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ABSTRACT

We develop techniques to compute the homology of Quillen’s com-
plex of elementary abelian p-subgroups of a finite group in the case
where the group has a normal subgroup of order divisible by p. The
main result is a long exact sequence relating the homologies of these
complexes for the whole group, the normal subgroup, and certain cen-
tralizer subgroups. The proof takes place at the level of partially-ordered
sets. Notions of suspension and wedge product are considered in this
context, which are analogous to the corresponding notions for topolog-
ical spaces. We conclude with a formula for the generalized Steinberg
module of a group with a normal subgroup, and give some examples.
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0. Introduction

Let G be a finite group and p a prime. Let A, (G) be the Quillen complex of G at the
prime p. A,(G) is the order complex of the poset (= partially ordered set) of all non-trivial
elementary abelian p-subgroups of G (see §1).

Let N be a normal subgroup of G. We denote by A,(G)n the poset obtained by
adding to A,(G) an additional element, say 0, so that 0 < A for all A € A,(G) with
AN N # 1. Our main result is the following.

MAIN THEOREM. Let G be a finite group and p a prime. Suppose that N is
a normal subgroup of G such that p divides |N|. Further except in (1) assume that if
A is an elementary abelian p-subgroup of G with AN N = 1 then A is cyclic, and let
M={Aec A,(G) } ANN =1}

(1) There exists a long exact sequence of ZG-modules

w = Hy(Ap(N) == Hi (Ap(G)) = Hi (A (G) N) == Hp o1 (Ap(N)) — -+

where 1, and kK, are induced by the obvious inclusion maps ¢ and k.
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(2) There is a G-homotopy equivalence

4@y ~c \/ SA(Cx(A)
AeM

where \/ denotes a wedge product and Y. denotes suspension.

(3) Forn >0
f{n(Ap(G)N) = @ f{n—l(Ap(CN(A)))
AeM
= @ H,o1(Ap(Cn(A))) TgG(A)

AeM
up to conjugacy

as ZG-modules.
(4) With respect to the first isomorphism of (3) the map s of (1) is given by

s= @D (ta).

AeM

where (ta). is the map on homology induced by the inclusion t4 : A,(Cn(A4)) —
A, (N).

We will prove the Main Theorem in the abstract setting of a poset P having a subposet
Q) satisfying the two conditions that the elements of () form an ideal in the opposite poset
P°P and for each p € P there exists ¢ € Q with ¢ > p. In this situation we will call P
an extension of (), and in the context of the Main Theorem we will take P = A,(G) and
Q={4A e A,(G) } ANN # 1}. We give our sharpest results when P — @) consists of
minimal elements of P, and in this generality Theorem 2.5 gives an inductive set-up for
dealing with the homology of a poset.

After proving the Main Theorem in section 3, we consider the generalized Steinberg
module St,(G) in the situation that G' has a normal subgroup N of order divisible by
p. Because the computation of St,(G) does not require such detailed information as the
homology of A,(G), we are able to remove the condition that A € A,(G), ANN =1
implies A is cyclic which was present in part of the Main Theorem, and obtain a result in
generality. This result is Theorem 4.2. We conclude in section 5 with two worked examples.



1. The Mayer-Vietoris sequence for an extension of posets

We first describe a poset construction which gives rise to a Mayer-Vietoris sequence.
Let P be a poset. The order complex of P is the simplicial complex AP whose simplices
are the finite chains of elements of P. We may occasionally omit the symbol A, especially
when considering the homology H,,(P), by which we mean H,(AP). Given a subposet
@ < P and p € P we denote by @)>, the subposet of P with elements {q € Q ‘ q > p}. We
define Q~,, Q< etc. in a similar way. An ideal of P is a subposet () # I < P such that if
1€l and p<ithenpel.

