2+s+1
v : u : s?+s+1 s?+s+u
: : s+ s+1+v
The Uniserial modules of length 7:
1 1
. S
Agz)L w— 1 )
U
s2+s+1+u
w
1 1 . .
jAgz)L,w = S ) gAg?;,w =1 1
. 1 1 s+1
U S 1
s +s+1+u . s2+1+u
w s +s+1+u
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s . .
Bé?&,w = 82+S+1 ) jBéB,w = S
U . s2+s+1
1452 +s3+st . u
w . 1452+ s3+ st
1
yB{..= s 145
1 52
1+u 1+u
1+s+u u+ 82+ 83+ 54
l1+s+utw

There are no uniserial modules of length 8.
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x?), where Z is

§7 Uniserial submodules of FDgY4
Group: DsY4 = (x,y, 2 ‘ 2t =y =22 =1,2¢€ 7, (yz)?

the center of the group.
This is the partially ordered set of uniserial FDgY4 submodules:

(2) C2)

NP

This is the homomorphism diagram for uniserial FDgY4 modules
AB|BR| (e

|/
"

As there are no uniserial modules of a length greater than 2, all uniserial

A2

modules are mutually non-isomorphic.

A basis for FDgY4 is:

1
T 7 Z
z2 zy zz Uz
z3 2y 2%z Yz
3y 3z T2yz
8
a
b c d a .
e f g _ b c d .
A= ik I TA = f g B’
m n P J k [
q p
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> Q

yA =
1
. cC . b
ZA_f c ct+e+h
f f+i+1

The Uniserial module of length 1:

40 . . g

gA(l) — )

The Uniserial modules of length 2:

2

El

—~
~

7A

<
V)
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f+l+m

TAD =7

AW =

I

I
>
Il

T,8

ZAB) =

c+h+j



B®@ : : ) zB®@ —

r . . . . ’ T

1 r
ng) _ - . . . ZB?) _ -
T
o® _ . . ., 0@ _
1
ng(z) _ - . . ., So@
1

There are no uniserial modules of length 3.
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Chapter 3: Tensor decompositions of the Regular Representation

In this chapter we present several theorems related to tensor decompositions
of group rings, culminating in a description of tensor decompositions of the group
rings of particular groups of order 16. Throughout, F is a field of characteristic
p, where p is a prime. Unless otherwise noted, G is a p-group, and H and K are
subgroups of G. We define M and N to be left FG-modules, and we denote the
Loewy length of the module M by ¢¢(M).

The tensor product M ® N is the set of F-linear combinations of the elements
m ®p n, where m € M and n € N. The group G acts on M @ N by g- m ®n =
gm & gn, for any element g of G. Extending F-linearly gives M ® N a left FG-
module structure. To distinguish multiplication of m ®n by ¢ from multiplication
of m by g, we will write g - m ® n and gm respectively.

Two of the more important results of this section deal with the particular
situation where FG = M ® N, and U(FG) = ¢¢(M) + ¢¢/(N) — 1. Under these
circumstances, Theorem 1.6 states that the radical and socle series of M coincide,
as do those of N. In Theorem 1.7 we see that the quotient of consecutive powers
of the radical of FG may be written entirely in terms of M and N.

We note here that Theorems 1.5 through 1.7, and Corollary 1.8 have imme-
diate generalizations, without significantly changing the proofs. We may replace
the supposition that FG =2 M ® N with the supposition that M ® N is a module
for which the radical series and the socle series coincide. The conjecture after

Corollary 1.8 may likewise be broadened in a number of ways.
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§1 Tensor Decompositions

In the following two lemmas we do not require G to be a p-group.

Lemma 1.1. If g is an element of the group G, and m and n are elements of

left FG-modules, then
(g—1) - me@n=(g—1men+me(g—1)n+(g—1)mc (g — 1)n.

Proof. Care must be taken in noting the differences between the two defini-

tions of multiplication.

(g—1) m@n=g-mAIn—mRIn=gmegn—maen
=gmgn—meOen —gmOn+gmen
=gm@(g-—Dn+(g-—1)m@n-—me(g-1n+m®e (g—1)n
=(@g-1me(g-—1)n+(g—1)men+m®e (g—1)n

Lemma 1.2. The product of the augmentation ideal and M @ N, IG-M Q N,
is contained in IG M ® N + M ® IG N.

Proof. An element of M ® N is a linear combination of elements of the form
m®mn, where m and n are elements of some fixed bases for M and N, respectively.
A basis for the augmentation ideal IG is theset {g—1|1# g € G}, 80 IG-M &N
consists of linear combinations of elements of the form (¢ — 1) - m ® n. From the
previous lemma, (¢—1)-m®@n = (g—1)mn+me(g—1)n+(g—1)mx(g—1)n,
which is the sum of elements of IG M @ N, M ® IG N, and IG M ®IG N. Since
IG M ® IG N is contained in both IG M ® N and M ® IG N, the lemma is
proved. O

If we again require G to be a p-group, then the radical and the augmentation

ideal coincide. The following results are obtained.
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Lemma 1.3. If M and N are left FG-modules, then

k
1) Rad"(M @ N) C ) Rad'(M) ® Rad*~"(N)
1=0

k
2) Soc®(M ® N) D Z Soct (M) ® SocT1=H(N)

1=0

Proof. For statement 1), when k£ = 0 we have equality. Assume that statement
1) is true for all £ < K. Then

Rad® (M @ N) = IG - Rad® (M ® N)

K
C ) IG-Rad'(M)® Rad“~*(N)
=0

K
C > Rad"™™ (M) ®Rad"~*(N) + Rad’(M) @ Rad" ™' ~(N)
=0
K+1 . .
= Y Rad'(M) @ Rad"*' /().
1=0

As for statement 2), it is evidently true when k£ = 0. Assume that statement
2) is true for all k£ < K. With k = K, we work with the radical of any summand
of the right side.

Rad(Soc’ (M) ® Soc® ™' ~*(N)) = IG - Soc' (M) ® Soc" ' 7*(NV)
C IG Soc' (M) ® Soc™ 17! (N) + Soc' (M) ® IG'Soc 17 (N)
C Soc' ™} (M) @ Soc" (W) + Soc (M) @ Soc T (N)
C Soc®~H(M @ N).

Since the radical of Soc'(M) ® Soc® T ™¢(N) is contained in Soc® ' (M @ N), we
see that Soc’ (M) @ Soc 17 (N) is contained in Soc™ (M @ N). O

Lemma 1.4. The Loewy length of the tensor product of FG-modules M @ N
has an upper bound, ({(M @ N) < t{(M)+ ¢{(N) — 1.

Proof. The Loewy length of a module M is defined as the minimum power k

such that Rad®(M) = 0. Using the previous lemma, any element of Rad”(M®N)
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is a sum of elements in the modules Rad’(M) ® Rad* (V). To obtain a non-zero
element in the latter tensor product we must have i < ¢/(M) and k —1i < ¢{(N).
Thus 06(M ® N) — 1 < £0(M) — 1+ 4(N) — 1. 0

Theorem 1.5. Assume FG = M ® N. Then U/(FG) = ¢¢(M) + 0¢(N) — 1 if

and only if the inclusions of Lemma 1.3 become equalities.

Proof. Let A = UU(FG), p = ¢¢(M), and v = ¢/(N). By Lemma 1.4, A <
uw—+v—1. As G is a p-group, the radical and socle series of FG coincide. In other
words, Soc'(FG) = Rad**(FG). Using this, Lemma 1.3 implies

k
> " Soc (M) @ Soc* T (N) C Soc*(FG) = Rad*™*(FG)
=0

- (*)
C Y Rad"*7/(M) ® Rad’(N),

J=0

for any k between 0 and A\. As Rad”(M) = 0, and Rad”(N) = 0, we know that
Rad* "7 (M) ® Rad? (V) C Soc*TH=2 (M) @ Soc” ¥ (N). ()
First, we assume that A = g+ v — 1. Inclusion (**) becomes
Rad"*t"~'"*/(M) ® Rad’(N) C Soc/ ™"+ (M) @ Soc” ™ (N),

which, when combined with the inclusions (k) gives

k ptr—1—k
> Soc! (M) @ Soc* I (N) € > Rad"™ ' FI (M) @ Rad! (V)
i=0 j=0
pu+rv—1—k

- Z Soc/ TR =Y (M) @ Soc” T (N).
j=0
Replacing j with ¢ + v — k — 1, the last module becomes
Z Soc’ (M) ® Soc" 1 H(N).
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We know that Soc®(M) = 0if k < 0, and Soc®(M) = M if k > ¢¢(M), for any

module M. Thus we have
Z Soc' (M) ® Soc" ™ H(N) = Z Soc' (M) ® SocF T (N),

which implies that the inclusions of (x) are equalities.
Now we assume that the set inclusions of (x) are equalities. With £ = 0 we

obtain

0 = Rad*(FG) ZRadA I(M) ® Rad’(N).

Butif A\—j <pu—1and j <v—1, the summation on the right can not be zero.
Thus p—14+v—1<X—1. But we know from Lemma 1.4 that A < yu+ v —1, so

we must have equality. O

Remark: We see from the proof of Theorem 1.5 that equality in condition 1)
of Lemma 1.3, when k& = X by itself is enough to imply that ¢/(FG) = ¢¢(M) +
¢¢(N) — 1, which in turn implies equality in conditions 1) and 2) of Lemma 1.3.
Thus, if FG 2 M ® N, and 0 = Rad*(M ® N) = 3.7_; Rad* /(M) ® Rad’(N),
where A = (M ® N), then ¢{(FG) = ¢4(M) + ¢¢(N) — 1, and equality holds in

the inclusions of Lemma 1.3.

