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Turiel’s completelist of canonicalformsfor finite-dimensional,nondegenerate,compatiblepairsof Hamiltonianstructuresis
usedto determinethepreciselocalintegrabiityof bi-Hamiltoniansystemsof ordinarydifferentialequations.Also, classification
ofincompatibleHamiltonianpairsin fourdimensionsandtherelationshipbetweencompatibilityandintegrabilityarediscussed.

1. Introduction

A systemof differential equationsis calledbi-Hamiltonian [1,2], if it canbe written in Hamiltonianform
in two distinctways:

~=J1VH1=J2VH0, xeM. (1)

HereM is a realor complexn-dimensionalmanifold,H0(x), H1 (x) are the two Hamiltonianfunctions,and
J1(x), .12(x) areskewsymmetricii x n Hamiltonianmatrices,notconstantmultiplesof eachother,determining
Poissonbracketson M:

{F,G}~=VF
TJ~(x)VG,v=l,2. (2)

TheJacobiidentityrequiresthateachJ,(x) satisfyaquadraticallynonlinearsystemofpartialdifferentialequa-
tions (cf. ref. [2; proposition6.8]). We call the structuredefinedby J

1, J2 a Hamiltonianpair. TheHamil-
tonianpair is compatibleif the sum j1 (x) +J2(x) alsodeterminesaPoissonbracket,which,owingto thequa-
draticnatureof the Jacobiidentity, implies thatany constantcoefficient linear combinationof .1~and .12 is
alsoa valid Poissonbracket.In thesymplecticcase,eachJ~(x) is nonsingular(so n is necessarilyeven),and
the nonlinearJacobiconditionscanbe replacedby the linearconditionthat the symplectictwo-forms

Q~=1~TAK~(x)dx, K~(x)=J~(x)’ (3)

are closed,i.e. dQ~=O.Compatibilityis equivalentto the closureof the two-form

~ dX~A [K1(x) +K2(x)’J~ dx.

According to the fundamentaltheoremof Magri [1], [2; theorem7.24], providedcertain technical hy-
potheseshold, bi-Hamiltoniansystemsfor compatibleHamiltonianpairsare completelyintegrable.

Theorem1. SupposeJ~,J2 form a compatibleHamiltonianpair, with J1 symplectic.Foreachassociatedbi-
Hamiltoniansystem(1), thereexistsahierarchyof HamiltonianfunctionsH0, H1, H2,H3, ..., all in involution
with respectto eitherPoissonbracket,{H~,Hk}~= 0, generatingmutuallycommutingbi-Hamiltonianflows
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~=JIVHk=J
2VHk_I. (4)

Thus suchbi-Hamiltoniansystemsare completelyintegrablein the classicalsenseprovidedenoughof the
Hamiltoniansin theassociatedhierarchyarefunctionally independent.Thegoalsof thepresentpaperaretwo:
first to investigatein moredetail the integrabilityof particularbi-Hamiltoniansystems;second,to determine
the properrole that the compatibilityconditionplaysin the integrabilityof suchsystems.Both investigations
will reston the determinationof canonicalforms for suchHamiltonianpairs,andthenexplicitly determining
all associatedbi-Hamiltoniansystems.Notethat for a given pair, the correspondingbi-Hamiltoniansystems
arefoundby solvingthe linearsystemof partial differentialequations

VH0=MVH1, M=J~’J~=K2Kj’, (5)

whereM is thetransposeof the recursionoperator[2]. We remarkherethat thesimplesystemof differential
equations(5), which arisesin a surprisingnumberof differentcontexts,is notwell understood,exceptin the
particularcasewhenthe matrix M is constant,in which casethe generalsolutioncanbefound in ref. [31.

A Hamiltonianpair is callednondegenerateat the point x if the skew-symmetricmatrix pencil

J~(x)~J2(x)—AJ~(x), AeCu{~}, (6)

is nonsingularfor at leastone(andhencefor all but a finite numberof) A. (For A = ~, setJ~(x) = J~(x).) In
thiscase,theA’s for whichJ~(x)is singulararecalledtheeigenvaluesof thepair. If the pair is compatible,and
nondegenerate,we canassumewithout loss of generalitythat J1 is symplectic,i.e. A = oo is not aneigenvalue.
The completealgebraictype of a nondegeneratepair of skew-symmetricmatricesis givenby the elementary
divisorsandSegrecharacteristicof thematrix pencil J~(x),cf. ref. [4]. (Degeneratepairsof skew-symmetric
matricesarehandledby the moredetailedKroneckertheory.) A pair is calledelementaryat x if it hasjust
onecomplexeigenvalue.A nondegeneratepair is called irreducibleat x if it hasSegrecharacteristic[(nm)]
(analogousto a singleJordanblock), soeveryelementarypair is the directsumof irreduciblepairsall having
the sameeigenvalue.Every nondegeneratecomplexskew-symmetricmatrix pencil is algebraicallythe direct
sumof irreducibleskew-symmetricmatrix pencils.