Let @ < P be a subposet. We say that P is an extension of @ if ) is an ideal of the
opposite poset P°P, and for all p € P, Q>, # 0. We will further say that P is an extension
of Q by minimal elements if P is an extension of ) and for all p € P, either p € Q or p is
a minimal element of P. If P is an extension of () we denote by Py the following poset.
The elements of Py are P together with one additional element Og. The order relation in
Pg is the following. Given z,y € Pg, x < y if and only if either z,y € P and z < y in
P,or x =0g and y € Q. We denote by Qg < Py the similarly constructed poset with
elements Q U {0g}. If P is a G-poset and @ is G-invariant, then Py becomes a G-poset
by letting G fix 0.

Turning to our conventions for homology, we first mention that unless otherwise spec-
ified all homology groups are taken with coefficients in Z. Let K be a simplicial complex.
We denote by C,,(K) the simplicial chain group of K at dimension n (with coefficients in
Z), n > 0. Cn(K) denotes the augmented simplicial chain group of K at dimension n,
n > —1. So Cp(K) = Cp(K) for all n > 0, and C_,(K) = Z. By Z,(K) resp. B,(K)
resp. H,(K) we denote the group of n-cycles resp. n-boundaries resp. n-homology group.
The notation Z,(K), H,(K), Zn(K), H,(K), H,(K) etc. is now clear. Given a cycle
2 € Z,(K) we denote by [2] = z + B,,(K) the corresponding element in H,, (K).

(1.1) PROPOSITION. Let P be an extension of ). Then
(1) APy =APUAQg and APNAQq = AQ.
(2) There is a long exact Mayer-Vietoris reduced homology sequence

B Hn(Q)i)Hn(P>i’ﬁn(PQ>L>Hn—l(Q) o

where i, kK, are the maps on homology induced by the obvious inclusion maps t, Kk
and 7 is given as follows. If o € C,,(P) and 8 € C,,(Qq) are such that d(a + () = 0,
then r([a + B]) = [0al, where O is the differential map of Pg. In case P is a G-poset
and () is G-invariant, the Mayer-Vietoris sequence is a sequence of Z(G-modules.

Proof. The Mayer-Vietoris sequence needs no proof. We only mention that as (¢ is
contractible, H,(Qg) = 0. O



2. The structure of Py

The use of the Mayer-Vietoris sequence just described is considerably enhanced by
the fact that we are able to give an explicit description of the space APg in case P is an
extension of () by minimal elements, showing that it is homotopic to a wedge of suspensions
of certain other posets. To define what we mean by this, we make definitions at the level
of posets which copy well-known topological constructions.

First let R be a poset. In this paper by the suspension of R we mean a poset

SR = RU{0g, 0}

where O and 0% are two new symbols, and where the order relation is as follows. For
z,y € ¥R we define x <y if and only if either = O and y # 0%, or x = 0%; and y # Og,
or z,y € Rand x <y in R. In case R is a G-poset then G acts on X R by fixing O and
0’5

To describe also the action of G on the homology of R and of ¥R we introduce the
following notation. Given an (n — 1)-simplex s = (rg < ry < -+ < 7,-1) of R and
r € R with r < rg, we denote r*xs = (r <rop <ry < --- <rp_1). Let n > 1. Given
a cycle z € Z, 1(R), write z = " n;s;, with s; an (n — 1)-simplex of R. We write
Op*z =1 n;(0r *s;) € Cr(Z(R)) and similarly we define 0 * z € Cp,(Z(R)). We
write X(2) = 0g * 2z — 0 * 2.

(2.1) PROPOSITION. Suppose that R is a G-poset.

(1) There is a G-equivariant homeomorphism A(XR) 2o YA(R).

(2) Forn>1,ifz € Z,_1(R) then (0g % z) = d(0’ ¥ 2) = 2, and hence ¥(z) € Z,(XR).
Here 0 is the differential map of ¥(R).

(3) The map H,_1(R) — H,(XR) given by [2] — [2(2)] is an isomorphism of ZG-
modules.