Theorem 1.6. IfFG = M ® N, and /(FG) = ¢¢(M) + ¢¢(N) — 1, then the

socle series and radical series of M coincide, as do those of N.

Proof. We are given that FG =2 M ® N. Let p = ¢{(M), v = ¢{(N), and
A=UFG)=p+v—1. By Theorem 1.5 we have

Soc' (M) ® Soc'(N) = Soc' (M ® N)
—Rad* ' (M @ N) = ZRadA 179 (M) ® Rad’ (N).

As Rad”(N) = 0, any summand with j > v is zero. Also, as Rad”(M) = 0, the

non-zero terms in the sum occur when y—1> A —1—j = pu+ v — 2 — 7, which
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gives j > v — 1. Thus the only non-zero term in this sum occurs when j = v — 1,

and we have
Soc' (M) @ Soc' (N) = Rad*™* (M) @ Rad”~*(N).

We must have Soc' (M) = Rad*~ (M) and Soc'(N) = Rad” ().
Assume that Soc®(M) = Rad" "(M) and Soc®(N) = Rad” *(N), for all
k < K. We know that

ptr—1-K
SOCK(M) ®SOC1(N) C Z Radu—l-l/—l—K—j(M) ®Radj(N).
=0

Each summand with j > v is zero. The summand with j = v — 1 is
Rad” (M) @ Rad” "' (N) C Soc™ (M) @ Soc! (). (1)
The summands with values of j less than v — 1 are contained in the module
Rad" 5T (M) @ Rad®(N) = Soc® ~1 (M) ® N.

Given m ®@ n € Soc™ (M) ® Soc*(N), we may write m ® n = a + b, where
a € Rad" % (M)®Soc' (N), and b € Soc® ~H(M)®N. Asa € Soc™ (M)®Soc! (N),
b=m ®n — a must also be an element of Soc’ (M) ® Soc! (V). Thus, as these
are tensor products of vector spaces,
b€ (Soc™H(M)® N)N (Soc™ (M) @ Soc' (N)) = Soc™ "1 (M) ® Soc' (N)
= Rad"™' ¥ (M) ® Rad” ' (N) C Rad"~ ¥ (M) ® Rad” ' (N).
Thus m®n € Rad*~ ¥ (M)®Soc! (N), for all elements m®n of Soc™ (M)®@Soc! (N),

and the inclusion of (}) is reversed, so
Soc® (M) ® Soc* (N) = Rad" ™ (M) ® Rad” *(IN).

From this we deduce that Soc® (M) = Rad" * (M). By a symmetric argument,
Soc (N) = Rad* ®(N) for all K. O
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Theorem 1.7. IfFG = M ® N and UU(FG) = t¢(M) + ¢{(N) — 1, then

Rad®(FG)/Rad"" ! (FG) =
k
(Rad"(M)/Rad""'(M)) ® (Rad**(N)/Rad* "' (N)).
i=0
Proof. We start by creating a homomorphism between the modules. We
represent elements of Rad’(M) and Rad”~*(IV) by m; and ny_; respectively. Let
¢ be the map from the direct sum on the right to Rad*(M @ N)/ Rad*™ (M @ N)

defined on each term of each summand by
) ((mi +Rad™ (M) ® (ng—; + Radk—i“(N))) =m; ®ng_; +Rad* (M @ N).

We extended ¢ F-linearly to the entire sum. This map is clearly a well defined
FG-homomorphism. Every element of Rad® (M ® N) is the sum of elements of the
form m; ® ny_; by Theorem 1.5, so ¢ is surjective.

We know that the dimensions of the quotients Rad”(FG)/Rad"* " (FG) must
add up to dim(FG) = |G|. Let r; = dim (Radi(M)/RadiH(M)), and let s; =
dim (Rad’(N)/Rad’*!(N)). Let L = ¢/(FG), p = ¢4(M), and v = L{(N). We

have

< (Rad’(M)/Rad""" (M ))®(Rad’f—i(N)/Rad’f—i“(N))):

k
Z riSk—i) ZZTzsl—dlm M) dim(N) = |G].
=0 i=

1=0 5=0

The homomorphism ¢ is a surjection of one module to another where both modules

have the same dimension. This implies that ¢ is an isomorphism. O

For an FG-module M, the Poincaré polynomial associated to the filtration of

M by its radical powers is defined as the polynomial

Py(t) = f: t* dim(Rad"(M)/ Rad"™* (M).

i=0
We note that if Py/(t) is a polynomial of degree k, then there is no power of
t less than k for which the coefficient is 0. In terms of Poincaré polynomials,

Theorem 1.7 may be restated as,
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Corollary 1.8. IfFG =2 M ® N and WU(FG) = ¢((M) + ¢¢(N) — 1, then
Pre(t) = Py(t)Pn(t).

Conjecture. IfFG = M ® N, then l{(FG) = 0¢(M) + ¢4(N) — 1.
This conjecture holds true for all cases where |G| < 16.

Lemma 1.9. Let M and N be left FG-modules. The following statements
are equivalent:
1) M® N =2FG
2) dim(M ® N) = |G| and M ® N may be generated by a single element,
3) dim(M ® N) = |G| and ||G||- M @ N # 0,
4) dim(M @ N) = |G| and t¢(M @ N) = U/(FG).

Proof. We start by showing that 2), 3) and 4) follow immediately from 1).
Assume that M ® N = FG. The dimension of FG is |G|, and as M @ N = FG,
dim(M ® N) = |G|. Let ¢ be an isomorphism, ¢ : FG — M ® N. Since 1
generates FG as a left FG-module, the element ¢(1) also generates M ® N as a
left FG-module. The product ||G|| -1 = ||G|| # 0, so likewise |G| - ¢(1) # 0.
Isomorphic modules have the same Loewy length.

Assume that dim(M ® N) = |G|, and that there is an element a which gen-
erates M ® N. Let ¢ be the left FG-module homomorphism ¢ : FG — M ® N
given by ¢(z) = z-a. As ¢(FG) = M ® N, and dim(M ® N) = dim(FG), the
homomorphism must be an isomorphism. Thus condition 2) implies condition 1).

Assume that dim(M ® N) = |G|, and that ||G||- M ® N # 0. This implies that
there must exist an element m®n of M @ N for which |G||-m®n # 0. Let ¢ be the
left FG-module homomorphism ¢ : FG — M ® N given by ¢(z) = z-m®n. Then
o(|G]) = |G| -m ®n # 0. Since G is a p-group, the socle of FG is generated by
the element ||G||. The kernel of ¢ must be 0, as any larger kernel would intersect
the socle non-trivially. As the dimensions of FG and M ® N are the same, the
homomorphism ¢ must be an isomorphism. Thus condition 3) implies condition
1).
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Assume that dim(M ® N) = |G|, and that ¢/(M ® N) = ((FG). Let 1
(M ®N). We have Rad'(FG)-M®N = 0, but Rad'"" ' (FG)- M ®N +# 0. Since G
is a p-group, the radical and socle series coincide, and Rad'™!(FG) = Soc(FG)
F||G||. Thus condition 4) implies condition 3). O

Note: Conditions 1) and 2) are equivalent even if G is not a p-group.
We now observe certain characteristics of possible factors in a tensor decom-

position.
Lemma 1.10. IfFG = M ® N then both M and N are cyclic modules.

Proof. We assume that FG =2 M ® N. By Lemma 1.9, there must be an
element m ® n which generates M ® N. Since the dimensions of FG and M ® N
is |G|, the set {g-m®n =gm®gn | g € G} forms a basis for M ® N. This set is
contained in the set {gm @ hn | g,h € G}. The modules spanned by {gm|g € G}
and {hn|h € G} form submodules of M and N, respectively. The dimensions of

modules are related by the inequalities,

dim(FG) = |G| = [{gm @ gn | g € G}

dim(Span({gm ® hn | g,h € G}))

dim(Span({gml|g € G})) dim(Span({hn|h € G}))
im(M)dim(N) = dim(M @ N) = dim(FG).

IN

<d

We must have equality throughout, and M and N must be generated by m and n

respectively. O

We recall the following notation from the introduction.

For a p-group G, Jennings [J, Al 1, Sc| describes a decreasing series of sub-
groups, ki(G) = {g € Glg = 1 modulo Rad’(FG)}, which we refer to as the
Jennings series of G. This series of subgroups has the following properties:

1) [rxs ku] S B,
2) gP € K4y for all g € Ky,
3) kx/Ka2y is elementary abelian.
For each i > 1 choose elements z; s of G such that the set {x; sx;41 | 1 <

s < d;} forms a basis for k;/k;y1. Let T; s = ;s —1 € FG. There are |G|
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2,8 )

and 0 < «a; s < p— 1. The weight of such a product is defined to be > i s.
Jennings’ theorem states that the set of products of weight w lie in Rad" (FG),

and form a basis modulo Rad“**(G).