Theorem2. Theeigenvalues,elementarydivisorsandSegrecharacteristicof aHamiltonianpairareinvariant
underthe flow of any associatedbi-Hamiltoniansystem.

Definition 3. A (nondegenerate)Hamiltonianpair is genericon a domainM if it hasconstantSegrechar-
acteristicoverall of M, i.e. thealgebraictypeofthepairdoesnotvaryfrompoint to point,andalsothenumber
of functionally independenteigenvaluesdoesnotvary, i.e. the dimensionof the subspaceof T*M I spanned
by their differentials{dA ~, ..., dA,) is independentof x. (In particular,eacheigenvalueAm is eitherconstantor
hasno critical pointson M.)

Nongenericpointsaresingularitiesof the pair, andmustbehandledby moresophisticatedtechniques;see
ref. [5] for the caseof a singlePoissonstructurein the plane.According to theorem2, as far as the flow of
anybi-Hamiltonian systemis concerned,we can safelyrestrictour attentionto a domainwherethe pair is
generic.

Accordingto the results of Turiel [6,7], any complex-analyticgenericnondegeneratecompatibleHamil-
tonian paircanbe locally expressedasthe Cartesianproductof elementarypairs,eachhavingjust oneeigen-
value. (Turiel’s classificationresultsextendto realHamiltonianpairs,asdo our classificationsof bi-Hamil-
toniansystems,but, for simplicity, wewill restrictourattentionhereto complexanalyticsystems.)In thecase
of constanteigenvalue,any elementarypair is in turn the Cartesianproductof irreduciblepairs;however,this
doesnotholdin thecaseof nonconstanteigenvalue.Wewill presentthedetailsof theTune!classificationand
the structureof associatedbi-Hamiltoniansystemsin five stages,correspondingto
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(I) irreducible,constanteigenvaluepairs;
(II) elementary,constanteigenvaluepairs;
(III) irreducible,nonconstanteigenvaluepairs;
(IV) elementary,nonconstanteigenvaluepairs;
(V) generalgeneric,compatible,nondegenerateHamiltonianpairs.
Weassumethatneither0 nor00 is aneigenvalue,sothe Hamiltonianpair is determinedby two compatible

symplecticforms.Darboux’theorem[2; theorem6.22], impliesthatwecanwrite thefirst symplecticform in

canonicalform,

= dp~,A dq0 + dp~A dq1 + ... + dp~A dq~. (7)

Therefore,the problemreducesto howto placethe secondformQ2 intoa canonicalformusingcanonicaltrans-
formationsof the phasespace.

2. (I) Irreducible,constanteigenvaluepairs

Theorem4. Any irreduciblecompatibleHamiltonianpair with constantnonzeroeigerivalueA has the ca-
nonical form

Q2=uQ~+dp0Adq1 +dp~Adq2+...dp~_,Adq~, (8)

whereQ, is given by (7), andjt=1’.

Theassociatedsymplecticmatricesfor the pair (7), (8) are

(0 i’\ ( 0 jil+U\ 9
K1=~1 0)’ K2=~~UT 0 )‘ ~

which is thecanonicalalgebraicformof Weierstrassfora nondegeneratepairof skew-symmetriccomplexma-
trices [4]. HereI isthe (n+ 1)x (n+1) identitymatrix, andU is theuppertriangularmatrix of thesamesize
with l’s on the super-diagonaland0’s elsewhere.Invertingthe matrices(9) will give acanonicalformfor the
HamiltonianmatricesJ~,althoughtheseare somewhatcomplicatedto work with directly. However,thispair
assumesthe simpler canonicalform

(0 i\ ( 0 AI+u\
JI=\_J o,i’ J2=~ 21 UT 0 ) (10)

under the canonical transformation (p, q) —+ (ATp, A — ‘q), where the matrix A is such that
A(jil+ U) — ‘A’ =21+ U is in Jordancanonicalform.Thegeneralform foranyassociatedbi-Hamiltoniansys-
temfollows from thesolution to (5) usingthe methodsof ref. [31.