Proof. In part (1) the action of G on ¥A(R) fixes the suspension coordinate and acts
on A(R) in the given way. The homeomorphism is immediate, since each of the subposets
RU{0gr} and RU {0%;} is a cone on R with vertex fixed by G. The description in parts
(2) and (3) is well-known. O

Continuing in this vein, let { R; ‘ t € T} be a set of posets indexed by some set 7. By
a wedge of suspensions of the R; we mean a poset

X = J(R x {t})uT U{0}

teT

which we will denote by \/,.;+ XR;. We define a partial order on this set as follows. For
t € 7 define

jtZRtX{t}—)Rt
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by ji(r,t) =r. If z,y € X we put = < y if and only if one of the following holds:

(i) there exists t € 7 such that x,y € Ry x {t} and ji(z) < ji(y),
(ii) z =t €7 and y € R; x {t},
(ili) x =0 and y ¢ 7 U {0}.

The point about using the set R; x {t} in the above construction is that it guarantees that
all these sets are disjoint as t ranges through 7. However, when no confusion may arise
we identify R; with R; x {t} via j;. We do this in the next result.

(2.2) PROPOSITION. Let {R; |t € T} be posets. Then
(1) A(VteT YR) = VteT YA(R;), and
(2) for n > 1 the map
pi @ Huor(Re) — Ho(\/ SRy)
teT teT

defined by pu(d_,c7[2t]) = D eq [t * 2t — 0% 2] is an isomorphism, where for allt € T,
Zt € Zn—l(Rt)~

Proof. (1) is immediate from the definitions and (2) is well-known. O

We will apply this construction in the situation where P is an extension of ) by
minimal elements. We take the indexing set 7 to be the set M = P — (@, which consists of
minimal elements of P, and the posets R; are the P~,,, m € M. In this situation, if P is
a G-poset and @ is G-invariant we may define a group action on the poset \/, . v X Psm
by

9(p,m) = (gp,gm),  for (p,m) € Popm x {mj},
gm = gm, m e M,
90 =10,

and now the homology groups of this poset become ZG-modules. There is also a group
action on the simplicial complex

\/ ZAP.)

meM

in which if x € ¥A(Ps,,) and g € G then gz € SA(Psgm).

(2.3) PROPOSITION. Suppose that P is a G-poset which is an extension of () by
minimal elements where ) is G-invariant. Put M = P — Q.
(1) There is a G-equivariant homeomorphism

A\ 2Pom) = \/ SAP.).
meM meM



(2) For n > 1 the group @mGM n—1(P>m) acquires the structure of an induced ZG-
module

D dur(Por)= P Hoa(Pom) 1€,

meM me[G\M]

where G, is the stabilizer of m in GG. The mapping

p: @@ Hoi(Pom) = Ha( \/ SPor)
meM me/\/l

of 2.2 is an isomorphism of ZG-modules.

Proof. (1) is simply 2.2(1), with the observation that the homeomorphism is G-
equivariant.
In (2) the ZG-module structure of @, 4 H,_1(Ps,,) comes from the ZG-module
structure of @, . v Cp_1(Psp) in which g(po < p1 < -+ < pn_1) = (gpo < gp1 <
- < gpn—1) where (pg < p1 < -++ < pnp_1) is an (n — 1)-simplex of Ps,, and (gpy <
gp1 < -+ < gpn-1) is an (n — 1)-simplex of P g,,. Thus @, 4 H,_1(Ps,,) is the direct
sum of subspaces permuted by G in which the stabilizer of each subspace is G,,, and
the orbits of G on these subspaces are in bijection with G\ M. Thus with this action
D, H,_1(Ps,,) is an induced module as claimed. It is evident from the definition
that p is a homomorphism of ZG-modules as claimed. O

We now show the relevance of the wedge of suspensions construction in the situation
where P is an extension of () by minimal elements. As before we put M = P — ). Define

\/ =P, — P
meM

as follows. Firstly j(0) = Og, secondly j(m) = m for all m € M, and thirdly, for
x € Py, x {m}, we define j(z) = jn(x), where j,, was defined before 2.2.