Alperin comments [Al 1] that the order of the factors is irrelevant. After

products of the form [[T where the factors are listed in lexicographic order,

choosing a particular order for these factors, let {3;+} be the set of such products
with weight i. For a product 3;; = HE?S Alperin defines a complementary
element, B, = Hfg’;l_a“, We further define a coefficient ¢; ¢+ = [] (’;_1) The
element By_11 = Hffgl = ||G|| is the generator of the socle of FG, and has
weight A — 1 = {(FG) — 1. The sum of the weights of 3; ; and 37, is A — 1.

The following result will be used in section 3 when we determine the tensor

decomposition of FG by uniserial modules.

Lemma 1.11.  With the notation just defined, if M and N are left FG-
modules, m € Soct(M), n € Soc”(N), and p+v —1 =X\ =UU(FG), then

|G- m&n= Z Cu—1,tBu—1,6m @ ﬂﬁ_l’tn.
t

Proof. We use the fact that ||G|| = Hff’gl, where we have specified the order
of multiplication. We start by multiplying m ® n by the last term in the product.
Wehave T; s m@n = (2,5 — 1) mOn =T, ;mOnN+mT; sn+ T; sm & T; sn.
Since T; , € Rad’(FG), we have T; sm € Soc*~*(M) and Z; ;n € Soc” *(N).

We proceed by multiplying by EZ 21. At each stage, we have a sum of elements
which is multiplied on the left by Z; ;. Each element gives a sum of three further
elements, where ; ; is applied on the left tensor factor, the right factor, or both

factors. Thus
ot men=s+ 3 (" e mes
§=0

where S7 is the sum of all elements for which the multiplication was applied to
both tensor factors at least once.

We continue this process for the entire product, and obtain

IG|-m@n=S8+>"c,Byume B n,

vt
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where S is the sum of all elements for which at least on of the factors of |G| was
applied to both tensor factors at the same stage.

Now m is an element of Soc*(M). Thus if m is multiplied by an element
of Rad”(FG), the result is zero. Likewise, if n is multiplied by an element of
Rad”(FG), the result is zero. The weights of 3,; and 37, are v and A — v — 1,
respectively. The sum of these weights is A\ —1 =y — 14 v — 1. The weight of an
element is the minimum power of the radical in which it lies. Thus S must be zero,

as well as all other summands except for the terms ¢, _18,-1,m ® ﬁﬁ_l’tn. O

Lemma 1.12. If m and n are elements of FG, and Rad(FGn) C Rad?(FGm)
then Rad(FGm) = Rad(FG(m + n)).

Proof. Given g € G, we know that gn = (¢ — 1)n is an element of Rad(FGn).
Let a; = —g. As gn € Rad®(FGm), there is an element ay € Rad?(FG) such that
asm = —ain = gn. We find elements a; € Radi(FG) such that a; 1m = —a;n.
We set a; = 0 for all i > p = ¢¢(FGm). We find that

m

—1
Zai(m—i—n) = zu:am — HZ:am =a,n —an =gn,
i=2 i=2 i=1

which is an element of Rad?(FG(m + n)). Thus Rad' (FGn) C Rad*(FG(m + n)).
The submodule Rad (FG(m+n)) is generated by elements of the form (g—1)(m+
n) = g(m+n) = gm+gn. But gn € Rad*(FG(m +n), so the radical is generated
by all elements of the form gm. This is also the radical of FGm. O

If we have one tensor decomposition of FG, we now show a way to find other

tensor decompositions.

Lemma 1.13. If m and m, are elements of FG, Rad(FGm;) C Rad*(FGm),
FG =2 FGm®N, and tL{(FGm)+l(N)—1 = UU(FG) then FG = FG(m+m1)®@N.

Proof. By Lemma 1.10 we see that there is an element n that generates N.
Lemma 1.9 implies that there is an element m’ @ n’ such that ||G|jm’ @n’ # 0. As
m and n generate FGm and N, we may assume that m’ = m+rm and n’ = n+sn,

where r and s are elements of Rad(FG), as non-zero scalar multiples are irrelevant.
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Let = U(FGm), and v = £L(N). We must have m and m’ in Soc”(FGm) and n
and n’ in Soc”(N). By Lemma 1.11 we see that

|G]|-m&@n= Z Cu—1,tPu—1,m ® ﬂﬁ_l’tn.
t

Replacing m and n by m’ and n’ respectively, we see that §,_1+(m + rm) =
Bu—1,4m, and Bj;_q (n + sn) = B;_4 ;n, as rm and sn are not in a high enough
power of the socle to survive. Thus we may assume that m’ = m, and n’ = n.
Any choice of generators for the two modules would suffice.

We now substitute m + my for m. We have §,_1+(m + m1) = B,—1,m +
Bu_1.4mi. But m; € Soc" ! (FG), so this term is just B, 1 ,m. We have ||G] -
(m+my)®@n = ||G||-m®n # 0. By Lemma 1.12, we have Rad(FGm) =
Rad(FG(m+my)). Since these modules are both cyclic, and have the same radical,

they must both have the same dimension. Again, using Lemma 1.9, we see that
FG =FG(m +m1)® N. O

We next present a result relating the radical series to the commutativity
within FG. This result will be useful to us in specific calculations involving the
action of generators of Rad(FG) on modules.

For the following lemma, G need not be a p-group.

Lemma 1.14. If G is a group, H is a subgroup of index p, and g is an element
of G not in H, then |G| = (g — 1)P~1||H|| in a field of characteristic p.

Proof. As g is outside of H, the cosets of H in G are {g'H } 0 <i<p}. The
element (g —1)? = g? — 1 in F,,G, so (g — 1)P~! is the sum of all powers less than

p of g. Thus (g — 1)P~1||H|| is the sum of all elements of all cosets of || H|| in G. O

Corollary 1.15. For the p-group G with Jennings series G = k1 D kg 2 ...,

and the set {z; s } 1 <i<mn,1<s<d;} as described above, we may write

d;
_p—1
il = TT 205 sigall,
s=1
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and ||k;4+1]| is in the center of Fk;.

Proof. The group k;/ki+1 is an elementary abelian group with generators
{z; sKit1 ‘ 1 < s <d;}. We may thus use the lemma iteratively to obtain the first

result. Also, we know that x;41 is normal in k;, so

Tis||kiv1ll = [|[zsshivrll = [|[Kiv12is] = [[Kiga||zs-

Corollary 1.16. The center of FG contains Soc*(FG).

Proof. From the previous corollary we have ||k2|| is contained in the center of

FG. As ko is the Frattini subgroup of GG, we know that
ghllka|l = hg g7 1h™1gh| k2| = hgl|r2]|,

since the Frattini subgroup contains the commutator subgroup. By induction, we

find that ||s;|| = []z;5°, where the product is taken over all i and s, and ;s = 0

1,8 )
—Q.s

when ¢ < [, and p — 1 when ¢ > [. Thus ||x2| =[] Z;

1,8

where oy = 0 for all s,
and o; s =p—1forall i > 2 and all s.

A basis for Soc?(FG) is the set of elements {8;; | j > U(FG) — 2}. Let
Bt = Hi;?s be an element of weight j = ¢¢/(FG) — 2. In order to have weight
J, we need oy s = p — 1 except for one exponent, oy = p — 2, for some t. We see

that ||| is a factor of 3;;, and we may rewrite
_p—1-3,
Bie = T#0" sl
S

where 05 ; = 1 when s = ¢, and 0 otherwise. We know that a full set of generators
for Gis {xs = Ts+1}. Aselements commute modulo ||k2||, we see that g5, + = 5,19
for all g in G, and since the 3;; form a basis for SOCQ(FG), this establishes the

result. O
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For each maximal subgroup H of GG, choose an element gy of G that is not
in H. Let Sy = Zf;ol igt;||H||. We recall that [, is the field of p elements.

Theorem 1.17. The complete list of elements of Soc*(F,G) is
{fIG] } feFYU{fg'ySu } H is maximal in G,0# f € F,0 <i < p}.

Proof. First we show that the elements in question are indeed elements of
Soc?(F,G). We know that Soc(F,G) is spanned by ||G||. Thus the first set of
elements is contained in Soc(F,G). Let H be a maximal subgroup of G. As G is a
p-group, every maximal subgroup of GG is normal with index p. Thus any element
of G may be written in the form gﬁh for some element h € H, and some j between
0 and p— 1. As G/H = C,, we have gl,hg';||H| = g5 | H||, and

p—1
ghhSu =Y igy || H]|
=0

p—1 p—1

=Y G+ Dgn’ 1HI =3 i’ | HIl
i=0 i=0

= Su —jlG|.

Thus (g}‘{h —1)Su = —j||G|| € Soc(F,G). As Rad(F,G) is generated by elements
of the form g — 1, we see that Sy € Soc? (F,G), for every maximal subgroup H of
G. As Soc2(IFpG) is an ideal, we also have fg% Sy € SOCQ(FPG), for all f € Fp,
and 0 < i < p.