Theorem5. SupposeH~(x), Ho(x), x= (p,q), are analyticfunctionswhich definea bi-Hamiltoniansystem
(1) relativeto thecanonicalirreducibleconstanteigenvalueHamiltonianpair (7), (8) on a convexopensub-
set.Thenthereexist scalar-valuedfunctionsFk(~,,~),k= 0, ..., n, suchthat

H0(x)=H~°~(x)—H$’~(x)+...+H~(x),~

with

8k—1

W(s)) +k8 k—I Fk(7r(s), eu(s))
S s~0 S s’~O
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H~(x)= ~—~Fk(it(s), w(s)) , (11)
S s=0

where

x(s)=p0+sp1+s
2p

2+...+s~p~, w(s)=q~+sq~,+s
2q~

2+...+s”q0. (12)

Example 6. Considerthe casen =2. Then

ir(s)=p0+sp, +s
2p

2, w(s)=q2+sq~ +s
2q

0.

Substitutinginto (11), wefind that the generalsolutionto (5) in thiscaseis a sumof threeparticulartypes
of solution:

H~°~=jzF0(p0,q2),H~°~=F0(p0,q2),

H~’)=pH~+F1(p0,q2),~ 8Po ôq
2

~
ôPo 8q2

2 8
2F

2 2 8
2F

2 0
2F

2 2 8F2 t9F2H~~ ~ p1q1+—~--q~+2-~——p2+2-~—-q0,
uPo ap0~q2 8q2 uPo

whereF0, F1, F2 arearbitraryfunctionsof the variablesPo, q2.

Similarly, it canbe shownthat the generalHamiltoniansdeterminedby (11) are polynomialsin the minor
variables p~, ..., p,,, q0, ..., q~,, whosecoefficientsarecertainderivativesofthearbitrarysmoothfunctionsFk(po,
q~)of the remainingtwo major variables, Po, q~. In outline, the proofof this andsimilarsubsequentresults
proceedsin two steps.Firstoneverifiesby direct, elementarycomputationthat (11) reallydo definesolutions
to the system(5). Then, to show that theseare the only solutions,we cross-differentiateto deducethat the
generalsolution mustbe an affine function of the toporder minorvariablesp,,,q0, and,moreover,the coef-
ficients of thesevariablescanbe matchedby a suitablechoiceof the solution (11) for k= n. Thelinearity of
(5) andaneasyinductionwill completethe argument.

Theorem5 demonstratesthe completeintegrabilityof any bi-Hamiltoniansystemcorrespondingto an ir-
reducible,constanteigenvalueHamiltonianpair. Indeed,the subsystemgoverningthe time evolutionof the
majorvariablesis the autonomoustwo-dimensional(onedegreeof freedom)Hamiltoniansystemwith Ham-
iltonian n!F~(p0,q~),

~- ~L ~—— .——n. — —n. (13)
dt 8q0 ôq,, dt

8Pn 8Po

andis easily integratedby quadrature.(Curiously, the canonicallyconjugatevariablesPo,q~for the reduced
system(13) are notcanonicallyconjugatefor thestandardsymplecticstructuregivenby1?~,nor aretheycon-
jugateforQ

2.) Thetimeevolutionof theminorvariablesis thendeterminedby successivelysolvinga hierarchy
of two-dimensionalforceslinearHamiltoniansystemsin the variablesPk, q~k, eachof theform

~~_n!(8O
2~npk+~±nqflk)_Gk(t), dk ~ (14)

whereGk, ~ arecertainexplicit functionsof (Po, ..., Pk ~, q~,..., q~_~+,),whosetimeevolutionhasthusalready
beendetermined.Weconcludethatany bi-Hamiltoniansystemfor an irreducible,constanteigenvalueHam-
iltonianpaircanbeintegratedby solvinga singletwo-dimensionalautonomousHamiltoniansystem,followed
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by asequenceof forced linear,nonautonomoustwo-dimensionalHamiltoniansystems.

3. (II) Elementary,constanteigenvaluepairs

Theorem7. EverycompatibleHamiltonianpair with constanteigenvalue( s) is (locally) theCartesianprod-
uct of irreduciblepairs.