(2.4) THEOREM. Suppose that P is a G-poset which is an extension of ) by minimal
elements where @) is G-invariant. Put M = P — Q.
(1) 7 :Vpmem 2P>m — Pg is a G-homotopy equivalence.
(2) For n > 1 the map

W @ P>m Hn(PQ)
meM

is a ZG-module isomorphism, where

P o) = 3 [k 2 — 0 # 2.

meM meM

6



Here z,, € Zn_l(P>m) for all m € M.

Proof. First note that j is a G-equivariant map of posets. We show that for each
p € Po, i~ ((Pg)<p) is Gp-contractible. Then (1) follows from Theorem 1 in [6].

Case 1. There exists no m € M with m < p.
In this case j~!((Pg)<p) = {0} is evidently G)-contractible.

Case 2. p e M.
In this case j~'((Pg)<p) = {p} is also G,-contractible.

Case 3. p ¢ M and there exists m € M such that m < p.
Let M, = {m € M | m < p} and X = \/,,c s EP>m. Notice now that j~!((Pg)<p) =
Unme M, X< (p,m) is a union of posets, each of which has a unique maximal member (p, m
and which pairwise intersect in {0}. Such a poset is evidently contractible. For convenience,
let Y = j ' ((Pg)<p) and Z = {(p,m) | m € M,} U{0} C X. Then the two maps

VY — 7
¢:Z — {0}

defined by ¥(0) = 0 and ¥(y) = (p,m) if 0 # y € X<(pm) and ¢(p,m) = ¢#(0) = 0 are
Gp-equivariant and satisfy y < ¢(y), z > ¢(z) always. Therefore by [6, 1.2] ¢ and ¢ are
G,-homotopy equivalences which show that Y is Gp-contractible.

Part (2) follows from (1) and 2.3. O

We summarize the situation so far by combining Proposition 1.1 with Theorem 2.4
and a little bit more.

(2.5) THEOREM. Suppose that P is a G-poset which is an extension of () where
Q is G-invariant. Put M = P — @, and in (2) — (4) assume that M consists of minimal
elements.

(1) There is a long exact sequence of ZG-modules

B Hn<Q)L—*’Hn<P)i>FIn(PQ)LHn—1(Q) o

where 1, k. are the maps on homology induced by the obvious inclusion maps t, k.

(2) PQ =a VmEM 2P>m
(3) For allm >0

Hn(PQ) = @ I:In—l(P>m)
meM
= @ }NIn—l(P>m) Tgm
mée[G\M]

as ZG-modules.



(4) With respect to the first isomorphism of (3) the map r of (1) is given by

@ (¢m)s

meM

where i, : Ps,, — Q is the inclusion map.

Proof. Part (1) is 1.1 and parts (2) and (3) come from 2.3 and 2.4. We now prove
part (4). We must show that in the long exact sequence

o B Q) (PY'E @D Hooa(Po) o 1(Q) — -+
meM

the map ru is given by

T = @ (tm)

meM

where p is the map of 2.4(2).

Let h =3 cmlzml € e Hno1(Psm). Then by 2.4(2), u(h) = >, c plm*zm —
0@ * zm]. Notice now that m * z,, € P and 04 * z,,, € Q¢. Hence by 1.1(2) and 2.1(2),

ri(h) =3 em (M zm = 0g * 2m]) = 305, plO(m + 2m)] = 32, pal2m]- O

We conclude this section with a discussion of the multiple connectivity of the com-

plexes P and Pg. For each simplicial complex A we denote by A(™ the n-skeleton of
A.

(2.6) LEMMA. Let P be an extension of Q). If Q) is n-connected then the inclusion
map ¢ : AP(™ — APC(?n) is a homotopy equivalence, and P is n-connected if and only if
Pq is n-connected.

Proof. For p € P, .7'((Pg)>p) = P>p is contractible, while .71 ((Pg)>0,) = Q s
n-connected. Hence Lemma 4.3 in [2] completes the proof. O

(2.7) COROLLARY. Let P be an extension of Q by minimal elements and put
M = P — Q. Assume that for all m € M, P~,, is n-connected. Then
(1) Pg is (n + 1)-connected.
(2) If Q is k-connected, for k < n+ 1, then P is k-connected.