We show that no element is listed more than once in the statement of the
theorem. Clearly the elements of the first set are distinct, and different from all
elements of the second set. Assume that the element f19% Sy = fo g%S x for some
elements fi; and fo of F),, and some maximal subgroups H and K. In f1g%SH,
every element of a coset gH has the same coefficient. Thus the subgroup H may
be determined. This indicates that H = K. Only one of the cosets of H has
coefficient 0 in f1g%Sy. This coset must be g%, as ||H|| is the coset in Sy with
coefficient 0. This forces ¢ and j to be equal. The two expressions of the same
element both are the same multiple of the element g% Sy, so fi = fo. Thus the

elements of the second set are distinctly listed.
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We then count the number of elements of Soc*(F,G), and find it to be the
same as the number of elements listed in the statement of the theorem. We know
that the Frattini subgroup of G is k2(G). The elementary abelian group G/ks is
isomorphic to a vector space of dimension d;. The maximal subgroups of G are
generated by maximal subspaces of G/k2. The number of maximal subspaces of
a vector space is equal to the number of projective lines in that subspace. The
number of projective lines in G/ky is (p®* — 1)/(p — 1). Thus, the number of
non-zero elements of the form fg& Sy is (p — Vp(p™ —1)/(p — 1) = ph+L —p.
The number of elements of Soc(F,G) is p. Thus, the number of elements listed is
phtl,

The vector space Soc?(F,G) has a basis {z$,]1<s<d}U{|G|}. This
gives dim(Soc*(F,G)) = di + 1, and the number of elements in Soc*(F,G) is
phtl, 0

The particular case where p = 2 has a simpler form.
Corollary 1.18. If G is a 2-group then the elements of Soc?(FyG) consists of

the elements
{0, IGI} U{IH|l, | H||° | H is maximal in G},

where ||H||¢ refers to the complement of ||H||, i.e. |G| — || H]|.
Proof. The field Fy has only 2 elements, 1 and 0. Given a maximal subgroup
H of G, let g be an element of G not in H. We see that Sy = g||H||, and

9SS = ||H||. In the statement of the theorem, we see that f and i may only be 0

or 1, and the result follows. O
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§2 Permutation Module Decompositions

In this section, we look at decompositions of FG into the tensor product
M ® N, where both M and N are permutation modules. By restricting our atten-
tion to permutation modules, we are able to obtain cleaner results than appear to
hold for general tensor decompositions. A permutation module for FG is a module

which has a basis permuted by G. The first lemma is well known.

Lemma 2.1. Let M be a left FG permutation module with G acting transi-
tively on the basis B of M. If H = Stabg(b), for some basis element b € B, then
M =2 FG||H| 2 F|G/H].

Proof. Let T be a left transversal for the subgroup H in G. Let 1 represent
the coset 1H. The basis B for M is the G orbit of b, i.e., B={gb| g € G} = {tb |
t € T}. Likewise, a basis for FG||H|| is {t|H|| = |[tH| | t € T}, and a basis for
F|G/H] is {tH |t € T}. Make the relation between basis elements,

th — t|H|| < tH.

This identification preserves the action of G, and the isomorphism is found by

extending linearly to the entirety of the modules. O

Theorem 2.2. Let H and K be subgroups of G and let M and N be the left
FG-modules generated by || H|| and || K||, respectively. Then FG = M ® N if and
only if G=HK and HN K = 1.

Proof. We give a proof in the case where GG is a p-group and F has charac-
teristic p. If HK # G then either HN K # 1, or |H||K| < |G|. If |H||K| < |G|,
then the dimension of FG| H|| ® FG| K| is |H||K]|, and is less than |G|, which is
the dimension of FG.
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Let @ = HN K. The element |H|| ® || K|| is a generator of FG|| H|| @ FG| K.
We have,
QI I1H]| @ K] =) qllH|l © gl K]|

q€Q

=) [|H||®|IK]|
qeQ

= QI H[| & [ K|

If @Q # 1, then this product is equal to 0, as p divides the order of (). However,
Q|1 = ||Q] # 0 in FG. If an element of FG other than zero annihilates a
generator of a module, then that module must not be isomorphic to the regular
representation.

Bases for M and N are {||kH]|| : k € K} and {||hK]||} : h € H}, respectively.
(Each basis element is the sum of elements of a particular coset of the group.) A

basis for M ® N is then

{|[kH|| ® |hK]|| : k € K,h € H}.

The group G permutes these basis elements. The total number of basis elements
is |G|. The stabilizer of the element ||H|| ® ||K| must be in both H and K, so
Stabg(||H|| @ ||K||) = 1. This shows that the size of the orbit of ||H|| ® || K]|| is
|G|, so the orbit must be the entire basis. The basis is permuted regularly by G,
so M @ N =FG. O

Corollary 2.3. Let [F be a field of characteristic p. Let G be a group, which is
not necessarily a p-group. Let H and K be subgroups of G with trivial intersection.
Let M and N be the FG-modules generated by ||H|| and || K||, respectively. Then
FG= M ® N if and only if G = HK.

Proof. The only part of the proof of the theorem which uses the fact that G
is a p-group involves the order of the intersection of H and K. If we insist that

this intersection is trivial, the rest of the proof holds. O

— 83 —



We comment that an analogous, but more complicated statement may be
made concerning decompositions of FG as a tensor product of three or more per-
mutation modules.

Let H and K be subgroups of the group G. Then K is a complement of H if
HK =G,and HNK = 1.

If a is an automorphism of the group G, and K is a complement to H, it is a
simple matter to show that a(K) is also a complement of a(H) in G. It is useful to

know that if v is an inner automorphism, then H also has the complement a(K).

Lemma 2.4. Let H and K be subgroups in G. If K is a complement of H,

and g is any element of G, then 9K is also a complement of H.
Proof. We may write g = hk for some elements h of H and k of K. Now

H 9K = HhkKk~'h™' = HKh™! = Gh~! = G. Since |H N 9IK||H IK| =
|H|| 9K| = |G|, we have |[H N 9K| = 1. O
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§3 Tensor Decompositions of FG, where |G| = 16

In this paper we have been paying particular attention to the groups of order
16 which may not be non-trivially written as the direct product of two subgroups.
The calculations we are about to perform depend heavily on an examination of
the subgroup lattices of these groups, which we take to be readily available for
inspection either from [H&S| or by calculations with the program [Sc|]. We also
rely on the lists of uniserial modules for each group ring, which were obtained in
Chapter 2.

For each group G of order 16, we consider non-trivial tensor decompositions
FG =2 M ®N. If FG =2 M ® N, then dim(M)dim(N) = 16 and ¢ (FG) <
(M) + 0l(N)—1 by Lemma 1.4. By symmetry of the tensor decomposition, we
need only consider cases where dim(M) < dim(NV), so we must have dim(M) = 2
and dim(N) = 8 or dim(M) = dim(N) = 4. By Lemma 1.10 we need only consider
cyclic modules M and N. If M is cyclic and dim(M) = 2, then M is uniserial,
and 00(M) = 2.

We first consider tensor decompositions in which both factors are permutation
modules. If such a decomposition exists, Theorem 2.2 tells us that there must be
a pair of complementary subgroups H and K in G for which M is generated by
|H|| and N is generated by || K||. By symmetry of the tensor product, we may
take H to be the larger of the two subgroups. The dimension of the module is
equal to the index of the subgroup in the group, so |H| = 8 and |K| = 2, or
|H| = |K| = 4. With these choices, G = HK only when H N K = 1, so we need
only consider pairs which have trivial intersections. By Lemma 2.4 we need only
consider representatives of conjugacy classes for both H and K.

For each group the full subgroup lattice is given. The larger subgroups are
listed above the smaller subgroups. Each subgroup of a given order is listed at
the same level. A solid line between two subgroups indicates that the smaller
subgroup is contained in the larger subgroup, and there is no intermediate sub-
group. The diagram also indicates the orbits of subgroups under the actions of the
automorphisms of the group. A triple dotted line between two entries indicates
that the two subgroups are conjugates. A single dotted line between the listings

of two subgroups indicates that there is an outer automorphism of GG that maps
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one subgroup to the other. If there is an automorphism that maps one subgroup
to another subgroup, then there is a path of dotted lines connecting the listings
of the two subgroups.

We start with the groups G of order 16 for which FG has Loewy length 7.
These are the groups G and (2 x 4).2. In both cases, the Poincaré polynomial
associated to FG is Prg(t) = 1 + 2t + 3t + 4¢3 + 3t* + 2t° + 5. Assume FG =
M@N. fdim(M)=2then 7<24+WUN)—1<1+6=7,as lU(N) < UFG).
Thus ¢¢(N) = 6 and dim(/N) = 8. The Poincaré polynomials for M and N are
Puy(t) = 1+t and Py (t) = 1+t +2t2 +2t3 4+t 445, If dim(M) = dim(N) = 4 then
T<UM)+0(N)—1<4+4—1 =7, forcing equality, and both M and N must be
uniserial. Their corresponding Poincaré polynomials are both P(t) = 1+t +t2+¢3.

Given M and N, we wish to determine if FG =2 M ® N. We use Lemma 1.9
to determine this. We only consider cases where dim(M) dim(N) = 16, and either
(M) =2and l{(N)=6or ¢{(M)=V{(N)=4. If we can show that the product
|G|l - M & N # 0, then we know that FG =2 M ® N. Let m and n be generators
of M and N respectively. By Lemma 1.11 of Chapter 1, the choice of generators
does not matter. The product ||G|| - m ® n is non-zero if and only if the product
|G|l - M ® N is non-zero. We use Lemma 1.11 to find ||G]| - m ® n.

In both groups that we are considering, we have chosen bases for FG consisting
of elements of the form (;1;;, = Z'y’, where 0 < i,j < 3. The complementary
element is 35, ; , = Z°'§° 7.

If dim(M) = 2 and dim(N) = 8, we have p = 2 and

Note that the characteristic of I is 2, so ¢;y;,; = 1.

|G][-m®n= Z Cu—1,tBu—1,4m @ By, 40
t
= Zm ® 22530 + gm ® 235°n.