We canthereforeintroducelocal coordinates

x= (p, q) = (p’, •,,,pm, q’, ..., qm) , p’= (ps, ...,p~,
1), q’= (q~,,...,q~,), (15)

suchthatQ~=Q ~ +... + Q’, whereeach(2n1+ 2)-dimensionalsub-pairQ~,(.4 is irreducible,compatible,tak-
ing the canonicalform (7), (8) in its coordinates(p’, q’). Restrictingattentionto the caseofjust oneeigen-
value,assumethat the sub-pairsarearrangedin orderof size: n, ? n2?...?flm~ For k?0, let mk denotethe
numberof irreduciblesub-pairsof dimensiongreaterthan2k+ 1, which, accordingto ourordering,will bethe
first m,,,sub-pairs.In particularm0=m.

Theorem8. Themostgeneralbi-HamiltoniansystemforacanonicalelementaryHamiltonianpairwith con-

stanteigenvalue2= u hasthe form (1) with

H0(x) =H3(x) +H~’~(x)~ , H~(x) =H[°~(x)+H~’~(x)~

where

,...,itmk(s),Wmk(s))
S s=0

ôk~i
+k—~---jFk(1r’(s),&(s), ..., ,tF~k(S),wmk(s))

.95 s=O

H~”~(x)=~—~Fk(1r,(s),wI(s),...,7rmk(s),wmk(S)) . (16)
s=0

Hereit(s), w(s) are theparametrizedvariablesfor the ith sub-pair,givenby expressions(12), with n=

andthe additional index i on all the variablesp~,q~.

As in the irreducible case,we find that these Hamiltoniansare polynomials in the minor variables
p~,~ 1? 1, whosecoefficientsarecertainderivativesof arbitraryfunctionsof the major variablesPb, ~
Therefore,to solve suchabi-Hamiltoniansystem,wemust integratean autonomousm-dimensionalHamil-
toniansystemin the majorvariables,followedby a sequenceof linearnon-autonomousHamiltoniansystems
in the appropriateminorvariablesp~,q’,,,~,forall i with n1?k? 1.

4. (III) Irreducible,nonconstanteigenvaluepairs

Theorem9. A genericirreduciblecompatibleHamiltonianpair with nonconstanteigenvalueA = 1 /Po canbe
put into thecanonicalform

Q1=~dp,Adq1, Q2= ~ J~’~d~Oj~AdQ1. (17)
i=0 j+k~.1
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The sum in Q2 is over all j, k, 1 from 0 to n satisfyingj+ k= 1.

The coordinatesemployedherearedifferent from those in ref. [6], althoughthe transformationbetween
the two is not hard. This particularbi-Hamiltonian structurehas severalremarkableproperties.Define the
(n+1) X (n+1) bandeduppertriangularmatrix

Po Pi P2 P3 p
Po Pi P2 Pn—I

Po Pt . (18)
Po

Po

Thenthe skew-symmetricmatrixgiving the symplectictwo-formQ2 is

( 0 P(p)
K2(P)=~_p(~)T 0

TheHamiltonian matrix J2 (p) = K2(p) -‘is much morecomplicated,involving the inverseR(j’) = P(p) ‘,

which hasthe samebandeduppertriangularform asPwith entries

r0(p)=-
1--, rk(p)= ~ (....

1)~+IPtlPi2~PlT k?!. (19)
Po ji+i~+...+i,k Po

1.~~ I

However,the explicit changeof coordinates

~=r(p), ~=P(j)
2q, (20)

isacanonicalinvolution,whichmapsP toP(fl) =PQ,)— ~, andsochangesthesecondHamiltonianmatrix into
its inverse.Thus thepair hasthe alternativecanonicalform

(0 I’\ ( 0 P(fl)

~ \,—I o)’ ~‘2 l~p(~)T o (21)

with eigenvalueA=~
0.Therefore,asin theconstanteigenvaluecase,weconcludethatbothP(p) andits inverse

determineisomorphicHamiltonianmatrices!