Proof. Since Py ~ \/, c y XP>m, and since the latter complex is (n + 1)-connected,
so is Pg. Then (2) follows from 2.6. O



3. The proof of the Main Theorem

We again work in the abstract setting of a poset P which is an extension of @), and
suppose further that we are given a subset I C @ such that I is an ideal in P. We will
say that I has the join property with respect to @@ (written in short JQ-property) if for
each ¢ € @ the set I<, is non-empty and has a join in I. Thus for each ¢ € @ there is
a unique largest member of I less than or equal to q. We will say that I has the strong
join property with respect to @@ (written in short SJQ-property) if I has the JQ-property
and for all m € M = P — @ and ¢ € I, whenever m and ¢ have an upper bound in
P (and hence in @) they have a join in P. In this case for each m € M we denote
I<>p = {i € I | {m,i} has an upper bound} regarded as a subposet of I. Note that in
this definition and in Lemma 3.1 we do not require that the set M (defined to be P — Q)
consist only of minimal elements.

Our application of these notions will be in the situation where N <G with p ‘ |IN|. We
take P = A,(G), @ ={A € A,(G) | ANN #1}. Then I = A,(N) has the SJQ-property.

(3.1) LEMMA. Suppose that P is a G-poset with G-invariant subsets I C Q C P

such that P is an extension of () and I is an ideal in P. Put M = P — Q).

(1) If I has the JQ-property then the map ¢ : Q — I defined by ¢(q) = join of I<, is a
G-homotopy equivalence with G-homotopy inverse the inclusion map ¢ : I — Q.

(2) If I has the SJQ-property then for all m € M the map ¢, : Q>m — I<>,, defined
by ¢m(q) = ¢(q) is a G,,-homotopy equivalence with G,,-homotopy inverse 1., :
I<>m — Qs defined by ¢, (i) = join of {m,i}.

Proof. All of the maps mentioned are equivariant maps of posets, and they satisfy

Vmdm(q) < q for all ¢ € Qs
Gmm (1) > i for all i € I<>p,.

Hence by [6, 1.1] ¢,¢ and %, ¢, are pairs of mutually inverse equivariant homotopy
equivalences. O

We will apply Lemma 3.1 in the situation where P is an extension of () by minimal
elements, in which case Ps,, = Q>n.

(3.2) THEOREM. Suppose that P is a G-poset which is an extension of () where
Q is G-invariant. Put M = P — @, and in (2) — (4) assume that M consists of minimal
elements. Suppose that I C () is a G-invariant ideal of P with the SJQ-property.
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(1) There is a long exact sequence of ZG-modules
- — H,(I)-5H,(P) "5 H, (Po)—>Hp— 1 (I) — -+

where 1, k., are the maps on homology induced by the obvious inclusion maps t, k.

(2) P ~c Vpmerm El<zm.
(3) For alln >0

H,(P) = @ Hu-1(I<>m)

@ Hn—1<ISZM) Tgm

me[G\M]

I

as ZG-modules.
(4) With respect to the first isomorphism of (3) the map s of (1) is given by

EB (tm)+

meM

where ty, : I<>,, — I is the inclusion map.

Proof. (1) We identify the terms in the long exact sequence of 2.5 using the homology
isomorphisms which we deduce from 3.1. It may help to consider the following diagram in

which the top row is the sequence of 2.5 and all vertical arrows are isomorphsms, p having
been defined in 2.4.