If dim(M) = dim(N) = 4, we have y = 4 and

|G|l -m®n =2*m @ §°n + Z2ym @ T7°n + T7°m @ T2gn + 7°m @ T°n.

We now focus our attention on the group

Gl = <x,y|$4=y4= (xy)2:17{$27y2} CZ>7
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where Z is the center of the group. We first consider the decomposition of this
group into the non-trivial product of subgroups H and K whose intersection is 1.

We present the diagram for the full subgroup lattice of G:

Theorem 3.1. The group ring FG; is decomposable into the tensor product
of permutation modules, FG||H|| ® FG| K ||. Up to interchanging H and K, these
are the only such pairs of subgroups.

a) The subgroup H is either <x, y2> or <932, y> and K is any one of the non-central

subgroups of order 2;

b) The subgroup H is either (z) or (xy*) and K is one of the four subgroups

(zy, 2*y?), (™ y, 2%y°), (zy,y7), or (z 7'y, y%);

b') The subgroup H is either (y) or <:L'2y> and K is one of the four subgroups

(zy, z%y?), (x7 'y, 2%y?), (zy, 2?), or (zy~!, 2?);

c¢) The subgroup H is either (z) or (zy®) and K is either (y) or (z%y).

Note that the complementary pairs of b’) may be obtained by applying the
automorphism that exchanges x and y to the complementary pairs of b).

Proof. By observing the diagram, we determine all complementary pairs of
subgroups in GG;. By Theorem 2.2 we see that these subgroup pairs correspond

with all possible tensor decompositions of FG; by permutation modules. O
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We now list, up to isomorphism, all permutation modules of FG1, identifying
those that are uniserial on our list of all uniserial modules. To every subgroup H of
G1, there is a module FG1||H||. We list the subgroups in the order of decreasing
size, with conjugate subgroups listed together. For each subgroup H, we list a
generator of FG||H]||, as described in Chapter 2, section 1. The generators of the
form E'®

r.o.tuw are described after the listing.

(x,y) = Gy corresponds to A1),

<:z:2, Y2, :z:y> =~ C3 corresponds to A§2).
<y, a:2> = (5 x C4 corresponds to AéQ).

<33,y2> ~ 4y x C4 corresponds to B(2).

<93y, J:2y2> = (C% corresponds to Aﬁ‘f{l = C’&)’O’I.

(z7 'y, 2?y?) = C3 corresponds to AY’%’O = Cﬁ%,o,o-

C2 = <;(;y, 332> and <a:y_1,a:2> correspond to D(()A,%,o and DY’%’I.
4 4
,1),0,1 and C((J,g,O,O‘

C2 = <:cy,y2> and <x_1y,y2> correspond to C’(()

<932, y2> =~ (2 corresponds to Z2g?, which is not a uniserial module generator.

e Cy = (z) and (xy?) correspond to Bﬁlg and B(()flg.

e C; = (y) and (2%y) correspond to Ag‘f&o and Agg’o.

o (5 = (zy) and (z~'y~') correspond to E§763707070 and E((),61),0,0,0~
o (H = <xy_1> and <:z:_1y> correspond to E§’61)’07070 and E(()?(g,O,O,O'

<932> =~ (5 corresponds to Z2, which is not a uniserial module generator.

<y2> =~ (y corresponds to 2, which is not a uniserial module generator.

<332y2> =~ (5 corresponds to z2+¢2, which is not a uniserial module generator.

(1) generates all of FG.

We now find all modules M and N such that FG; =2 M@ N. We start with the
case where dim(M) = 2 and dim(NN) = 8. We need to find all cyclic submodules
N of FG; with Poincaré polynomial Py = 1+t 4 2t 4+ 2t3 + t* + 5. We use an
algorithm similar to that described in Chapter 1, Section 2. We sketch the use of
the algorithm, although the actual calculations are performed by computer, and

are not shown here. We use the basis from Chapter 2, Section 1 for FG,. We start
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with an arbitrary element of Soc®(FG1),

b c
d e f
E(G):g h i J-
k l m
n p
q

Let N = FG,E®). We need E©® ¢ Soc®(FG,). This implies that b and ¢ can
not both be zero. Consider the map from Rad(N) to Rad(N)/Rad?(N), where
we list the elements in terms of the images of the basis elements z2, zy, and 7>
of FG4. Using the multiplications that are given in Chapter 2, Section 1, we find
that the images of ZE(®) and §E©) are (b, ¢,0) and (b, b, b+ c) respectively. Since
we need dim(Rad(N)/Rad?(N)) = 1, we see that both b and ¢ must be equal. By
rescaling, we choose b = ¢ = 1.

We find the set of elements Z'3/ E(®) and perform a Gram-Schmidt type of
process on the set. For each of the entries b,d, g,i, k,l,n, and ¢ in the original
arbitrary element E(), we find an element in our resulting set that has a 1 in
the corresponding position, and only zeros in all prior entries. We then conclude
that a distinguished generator of our module should have a zero in each of these
positions, other than the position designated by b. After setting the values of
these variables as indicated, we find that there remain two vectors that are not in
the form of a distinguished generator. The module is either an 8-dimensional or a
10-dimensional vector space, depending on the values of these two vectors. As we
desire an 8-dimensional space, we require these two remaining vectors to be zero.
The two vectors are zero precisely when j = e 4+ ef + e? + f + h. We thus set j
to this value. The distinguished generators of FG; which generate 8-dimensional

modules of Loewy length 6 are of the form

r,s,t,u,v

g© . t : rtrs+rl4stt
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The isomorphism bucket for the module generated by such an element is

T—l—s:a,’r%—i—v:ﬂ
a,B,teF

In order to find all modules M and N such that FG; =2 M ® N, we need to
find the products ||G1]| - m ® n that are non-zero, where m generates M, and n
generates N. As we have seen, if M is two dimensional, and N is eight dimensional,
then we need to find zm, ym, z2y°n, and z3y?n. We present these products in

the following multiplication table:

B e AP BO
22yt AW 0 0
g2 | AW 0 0
T - AM 0
7 — rAM A1)

Table of elements of (IG1)u and (IG1)%u
Any entry of — in this table is an irrelevant product. We see that

= 1A® @ 22P°ES), ., + 74P @ ZP2EC), .,
= (1+p)AM © AW,

1G1]| AP © EL)

r,8,t,u,v

and this is non-zero whenever p # 1. Likewise, if we substitute B in the previous
equation in place of A®), we find that ||G1||B® ® Eﬁ?s)’t’um =AM @ AW £ 0,
We have found the tensor decompositions FG; = M ® N where dim(M) = 2 and
dim(N) = 8. We restate these results in the following table. We list the possible
values of m on the top, and the possible values of n on the side. The coefficient
of A ® AM in the product ||G1]| - m ® n is listed in the corresponding row
and column. Any non-zero entry indicates that there is a tensor decomposition

FGy 2 FGim @ FGin.
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‘ 4P B

£©®

r,8,t,u,v

1+p 1

Table of coefficients for A @ AM in ||G1||-m®n

If M and N are both 4-dimensional, we need to find the products, Z3u, Z2ju,

zy%u, and y>u, where u is a generator of M or N. We have seen that both M and

N need to be uniserial. We obtain the following multiplication table:

AR, BE €. DU
| A 0 A 0
2yl rAD 0 AWM 0
g2 | rAD 0 sA® AWM
73 [ r2AM A0 540 A

Table of elements of (IG7)? u

We wish to determine all non-zero products of the form

|G1]| - m ®@n = 2m @ §°n + Z2ym @ 27°n + T7°m @ T2gn + 7°m @ Tn.

This table gives the coefficient of A ® AM) in the product |Gy - m & n.

A%, BY .., DY,
A r? + p? 1 (s+p)p+1) 1+p
B 1 0 1 0
ol c+mr+1) 1 0 0
DYy, 147 0 0 0

Table of coefficients of AV @ AM) in ||G||-m®n
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This table describes all tensor decompositions of FG; =2 M ® N, when both
M and N are uniserial. A generator of each uniserial module of length 4 is listed
on the top and on the side. If the entry corresponding to generators m and n
is non-zero, then a tensor decomposition by those modules exists. For example,
the entry corresponding to Aifl;t and Aﬁf},,T is 72 + p?. This indicates that if

r2 +p? £0, (ie., 7 # p), then FG| = IFGlAEf(),,T ® IFGlA(4)

r.s,¢- 10 this manner, we

determine all tensor decompositions of FG1:

Theorem 3.2. Up to isomorphism and rearrangement of factors, the following
is the complete list of non-trivial tensor decompositions, FG1 =2 M ® N:

a) M = IFGlAE)Z) and N = IFGlE(()’GO)%O’ﬁ when p # 1;

b) M =FGB® and N =FGEY) , , 5

c) M= IFGlAEf(),,T and N = FGlAgJ when p # r;

d) M =FG,AY)  and N = FG,BY);

e) M = IFGlAEf(),,T and N = FGlCS(flt)’uw when s # p and p # 1, and if s = 1
then u # 0;

) M =FG A, and N = FG, DY), with p # 1;

g) M= IFGlB((,f}; and N = FG10(4) such that if s =1 then u # 0.

s,t,u,v

The restrictions on C% preventing s = 1 and u = 0 are to prevent overlap

s,t,u,v

in the listing, as Cijlt),o,v = Aﬁ?’v. For the modules of the form FGlEfa’GS),t’u’v only
one element was chosen to represent the isomorphism class. The same was not

done with the modules of Loewy length 4. O

For each of the remaining groups, we present similar diagrams and tables. In
the tables listing group ring elements of (IG)*u, we list the coefficients of A(). In
the tables listing ||G|| - m ® n, we list the coefficients of A @ AM),

We turn our attention to the other group which has Loewy length 7,

(2x4).2=(x,y ‘ =yt =1, =y ).