Theorem10. SupposeH, (x), Ho(x),x= (p, q),areanalyticfunctionswhichdefineabi-Hainiltoniansystem
relativeto the canonicalirreduciblenonconstanteigenvalueHamiltonianpair (17) on a convexopensubset.
Thenthereexist scalar-valuedfunctionsh(~),E(~),Fk(~,,~),k=0, ..., n—1, suchthat

H0(x) =/i’(p, ) +H~°~(x)+...+H~”~~(x), H, (x) =h(p1 ) +H~°~(x)+...+H~’’~(x)

where)~“(.~)=.~h’(1~),and

.9k
H~”~(x)= ~ [ir(s)ir’ (s)Fk( it(s), eu(s))] s.0’ H~”~(x)= ~ [it’ (s)Fk(x(s), eu(s))] (22)

Hereit(s), w(s) aregivenby (12), andit’ (s) is the derivativeof it with respectto s.

Example11. If n= 2, thegeneralbi-Hamiltoniansystemis givenby a sum of thefollowing threeparticular
typesof Hamiltonians:
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H~°~=1i’(p0), H~°~=h(po), ff’(p0)=p0h’(p0),

H~’~=p0p,F0(p0, q2), H~=p1F0(p0, q2),

2 2 2 1H~~=(2pop2+p,)F1(p0,q2)+p0p1—+p0p1q,-~——,
°Po uq2

H~
2~=2p

2F,(po,q2)+p~ +p1q1
~Po 8q2

In general,notethatby theorem2, theeigenvalueA is a constant,hencePois a first integral for suchHam-
iltonian systems.Onceits valueis fixed, theotherminor variable,q2, is foundby solvingasingle autonomous
ordinarydifferentialequation.The minor variablessatisfya sequenceof forced,linear planarHamiltonian
systems.

5. (IV) Elementary,nonconstanteigenvaluepairs

Theorem12. AnygenericelementarycompatibleHamiltonianpairwith nonconstanteigenvalue2= 1 /Pocan
be written in the canonicalform

= dp0 A dq0 + ~ ~ dp Adq:, Q2 Po dp0 A dq0+ ~ ~ p~dp~A dq~. (23)
i=Ij=l 1=1 j+k=1

j+k+J,’0

Beyondthe eigenvaluecoordinatePo andits canonicalconjugateq0, the coordinatescomein conjugatesets
p1 (ps,..., pt,,), q’= (q~,..., q3, 1= 1, ..., m. We alsosetp~=Po for all i by convention.The interior sum in

Q2 is overall j, k,1=0, ..., n exceptthecasej= k= 1=0,whichalreadyappearsoutsidethe doublesummation.

Notethatthisparticularpair is algebraicallyreducible,but notreducibleby canonicaltransformations.The
correspondingsymplecticmatrix for 92 is

( 0
0 1’

where

Po p
1 ~2 ,.. ,,rn

P~,(fi’) 0 0
P~

2(~
2) . (24)

P~,,,(1m)

HerejI~= (Po, pT, ..., p~)(recallp3’ =Po) andtheF,,,,, arethecorrespondinguppertriangularmatricesof size
~m X ~m asgivenin (18).Notethatthe algebraicallyirreduciblesub-blockscorrespondingtojustthevariables

~m,

4m are isomorphicto the irreduciblepair (17), but thesesub-blocksareall entangledsincetheeigenvalue

2 = 1 /p~is the samein all cases.
To describethegeneralform for any associatedbi-Hamiltoniansystem,welet

ir’(s)=p0+spç +s
2p~+...+s”p~

1,

~‘(s) =p~+sp~+...+Sn~tp~,,=s1 [rc’(s)—p0]
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(25)

ni_lsfl[~l(s)]fl+l d~ 1
~i’(s)= n~0 (n+l)! dt” [~‘(t)]~~’,

0’

fli1sfl[~1(~)]fl d~ 1 dw’(t)
a’(s)_—q’,,,+ ,,~o n! dt~[~‘(t)]~ dt i=2, ..., m.

Remark. The expansionsof ~‘ anda’ involve truncationsof the remarkablenonlinearseriesdifferential
operator

~ ~-~D~u”D, D=~, (26)
dt

whereu= u( t). The colonsa normal ordering of thenoncommutingoperatorsD andu analogousto theWick
orderingin quantummechanics.Thisoperatorhasthe surprisingpropertythat it commuteswith any analytic
function 0(u):

Seeref. [8] for detailsand applicationsof this operatorto deriving newderivativeidentities.