— H(Q) 5 Hl(P) S5 Hu(Po) — H,-1(Q)
HT %lTL*
@ﬁn—l(P>m> Ij[n—l(I)

D Hi1(I<>m)

The sequence presented here thus has s = ¢,r.
(2) The homotopy equivalences 1, yield a G-homotopy equivalence

VY, ¢ \/ Ylc>m — \/ Y Psm,
meM meM

noting here that P~,, = Qs,,. Combining this with 2.5(2) gives the result.
(3) The first isomorphism is the composite

r7 DVm« r r
P HuorUcom)™ @ Hor(Pom) " Ha(Pg),
meM meM
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where in 2.4 we saw that p is an isomorphism. The argument that this is an induced
module was given in 2.3(2).

(4) On considering the diagram presented in the proof of (1) we see that we have to
Show @7 lt)ms = s Where Ly, I<>p, — 1. We saw in 2.5(4) that rp = @iy, where in

that case iy, : P>,y — Q. Since ¢,, is the restriction of ¢ to P, we have t,, ¢, = Ot

and so
GuT s = Pu (Bl ) Yims
= DulmsxVmx
= Umx OmsxVm
S
as required, since ¢,,, and 1, are mutually inverse homotopy equivalences. O

We now translate Theorem 3.2 into the group theoretic situation of the Main Theorem.

We first verify separately one of the identifications that will be needed for this.
(3.3) LEMMA. Let G be a finite group, p a prime and N <G. Then
Ap(N)<za = Ap(Cn(A)).
Proof. We have
Ap(N)<>a ={K € A,(N) | A and K have an upper bound}.

Now A and K have an upper bound precisely if they are subgroups of some elementary
abelian subgroup, which happens precisely if A and K centralize each other, i.e. K <
C N(A) O

Proof of the Main Theorem. Let G, p and N be as in the main theorem. Let P =
Ap(G), I = A,(N)and Q = {A € P | ANN # 1}. Notice that Py = A,(G)n. It is almost
immediate that P, @) and I satisfy all the hypotheses of Theorem 3.2, and of course P is a
G-poset under conjugation and ), I are G-invariant. The Main Theorem is the statement
of Theorem 3.2 in this particular case.

We check two things in particular. If A € P — @ then A is an elementary abelian
p-group with AN N = 1, so by hypothesis A has order p. Thus P is an extension of ()
by minimal elements and P — @) = M as defined in the statement of the Main Theorem.
Secondly, for A € M we have I<>4 = A,(Cn(A)) by Lemma 3.3. O
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4. The Lefschetz invariant and the generalized Steinberg module

As far as computing the homology of A,(G) is concerned, we were able in our Main
Theorem to give a sharp description of A,(G)y only in the case when all elementary
abelian p-subgroups A < G satisfying A N N = 1 are cyclic. If we weaken the type of
information we try to compute and do not ask for the full homology, we may give further
results without the strong hypothesis on V.

Following [5], if A is a G-simplicial complex we shall use the notation

dim A

i=—1

respectively for the reduced Lefschetz invariant of A in the Burnside ring of G, and the
reduced Lefschetz module of A in the Green ring of RG-modules. Here A; is the G-set of -
simplices of A, and C;(A) is the i-dimensional chain group of A, taken over a commutative
coefficient ring R. In order to make sense of the Green ring of finitely generated RG-
modules we will suppose that R is either a field or a complete discrete valuation ring. We
take A_; to be a single point with trivial G-action, and C'_1(A) = R the trivial module.
As usual, in case A = A(P) arises from a poset P, we will write simply A(P) and L(P).
The generalized Steinberg module of the finite group G at the prime p is defined to be

Stp(G) = L(Ay(G))

as an element of the Green ring of RG-modules. A survey of some of its properties can
be found in [7]. There is a homomorphism from the Burnside ring to the Green ring
which takes every G-set to the corresponding permutation module, and evidently St,(G)
is the image of A(A,(G)) under this homomorphism. We will prove our identities for
St,(G) by first establishing the corresponding identities for A(A,(G)) and then applying
this homomorphism.

We are about to invoke a theorem of Thévenaz which applies to posets of the form
A +¢c B where A and B are posets and C is an ideal in the poset A x B. The poset
A +¢ B is defined to be the poset whose underlying set is the disjoint union of A and B,
and whose ordering is defined by the ordering of A, the opposite ordering of B and the
extra condition:

ifa€ A, be B and (a,b) € C then a < b.