We first consider the decomposition of this group into the non-trivial product of
subgroups H and K whose intersection is 1. We present the diagram for the full

subgroup lattice of (2 x 4).2:
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Theorem 3.3. The group ring F(2x4).2 is decomposable into the tensor prod-
uct of permutation modules, F(2 x 4).2||H|| ® F(2 x 4).2||K||. Up to interchanging
H and K, these are the only such pairs of subgroups:

a) H is one of the four subgroups (z), (xy?), (zy), and (zy~');
b) K is one of the two subgroups (y) and (z%y).

Proof. Again, we observe the lattice diagram, and conclude that these are all

the possible pairs of complementary subgroups in (2 x 4).2. O

We now list, up to isomorphism, all permutation modules of F(2 x 4).2, identi-
fying those that are uniserial on our list of all uniserial modules. To every subgroup
H of (2x4).2, there is a module F(2 x 4).2||H||. We list the subgroups in the order
of decreasing size, with conjugate subgroups listed together. For each subgroup
H, we list a generator of F(2 x 4).2||H||, as described in Chapter 2, section 2.

o (z,9) = (2 x 4).2 corresponds to A,
<:z:, y2> = (5 x C4 corresponds to Aéz).
<93y, y2> = (9 x Cy corresponds to A§2).
<y,x2> >~ (4 x Cy corresponds to B(?).

<932, y2> =~ C2 corresponds to z2g?, which is not a uniserial module generator.
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12

Cy = (x) and <93y2> correspond to Agfiﬁ and Aéi%’o.
Cy =z
Cy

<:z:2> =~ (y corresponds to 2, which is not a uniserial module generator.

I

y) and <xy_1> correspond to AY’%’O and Aﬂ’l.

I

(y) and <932y> correspond to B(()f% and BY’%.

<y2> =~ (y corresponds to 2, which is not a uniserial module generator.

<zz:2y2> =~ (y corresponds to z2 432, which is not a uniserial module generator.
(1) generates all of F(2 x 4).2.

We now find all modules M and N such that F(2 x 4).2 2 M ® N. We
start with the case where dim(M) = 2 and dim(N) = 8. There is no pair of
complementary subgroups H and K in (2 x 4).2 such that |H| = 8 and |K| = 2.

Thus there is no pair of permutation modules M and N with dimensions 2 and
8 such that F(2 x 4).2 2 M ® N. We now look for a module N that is not
a permutation module, but would suffice as an 8-dimensional factor in a tensor
decomposition of F(2 x 4).2.

We need to find all cyclic submodules N of F(2x4).2 with Poincaré polynomial
Py =1+1t+2t2 4+ 2t3 +t* +1t°. We use the basis from Chapter 2, Section 2 for
F(2 x 4).2. We start with an arbitrary element of Soc®(F(2 x 4).2),

b c
d e f
E©) = g h 1 J
k l m
n p
q

Let N = F(2x4).2E©). We need E©) ¢ Soc®(F(2x4).2), which implies that b
and ¢ can not both be zero. Consider the map from Rad(N) to Rad(N)/Rad*(N),
where we list the elements in terms of the images of the basis elements Z2, Zy, and
72 of F(2x4).2. Using the multiplications that are given in Chapter 2, Section 2, we
find that the images of ZE®) and §E©) are (b, ¢, 0) and (0, b, b+¢) respectively. We
see that it is impossible to choose b and ¢ such that dim(Rad(N)/Rad?*(N)) = 1.
Thus there are no F(2 x 4).2-modules that have this Poincaré polynomial, and no

tensor decomposition F(2x4).2 = M ® N such that dim(M) = 2 and dim(N) = 8.
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If F(2x4).22 M® N, then both M and N must be uniserial with Loewy
length 4. We give a table of all products bu, where b is one of our basis element of
Soc*(IF(2 x 4).2) that is not an element of Soc®(F(2x 4).2), and u is a distinguished
generator of a uniserial module of Loewy length 4. These basis elements and
generators are listed in Chapter 2, section 2. We list the coefficients of A(!) in the

products.

4 4
AB, B

r,8,t

2 o |r2r+1) 1

>2y|r(r+1) 0

7> 1 0

Table of elements of (I(2 x 4).2)° u

From this table, we determine all products,
|G|l -m®n =2m @ §°n + Z2gm @ T7°n + T7°m @ T2gn + 7°m @ T°n.

We list the coefficient of A @ AM in the product |G|l - m ® n in the following
table.

A L r+p)2(1+r+p) 1

B 1 0

Table of coefficients of AN @ AM) in ||(2 x 4).2|] - m @ n

From this table, we determine all tensor decompositions of F(2 x 4).2:

Theorem 3.4. Up to isomorphism and rearrangement of factors, the following

is the complete list of non-trivial tensor decompositions, F(2 x 4).2 2 M @ N:
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a) M 2 TF(2x4).2A4%) . and N = F(2 x 4).24%)

r,s,t

such that p + r is neither 0
nor 1;

b) M = F(2 x 4).2A5%. - and N = F(2 x 4).2B.Y. 0

We now focus on the groups G of order 16 for which FG has Loewy length 9:
Modg, D1g, SD1g, and Qq6. In all four cases, the Poincaré polynomial associated
to FG is Prg(t) = 142t +2t24+-2¢34-2¢44-2¢54+-2¢6 4267 +48. Assume FG = M®N. If
we assume dim(M) = dim(N) =4 then 9 < U(M)+U(N)—1<44+4—-1=7<9,
which indicates a contradiction. If we assume dim(M) = 2 then 9 < 24+0¢(N)—1 <
148 =09, as l/(N) < dim(N). Thus ¢/(N) = 8 = dim(N), so both N and M
are uniserial. The Poincaré polynomials for M and N are Pp(t) = 1 + ¢ and
Pyt)=1+t+2+t3+t2 +5 + 16 +47.

Given M and N, we wish to determine if FG = M ® N. We only consider
cases where dim(M ) dim(N) = 16, £¢(M) = 2 and ¢¢/(N) = 8. If we can show that
the product |G| - M ® N # 0, then we know that FG =2 M ® N. Let m and n
be generators of M and N respectively. By Lemma 1.11 of Chapter 1, the choice
of generators does not matter. The product |G| - m ® n is non-zero if and only if
the product |G| - M ® N is non-zero. We use Lemma 1.11 to find |G| - m @ n.

For the groups Mod ¢ and SD14 we use the identity,

1G] - (m®n) =2"m e gn + 2°ym @ zn,

where m generates a module of length 2, and n generates a module of length 8§,
and where z and y are defined in Sections 3 and 5 of Chapter 2.

We investigate the modular group of order 16,
Modig = <.’L‘,y ‘ .’138 = y2 =1, Yo = :1;5>'

We first consider the decomposition of this group into the non-trivial product of
subgroups H and K whose intersection is 1. We present the diagram for the full

subgroup lattice of Modig4:
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Theorem 3.5. The group ring FMod¢ is decomposable into the tensor prod-
uct of permutation modules, FMod¢||H || ® FMod¢|K||. Up to interchanging H
and K, these are the only such pairs of subgroups:
a) H is one of the two subgroups (x) and (xy);
b) K is one of the two subgroups (y) and (z'y).

Proof. Again, we observe the lattice diagram, and conclude that these are all

the possible pairs of complementary subgroups in Modg. O

We now list, up to isomorphism, all permutation modules of FModg, identify-
ing those that are uniserial on our list of all uniserial modules. To every subgroup
H of Modyg, there is a module FMod4||H||. We list the subgroups in the order of
decreasing size, with conjugate subgroups listed together. For each subgroup H,
we list a generator of FMod¢||H]||, as described in Chapter 2, section 3.

e (z,y) = Mod;g corresponds to A,
e (x) = Cy corresponds to Agf).
e (zy) = Cg corresponds to AgQ).
<y,x2> >~ (4 x Cy corresponds to B,

<932> =~ (, corresponds to %, which is not a uniserial module generator.
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<932y> = (C} corresponds to By .
<x4, y> = (O corresponds to B ,

(4)

(4)
0,0

<m4> =~ (', corresponds to z*, which is not a uniserial module generator.
Cy = (y) and (z'y) correspond to B(()?g,o,o and Bfg,o,o'
(1) generates all of FModg.

We now find all modules M and N such that FModig =2 M ® N. We have
seen that if FModig = M ® N then, up to exchanging M and N, the modules

must both be uniserial with dimensions 2 and 8. We give a table of all products

bu, where b is a one of the basis elements and w is a distinguished generator listed

in Section 3 of Chapter 3. Where the product is relevant, we list the coefficient of
AWM in the product.

Bilbwe AP BO

Kl

Kl
<

T

Y

7

1 0 0
0 0 0
- r 1
- 1 0

Table of coefficients for AM in (IMod;g)™u

From this table we determine all products,

[Modyg|| - m ® n = zm @ z2°yn + gm @ z"n.