Theorem13. Themostgeneralbi-Hamiltonian systemfor an elementary,nonconstanteigenvaluegeneric

Hamiltonianpair (24) is givenby

~ ~

where

d’
H~(x)= ~(s~I(s)Fk(it1(s)/L2(S).../imk(s)wl(S)a2(S)..amk(S)))~

ökfd
~ , (27)

s=0

whereh(~),/i~(.~),Fk(t~l,..., ~ 1i, ..., ‘1m~),k=0, ..., n—2, arescalar-valuedfunctions,R’(~)=~h’(~).We as-
sumeasbefore that the blocksare arrangedin decreasingordern, ? n2?...?nm, andmkdenotesthe number
of blocksof sizen1~k.

Example14. Considerthe caseof two sub-blocksof size n1= n2= 2, with coordinates(Po, Pi, P2,Pi~P2,q0,

q,, q2, q’1, q’2). The importantvariablesfor (27) are

ir’(s)=po+sp1+s
2p

2, w’(s)=q2+sq,+s
2q

0,

/L(s)=~~+I~_~2), ~(s)=q’2+sP4!~.

Thegeneralpair of Hamiltoniansis a sum of thefollowing two:

H~°~=p0p1F0(p0,r,q2,q~), H~’~=p1F0(p0,r,q2,q~,),

~ =p0H~
2~+p~F,(Po, r, q

2, q’2)

H~
2~=2p

2F1(p0,r, q2, q~)+p~L~ — ~ +p,q2~- +
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whereF0, F1 arearbitrarysmoothfunctionsof thevariablesPo,r=p1~ q~,q~.Notethatthecorresponding
bi-Hamiltoniansystemreducesto a systemof threeequationsfor the two top orderpositionsq2,q~,andthe
homogeneousmomentumcoordinater, the remainingvariablescanbe thendeterminedby quadraturesand
solving linear systems.

In general,as in the example,suchbi-Hamiltoniansystemsreduceto the integrationof a (2m —2)-dimen-
sionalHamiltoniansystemfor thecoordinatesp~,q~1,i = 1, ..., m, followedbyasequenceof forcedlinearHam-
iltoniansystems.The final coordinateq0 isdeterminedby quadrature.Actually, theinitial Hamiltoniansystem
canbereducedin orderto 2m—3 sinceit only involvesthe homogeneousratiosof momentar’=pç /p~, i~2,
ascan be seenfrom the formula for ‘u’.

6. (V) The generalcase

Theorem15. Everygenericnondegenerate,compatibleHamiltonianpair canbelocally expressedasaCarte-
sianproductof elementary(constantandnonconstanteigenvalue)Hamiltonianpairs.Everyassociatedbi-
Hamiltonian system decomposesinto independentsubsystemscorrespondingto each elementarysubpair.
Thereforethe solutionof thebi-Hamiltonian systemreducesto acollectionof autonomousHamiltoniansys-
temswhosedimensionsaredeterminedby thenumberof irreduciblesub-pairsin eachdistinctelementarypair,
alongwith a sequenceof linear, nonautonomousHamiltoniansystems.

As demonstratedby Turiel [6,7], all theseresultshavereal counterparts,obtainedby taking real andim-
aginarypartsofthe complexpairscorrespondingto complexeigenvalues.In particular,asin ref. [3], complex
eigenvaluebi-HamiltoniansystemsarenecessarilyanalyticHamiltonians.We notethattheorem15 givesare-
finedversionof theintegrabilityresultsappearingin refs. [9,10].Moreover,thisresultcanbeappliedto give
amorecompleteversionof theresultin ref. [11], whichdemonstratesthatthe existenceof enoughhi-Ham-
iltonianvectorfields impliesthat the two Hamiltonianstructuresmustbe constantmultiplesof eachother.

Thiscompletesout classificationof compatiblenondegeneratebi-Hamiltonian systems.A significant open
problemwhich hasnot beenaddressedis to extendtheseresultsto degeneratecompatibleHamiltonianpairs.

7. Hamiltonianpairsin four dimensions

In 1946,Debever[121usedCartan’sequivalencemethod,cf. ref. [13], to classifypairsof symplectictwo-
formson afour-dimensionalcomplexmanifoldup to local (analytic) diffeomorphism.Debeverdoesnot im-
poseanycompatibilitycondition (which wasnotknownatthetime),but doesimposeanalgebraicrestriction,
cf. (28)below;consequentlytheclassificationof Hamiltonianpairsin four dimensionsisnot complete.Never-
theless,Debever’sresultdoesproducenewandinterestingexplicit examplesofincompatibleHamiltonianpairs,
andis worth reviewingin the contextof Magri’s theorem.