If A and B are G-posets and if C' is a G-invariant ideal then A +¢ B is again a G-poset.

In such a poset, A is an ideal of A +- B, and B is an ideal of the opposite poset.
Conversely, in every poset P with a subset B which is an ideal in P°P, the complementary
set A= P—Bisanidealin P, and P = A+ B° where C = {(z,y) ‘ r €A yeB, <y}
Thus Thévenaz’s theorem applies to our situation where P is an extension of ) and
M =P —(@Q, so that P = M +¢c Q°P.
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(4.1) THEOREM. Suppose that P is a G-poset which is an extension of () where
is G-invariant. Put M =P — Q.
(1) i ) ) )
AP)=MQ)+ Y AMcm)-MQsm)) 1€, -
me[G\M]
(2) Suppose further that I is a G-invariant ideal of P with I C @, and that I has the
SJQ-property. Then

AP) =MD+ Y (AMap)-Ml<sm)) 1€, -
me[G\M]

Proof. Part (1) is a restatement of the first formula of [5, 3.3] in the present context.
Part (2) follows from part (1) and 3.1, since A is constant on G-homotopy equivalent
complexes [5, 1.3]. O

(4.2) THEOREM. Suppose that G is a finite group with a normal subgroup N such
that p } |N|. Then

A(Ap(G)) = A(A(N)) + Yo (AA(GL(A) - AA(CN (A)))) TR )

A€EAR(G), ANN=1

up to conjugacy

in the Burnside ring, and so

Stp(G) = Stp(N) + Y. (St(GL(4)) © Sty(Cn(A)) 180

A€Ap(G), ANN=1
up to conjugacy

in the Green ring.

Proof. As in the proof of the Main Theorem in Section 3 we take P = A,(G),
I=A,N),Q={AcP|ANN#1}and M ={A € P| AnN = 1}. We have seen
in Lemma 3.3 that I<>4 = A,(Cn(A)) in this situation, and it is clear that M. 4 is the
poset of proper subspaces of A. This is in fact the poset which defines the building of
GL(A), and so we write St,(GL(A)) for its Lefschetz module in the final equation. O

The most straightforward (non-trivial) situation in which we may apply the formula
for the Steinberg module in 4.2 occurs when G satisfies the condition that AN N =1, A
an elementary abelian subgroup of G implies A is cyclic. In this case, if A = (), then A
has no proper subspaces and so St,(GL(A)) = —R. Thus

Stp(G) = Stp(N) — > Stp(Cn(A)) TRaa) -

AEAL(G), ANN=1
up to conjugacy

This formula may also be deduced by taking the alternating sum of the terms in the long
exact sequence of the Main Theorem. It seems that this formula is known to Bouc [3] who
uses it to relate St2(S,) and Sta(A,,).
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5. Examples
We present two examples to illustrate the theory we have developed. In the first we
consider the situation A,,<5,,, and only state the result when n > 6 to avoid the exceptional

small cases which may easily be worked by these and other methods.

(5.1) PROPOSITION. For each n > 6 there is a long exact sequence

—  H(As4,)  —  Hy(AsS,) — He1(AsS,_2) 136
SN ﬁs—l(AQAn) — ﬁ5_1<AQSn) S ﬁs—Q(AQSn—Z) Tg;LxSn_Q
— ﬁl(.AzAn) — I—irl(AQSn) — 0.