We list the coefficient of A @ A(M) in the product |[Modg||-m®n in the following

table.

‘A9>B@>

BE) e

1 0

Table of coefficients of A ® AM) in |[Modig|| - m @ n

From this table, we determine all tensor decompositions of FModg:
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Theorem 3.6. Up to isomorphism and rearrangement of factors, FModg =2
M ® N where M 2= FMod 6B} .2, and N = FMod;6 A%, O

We investigate the semidihedral group of order 16,
SDig = (z,y } ¥ =yt =1, Yo =23,

We first consider the decomposition of this group into the non-trivial product of
subgroups H and K whose intersection is 1. We present the diagram for the full

subgroup lattice of SDqg:

Theorem 3.7. The group ring FSD1¢ is decomposable into the tensor product
of permutation modules, FSDy¢||H || ® FSD1¢||K||. Up to interchanging H and K,
these are the only such pairs of subgroups:
a) H is one of the two subgroups (z) and <332,a:y>;
b) K is one of the four conjugate subgroups (y), (z*y), (x?y), and (z%y).

Proof. Again, we observe the lattice diagram, and conclude that these are all

the possible pairs of complementary subgroups in SDqg. O
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We now list, up to isomorphism, all permutation modules of FSD1¢, identify-
ing those that are uniserial on our list of all uniserial modules. To every subgroup
H of SDyg, there is a module FSDq¢||H||. We list the subgroups in the order of
decreasing size, with conjugate subgroups listed together. For each subgroup H,
we list a generator of FSDqg||H||, as described in Chapter 2, section 5.

e (x,y) = SD corresponds to A,

<93y, :I:2> > (g corresponds to A§2>.
(x) = Cg corresponds to Aéz).

<y,a:2> & Dg corresponds to B®,

<m2> =~ (, corresponds to %, which is not a uniserial module generator.

Cy = (wy) and (x3y) correspond to Agi% and Aéi%.

C2 =~ <y,a:4> and <332y, :I:4> correspond to Béﬁ% and Bﬁ%.

<:z:4> =~ (', corresponds to z*, which is not a uniserial module generator.

Cy 2 (y), (z'y), (z%y), and (2%y) correspond to B((fg’o’o, B(()?l),o,m B§,81),1,0
and Bg%,o,o-

(1) generates all of FSDy.

We now find all modules M and N such that FSDg = M ® N. We have seen
that if FSD1g &2 M ® N then, up to exchanging M and N, the modules must both

be uniserial with dimensions 2 and 8. We give a table of all products bu, where b
is a one of the basis elements and w is a distinguished generator listed in Section 3

of Chapter 3. Where the product is relevant, we list the coefficient of AM) in the

product.
B®.,. A® B®
T — T 1
Y — 1 0
z7 1 0 0
20y 0 0 0

Table of coefficients for AM) in (ISDyg)"u
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From this table we determine all products,
ISD1s|| - m @ n = Zm @ 2%gn + gm @ z'n.

We list the coefficient of A @ AM) in the product ||SD1g||-m ®n in the following
table.

‘ A® @

B wal 1 0

Table of coefficients of AV @ AW in ||SDyg]| - m®n

From this table, we determine all tensor decompositions of FSDq4:

I

Theorem 3.8. Up to isomorphism and rearrangement of factors, FSDg4

M ® N where M = FSD 6B} 0.0, and N = FSD1gA>. 0

We investigate the quaternion group of order 16,

Qi = (x,y ‘ 22 =1,z =92 Yo =271,
We first consider the decomposition of this group into the non-trivial product of
subgroups H and K whose intersection is 1. We present the diagram for the full

subgroup lattice of Q14 after the theorem.

Theorem 3.9. The group ring FQ¢ is not decomposable into the tensor

product of permutation modules, FQ4||H|| @ FQi¢| K]

Proof. We observe the lattice diagram, and conclude that all non-trivial
subgroups of Q¢ intersect in the subgroup <:L'4>. Thus there is no pair of non-

trivial complementary subgroups in Q. O
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We now list, up to isomorphism, all permutation modules of FQ¢, identifying
those that are uniserial on our list of all uniserial modules. To every subgroup H of
Q16, there is a module FQq6||H||. We list the subgroups in the order of decreasing
size, with conjugate subgroups listed together. For each subgroup H, we list a
generator of FQi¢||H]||, as described in Chapter 2, section 6.

e (z,9) = Q6 corresponds to A,
e (x) = Cy corresponds to AéQ).
<y,x2> >~ (Qg corresponds to B2,

<93y, CL’2> > (g corresponds to A§2>.

<932> =~ (, corresponds to %, which is not a uniserial module generator.
Cy = (y) and (x?y) correspond to Bgfg and Bfg.

Cy = (xy) and <x3y> correspond to AY’% and Agf()).

<934> =~ (y corresponds to Z*, which is not a uniserial module generator.

(1) generates all of FQqg.

Theorem 3.10. There are no non-trivial tensor decompositions of FQ1g.

Proof. From Chapter 2, Section 6, we see that FQ1¢ has no uniserial modules

of length 8. Therefore, there is no non-trivial tensor decomposition of FQ.4. O
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We investigate the dihedral group of order 16,
Dig = (z,y,2 | 2* = y* = (2y)%, 2 = ay).

We first consider the decomposition of this group into the non-trivial product of
subgroups H and K whose intersection is 1. We present the diagram for the full

subgroup lattice of Dyg:

Theorem 3.11. The group ring FD+¢ is decomposable into the tensor product
of permutation modules, FD¢||H|| ® FD1||K||. Up to interchanging H and K,
these are the only such pairs of subgroups:
a) H is the subgroup <x, 22> and K is one of the four subgroups (y), <z3x>, (zx),
or (yz?);
b) H is the subgroup <y, 22> and K is one of the four subgroups (x), <y23>, (yz),
or (z%z);
¢) H is the subgroup (z) and K is any of the subgroups of order two other than

().

Proof. Again, we observe the lattice diagram, and conclude that these are

all the possible pairs of complementary subgroups in D1g. Note that there is an
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automorphism of Dig which converts the pairs of statement a) into the pairs of

statement b). O

We now list, up to isomorphism, all permutation modules of FDg, identifying

those that are uniserial on our list of all uniserial modules. We list all subgroups

H of Dyg along with a generator of the module generated by ||H||. Subgroups are

listed in decreasing order, and they are listed by conjugacy class.

(z,1y) = Dy corresponds with A1)
<m, 22> = Dg corresponds with A(()z)
<y, z2> =~ Dg corresponds with B(?)

(z) = Cg corresponds with A§2)

Cy x Cy = <m, z4> and <yz, z4> correspond with A((f()) and AY’% respectively
Coy x Cy = <y, z4> and <zaj, z4> correspond with Béﬁ% and BY’% respectively
(z*) = C4 corresponds with A(()B) + B(()3), which generates a 4-dimensional
module

Cy & (z), <yz3>, (yz), and <22x> correspond with Agf())’o, A((f’%’l, Ag?())’o and
Aﬁ’l respectively

Cy = (y), <23x>, (zz), and <yz2> correspond with B(()?&O, B((),81),17 Bfg,o and
B§?1),1 respectively

Cy = <z4> corresponds with A(()5) + Bés), which generates an 8-dimensional

module

(1) generates the entire module FDg.

We now find all modules M and N such that FD5 = M®N. Up to exchanging

M and N, the modules must both be uniserial with dimensions 2 and 8. We give a

table of all products bu, where b is one of the basis elements and u is a distinguished

generator listed in section 4 of chapter 2. Where the product is relevant, we list

the coefficient of AM) in the product.
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AB we BEw. AP B
Z(yz)® 0 1 0 0
y(z7)® 1 0 0 0
T — _ r 1
y — — 1 0

Table of coefficients for A1) in (ID1g)"u

From this table we determine all products,

|Dis|| - m ®@n = zm @ §(z7)*n + gm @ z(gz)>n.

We list the coefficients of A @ AM in the product || Dig|| - m ®n in the following
table.

AP B®
Aggz)th r 1
BE el 1 0

Table of coefficients of AN @ AM) in |Dygl| - m @ n

From this table, we determine all tensor decompositions of FDqg:

Theorem 3.12. Up to isomorphism and rearrangement of factors, the follow-
ing is the complete list of non-trivial tensor decompositions, FD14 = M ® N:
a) M ~FD1gA® and N 2 FD1AS) w.» when p # 0;
b) M ~FD;gA® and N 2FDsB) w0
¢) M = FD14B® and N 2FD;sA) .

The remaining group G is such that the Loewy length of FG is 6:
DsY4 = (z,y, 2 | wt=9y? =22 =1,2¢ 7 (y2)? = 2?).
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The expression x € Z indicates that x is in the center of DgY4. This group is the
central product of Dg and Cy.

The Poincaré polynomial associated with FDgY4 is Prpgya(t) = 1+3t+4t? +
4¢3 + 3t + 5. Assume FDgY4 =2 M ® N. If we assume dim(M) = dim(N) = 4
then 6 < 00(M)+0l(N)—1<4+4—1=7. At least one of the modules must have
Loewy length 4, and is thus uniserial. But from Section 7 of Chapter 2 we see that
there are no uniserial modules of length 4, so this is not a possibility. If we assume
dim(M)=2then 6 <24+ 0(N)—1<1+4+5=06, as l{(N) < L{(FDgY4). Thus we
must have ¢¢(N) = 5. The Poincaré polynomials for M and N are Py (t) =1+1
and Py (t) = 1+ 2t + 22 + 263 + 4.