Theorem 16. Let Q1,£22 beanalytic,symplectictwo-formson a four-dimensionalcomplexmanifold M sat-

isfying the algebraiccondition

Q1AQ2=0. (28)

Thenthereexistlocal coordinates(PI, P2, q1, q2) suchthat

Q1=dp1 Adq1+dp2Adq2, (29)

and,up to constantmultiple, 92 is equivalentto oneof the threecanonicalforms
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Q~’=dp,Adq,—dp
2Adq2,

Q~
2~=e~’(dp

1Adq1—dp2Adq2—p2dp, Adq2),

Q~
3)=ePI+P2(dplAdq,_dp

2Adq2+(q1+q2)dPlAdp2). (30)

Moreover,thecanonicalsymplectictwo-form9, is compatiblewith the symplectictwo-formQ~1), but is not

compatiblewith either Q~2) or

Determiningthe generalstructureandintegrabilityof bi-Hamiltoniansystemsassociatedwith theseHam-
iltonianpairsis notdifficult. In the compatiblecase1, thepair hastwo distinct constanteigenvalues,±A. Ac-
cordingto theorem15, any bi-Hamiltoniansystemfor thispair decouplesinto a pair of autonomousplanar
Hamiltoniansystems,andis therebyintegrable,as canalso beverified directly.

In case2, the generalbi-HamiltoniansystemhasHamiltoniansof the generalform

H1 =F(p2e”
2, q

2)e ~“
2+g(p,) , H

0= —F(p2e”
2, q

2)e”
2+~(p,) , (31)

where~‘ (s)=e5g’ (s). Thecorrespondingbi-Hamiltonian systemis

=0 , = ~F(p
2e”

2, q
2)e _pi/2_ 1p2F1(p2e”

12,q
2) +g’ (Pt)

= —F2(p2e~”
2, q

2)e~”
2 , d~

2=F,(p2e~~’
2,q

2) , (32)

the subscriptson F indicatingpartialderivatives.Oncetheconstantvalueofp1 is fixed, the integrationof this
systemreducestosolvingasingleautonomousplanarHamiltoniansystemfor112, q2, withHamiltonianfunction

q2)e—pt/2~ Theremainingfunction q1 can thenbe determinedby a singlequadrature.
In case3, the Hamiltonianshavethegeneralform

H0=c(q1 —q2)+J(p1,p2) , H, =c(q, —q2)+f(p1,p2)

wherec is aconstant,andwhere

~ ~ (33
— ôp, ‘

8P2— 0P2

Note that the integrability condition for (33) implies that f satisfies the partial differential equation
2f,2+fl +f

20. Theassociatedbi-Hamiltoniansystemis

~—-c ~-c ~--~ ~--~ (34)
dt — ‘ dt — ‘ dt — öp, ‘ dt —

whoseintegrationis trivial, reducingtojust two quadratures.
Thus,by directanalysis,weareled to a strengthenedversionof Magri’s theoremfor thisparticularcase:Any

four-dimensionalbi-Hamiltoniansystemsatisfyingthe algebraiccondition (28), compatibleor not, is com-
pletely integrable.Indeed,the compatiblebi-Hamiltonianstructureleadsto systemswhichreduceto the two
decoupledplanarautonomousHamiltoniansystems,whereasfor the incompatiblepairsgiven by Q~

2)and
Q~3),the systemsreduceto oneplanarHamiltoniansystemandonequadrature,or justtwo quadratures,re-
spectively.It wouldbe extremelyinterestingto extendDebever’sclassificationto all possiblenondegenerate
pairsof two-formson C4thiswouldgo alongway to elucidatingthepreciserole of thecompatibilitycondition
in the integrabilityof bi-Hamiltoniansystems’s’.Indeed,basedon the evidenceso far (including resultson

~‘ This problemalsohassignificarnapplicationsin Anderson’srecentworkon theJesseDouglasinverseproblemfor secondorder
systems[14].
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quasi-linearhyperbolic systems[15]) it would appearthatincompatiblebi-Hamiltoniansystemsare,in asense,
evenmore integrablethancompatibleones!

Theproofsandfurtherdetailson theseresultswill appearinanexpandedversionto bepublishedelsewhere.
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