Proof. We apply the Main Theorem, in which the conjugacy classes of the set M are
represented by the groups ((1,2)), ((1,2)(3,4)(5,6)), ((1,2)(3,4)(5,6)(7,8)(9,10)),. .. Let
us write ¢, = (1,2)(3,4)---(4r + 1,4r + 2) € S,,. Then Cy, (t,) contains the subgroup of
index 2 in ((1,2),(3,4), ..., (4r + 1,4r + 2)) which consists of even permutations, and this
is a normal 2-subgroup of C'4, (t,). Thus A(Ca, (t.)) is contractible, except when r = 0,
in which case Cy, (1,2) = S,,_2. This gives the general terms of the long exact sequence,
and it terminates as indicated because all of the spaces A2(C4. (t.)) are connected. O

For our second example we consider a Frobenius group Cy x C), where p is prime with
p | ¢—1, and form the wreath product G = (C,; x C,)1C,. The base group N = (C,; x C,)P
is a normal subgroup of index p. This example is of interest because of counterexamples
provided by Alperin to an incorrect conjecture made earlier by one of us [7, 3.2]. The
conjecture was that H,(A,(G))®Z, should always be a projective Z,G-module, where Z,
denotes the p-adic integers, but in [1] Alperin shows that the top non-vanishing homology
group of A,(S,2) with p > 5, is not projective. He has also observed that the wreath
product group G provides a counterexample if p > 3, using a similar argument to the one
of Sy2. We will now compute the homology of A,(G).

(5.2) PROPOSITION. Let G = (Cy x Cp) 1 Cp, where C, x C), is a Frobenius group,
p a prime, and let N = (C, x C,)P be the base group. Put V = Hy(A,(C, x Cy)), the
coordinate-sum zero submodule of rank q — 1 in the permutation module on the q Sylow
p-subgroups of Cy x Cy,. If p # 2 then

i Ve ifn=p-1,
Hiu(Ap(G) = § V 150 neyyxe, fn=1,
0 otherwise.
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If p= 2 then H,(A,(G)) = 0 unless n = 1, in which case there is a short exact sequence
0= VIR Hi(Ap(@) = V 15(c,m0, 20, O

To explain the notation, we may regard V as a module for N = (C; x Cp)P via
projection onto the first C; x C), factor. Then V T%G denotes the tensor induction. We
consider also the diagonal subgroup 6(C,; x C,) C N, and regard V as a module for
d(Cy x Cp) x Cp, where the C), factor performs the wreath action, via projection onto
0(Cy % Cp) =2 Cyq xCp.

Proof. One sees easily that all complements to IV in G are conjugate, since any two are
conjugate to complements for the base group in C,1C, = F,C),, x C,, and here complements
are conjugate since H'(C,,F,C,) = 0. The centralizer in N of such a complement is
d(Cy x Cp) and so the long exact sequence of the Main Theorem takes the form

w = Hy(Ap(N)) — Hi(Ap(G)) — Hy—1 (Ap(Cy % Cp)) 1§ cyyxcy, =

Now A,(C,; x Cp) is the set of ¢ Sylow p-subgroups of C, x C,, and so its homology is
zero except in dimension zero, where it is V. As for A,(N), this is homotopy equivalent
to the join A,(Cy x Cp) * - - x A,(C, x Cp) with p factors by [4], and using the methods
of [6] it is easy to see that Quillen’s homotopy equivalence is equivariant for the action of
G with C}, permuting the factors. Since A,(C; x C)) is just a set of ¢ points, or in other
words a wedge of (¢ — 1) 0-spheres, the join of p copies of this space is a wedge of p(q — 1)
(p—1)-spheres, in which each C,; x C,, factor of N permutes the corresponding set of (¢—1)
of these spheres. Thus we have

- Vo eV ifn=p—1
H, N)) = )
(Ap(N)) {O otherwise.

In the action on this homology the wreathing C), permutes the factors V in the tensor
product and so

o (A, (N)) = V 15 .

Substituting these identifications into the long exact sequence completes the proof of this
result. O

(5.3) COROLLARY (Alperin). Let G be the group specified in 5.2. When p > 3,
H,_1(A,(G)) ® Z, is not a projective Z,G-module.

Proof. As a module for the wreathing C),, the tensor induced module V T%G is a
permutation module on tensors v;, ®- - - ®w; , where vy, ..., v,_1 is some basis of V. It has
as a direct summand the trivial module, spanned by v; ® - - -®w1, which is not projective. O
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