Given M and N, we wish to determine if FG = M ® N. We only consider
cases where dim(M ) dim(N) = 16, £¢(M) = 2 and ¢¢(N) = 5. If we can show that
the product |G| - M ® N # 0, then we know that FG = M ® N. Let m and n
be generators of M and N respectively. By Lemma 1.11 of Chapter 1, the choice
of generators does not matter. The product |G| - m ® n is non-zero if and only if
the product |G| - M ® N is non-zero. We use Lemma 1.11 to find ||G]| - m ® n.
We find that

|G - (m ®n) = 2m @ T*yzn + gm @ T°2n + z2m @ T°yn,

where m generates a module of length 2, and n generates a module of length 8,
and where Z, y, and z are defined in Section 7 of Chapter 2.

We first consider the decomposition of this group into the non-trivial product
of subgroups H and K whose intersection is 1. We present the diagram for the

full subgroup lattice of DgY4 after the theorem.

Theorem 3.13. The group ring FDgY4 is decomposable into the tensor prod-
uct of permutation modules, FDsY4| H|| ® FDsY4| K||. Up to interchanging H
and K, these are the only such pairs of subgroups:
a) H is one of the four subgroups (xy,xz), (x,y), (x,yz), or (xz,y) and K is one
of the conjugate subgroups (z) or <932z>;
b) H is one of the four subgroups (xy,zz), (x, z), (x,yz), or (xy, z) and K is one
of the conjugate subgroups (y) or <x2y>;
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c) H is one of the four subgroups (xy,xz), (x,y), {(x,z), or (y,z) and K is one
of the conjugate subgroups (xyz) or <x_1yz>;

Proof. Again, we observe the lattice diagram, and conclude that these are all
the possible pairs of complementary subgroups in DgY4. Note that for each pair
of statements of the theorem, there is an isomorphism on DgY4 which converts

one of the statements to the other. O

We now list, up to isomorphism, all permutation modules of FDgY4, identi-
fying those that are uniserial on our list of all uniserial modules. We also identify
8-dimensional permutation modules that have Loewy length 5 with a generator
described later. To every subgroup H of DgY4, there is a module FDgY4| H||. We
list the subgroups in the order of decreasing size, with conjugate subgroups listed
together. For each subgroup H, we list a generator of FDgY4| H]||, as described in
Chapter 2, section 7.

(z,y, z) = DgY4 corresponds to A,

xy, xz) = Qg corresponds to Aﬁ
@

{
(x,y) = Cy x Cy corresponds to B
{

x,z) =2 Cy x Cy corresponds to Cc,
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5 x (Y4 corresponds to B, ),

8
<
N

Dsg corresponds to A(z)
Dg corresponds to Aﬁ))
Dg corresponds to Aéz()).
Cy corresponds to Z3, which is not a uniserial module generator.

xy) = Cy corresponds to 23+ z2y, which is not a uniserial module generator.

(

(

(

(y,2)

(

(zy)

(22)
z)

I

Cy corresponds to 3+ 2z, which is not a uniserial module generator.

IIZ

(y C, corresponds to z2 (4 2), which is not a uniserial module generator.
<33 ,y> = (2 corresponds to Z27, which is not a uniserial module generator.
<a: z> >~ (2 corresponds to 72z, which is not a uniserial module generator.
(22, 2yz) = C3 corresponds to % + z?(y + z + yz), which is not a uniserial
module generator.

<932> =~ (y corresponds to 2, which is not a uniserial module generator.

Cy = (y) and <:z:2y> correspond to E((),S(g,o,o and Ef(g,o,o'

Cy = (z) and (2%z) correspond to F0(50)0 o and F1(,50),0,0-

Cs = (wyz) and (7 yz) correspond to Dg 37070 and D(()?87070.

(1) generates all of FDgY4. We now find all modules M and N such that
FDgY4 = M ® N. We have seen that if FDgY4 = M ® N then, up to
exchanging M and N, the modules have dimensions 2 and 8, respectively,
and N must have Loewy length 5, and Py = 1 + 2t + 2t + 2t3 + t*. We
now find all cyclic submodules N of FDgY4 with Poincaré polynomial Py =
14+t +2t2+2t3 +t* + 5. We use an algorithm similar to that described
when we were dealing with GG;. We sketch the use of the algorithm, although
the actual calculations are performed by computer, and are not shown here.

We use the basis from Chapter 2, Section 7 for FDgY4. We start with an
arbitrary element of Soc®(FDgY4),

a
b c d
(5) _ € g h
D i J k l
m n P
q
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Let N = FDgY4D®). We need D®) ¢ Soc*(FDgY4). This implies that b, ¢
and d can not all be zero. Consider the map from Rad(N) to Rad(N)/Rad?(N),
where we list the elements in terms of the images of the basis elements z2, zy, ZZ,
and yz of FDgY4. Using the multiplications that are given in Chapter 2, Section 7,
we find that the images of ZD®), gD®) and zD®) are (b, c,d,0), (0,b,0,d) and
(c,0,b, c) respectively. We may assume that the first non-zero element in the list
{b,c,d} is equal to 1, as we may rescale. If b = 1, we must have ed = 1. If b =0
and ¢ = 1, then we must have d = 0. If b = ¢ = 0, the case where d = 1 is
also valid. Further quotients of powers of the radical show that all three of these
outcomes are possible, with the added restriction that if b = 1 then ¢ and d equal
1 as well.

For each of these three cases, we find the set of elements z'47z" E(®)| and per-
form a Gram-Schmidt type of process on the set in the same manner we described
with G1 . In each of the three cases, we may assume that some of the entries are
zero. In each case, there is also a restriction on the possible values of the remaining
variables. We list the three possible families of distinguished module generators

here, and rename them:

1 1 1 . 1
(5) o . r 1 + r (5) o . . r
T?'S?t?u - . . 8 t ? ET?'S?t?u - . . 8 t )
u
1
6 _T
r,s,t,u T S t
u

We give a table of all products bu, where b is a one of the basis elements and
u is a distinguished generator listed in Section 3 of Chapter 7, or one of those just

described. We list the coefficient of A() in the product.
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i B FO
z2yz 1 0 0
3z 1 1 0
3y 1 0 1

Table of coefficients for A in (IDgY4)*u

AR BY 0@

z| 1 0 0
Yyl s r 1
Z| r 1 0

Table of coefficients for A in (IDgY4)u

From this table we determine all products,
DsY4|-m®@n =Zm® Z25zn + gm Q@ T°z2n + z2m @ Z3yn.
I yin—+y ]

We list the coefficient of A ® AM) in the product ||DsgY4||-m®n in the following

table.
A%, BY c®@
DE) |1+ ptol4p 1
Eﬁ,ss),t,u o P 1
F.. » 1 0

Table of coefficients of A ® AM in [|[DgY4|-m®@n

From this table, we determine all tensor decompositions of FDgY4:
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Theorem 3.14. Up to isomorphism and rearrangement of factors, the follow-

ing is the complete list of non-trivial tensor decompositions, FDgY4 = M ® N:

a) M =~ FDgY4A%) and N =
b) M =~ FDsY4A%) and N =
¢) M =~ FDsY4AY) and N =
d) M ~FDgY4BS? and N =
e) M = FDgY4BY and N =
f) M = FDgY4BY) and N =
g) M = FDgY4C® and N =
h) M = FDgY4C® and N =

FDgY4DY), , when p+ o # 1;
FDsYAE®),  when o # 0;

r,8,t,u
FDsYAF®), when p # 0;
when p # 1;

r,8,t,u
FDsY4D'")
when p # 0;

r,8,t,u

FDgY4E®)

r,8,t,u

FDgY4F®)

r,8,t,u’

FDgY4D®)

r,8,t,u’

FDgY4E®)

r,s,t,u’

We may further factor Py (t) = (1+t)(1+t+t2+13), so it seems possible that
FDgY4 may be factored into the tensor product of 3 modules, FDgY4 = LM QN.
We could rearrange the orders of L, M, and N so that dim(L) = dim(M) = 2
and dim(NN) = 4. However, we know that FDgY4 has no decomposition into the

product of two 4-dimensional modules. This implies that the modules L ® M and

N could not exist, so there is no non-trivial factorization of FDgY4 into a triple

tensor product.
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Philip Lloyd Osterlund
178 words
Abstract

This thesis is aimed towards the determination of tensor decompositions of
the regular representation of finite p-groups over fields of characteristic p. We also
focus on uniserial modules, as they are often factors. We develop an algorithm that
determines, up to isomorphism, all uniserial modules of a group ring (Section 2,
pp. 11-12). In a tensor decomposition of the regular representation of a group,
we relate the Loewy lengths, radical series and socle series of the regular repre-
sentation to those of the factors (Theorems 1.4-1.7, pp. 69-74). Under certain
conditions, we find that the Poincaré polynomial associated to the filtration of a
module is the product of the corresponding Poincaré polynomials of the module’s
tensor factors (Corollary 1.8, p. 73). For the non-abelian groups of order 16 that
can not be written as direct products of proper subgroups we classify the unise-
rial modules (Chapter 2, pp. 23-66) and all tensor decompositions (Section 3, pp.
85-111).

Key words Tensor decomposition, uniserial module, p-group, radical and socle

series, Poincaré polynomial.
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