Financial Mathematics
Numbers and sets of numbers
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Def'n:

Factorial notation

Olf=1

vintegers n > 1,

99

(3)(2)(1) = 6,

n'—n(n—l)(n—Q)---

“n factorial”

=1 2= (2)(1) =2

X

(3)(2)(1)

= (4)(3)(2)(1) = 24,
= (5)(4)(3)(2)(1) =120

ﬂﬂﬂﬂﬂﬂ




Intervals

“the open interval from —1 to 1"

(—1

[R]:= {real numbers} “=" -

Warning:.
Not equall!<[

) ={zeR| -1<z<1}

(-1, )={zcR| -1<z<1}
(—1,1) is an ordered pair.
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(—1

Intervals

) ={zeR| -1<z<1}

- DN

[R]:= {real numbers} “=" -

Warning:.
Not equall!<[

(-1, )={zcR| -1<z<1}
(—1,1) is an ordered pair.
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Intervals

(finite) numbers

[R]:= {real numbers} “=" -

Warning:
Not equalll<

(-1, )={zcR| -1<z<1}
(—1,1) is an ordered pair.
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Intervals

(—oco, 1) ={zeR|z <1}

—1 1

AN

[R]:= {real numbers} “=" -
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Intervals

(=00, 1) ={z e R|z <1}
open, unbounded

—1 1
ﬁ
R

[R]:= {real numbers} “=" -
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Intervals

(_1700):{£U€R| —1<:r;}

—1 1

e

[R]:= {real numbers} “=" -
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Intervals

open, unbounded

—1 1
ﬁ
R

[R]:= {real numbers} “=" -
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Intervals

~1,1]={zeR| —1<z <1}

—1 1

- DN

[R]:= {real numbers} “=" -
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Intervals

—1,1]={zeR| -1<z<1}

closed, bounded =: compact

—1 1
—
R

[R]:= {real numbers} “=" -
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Intervals

(—oco, 1l ={xeR|x <1}

—1 1

AN

[R]:= {real numbers} “=" -
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Intervals

Intervals of the form [a, b],
with —oco < a < b < o0,
are said to be compact, i.e., closed and bounded.

g—oo,l] ={zxecR|z<1}
CLOSED, unbounded, nhoncompact

as closed as possible

—1 1
e ———e—, —,—)
R

:= {real numbers} H="" <
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Intervals

—1,00)={zx e R| —1<x}

—1 1

e

[R]:= {real numbers} “=" -
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Intervals

[—l.oq)={zeR| —-1<z}
CLOSED, unbounded, nhoncompact

as closed as possible

—1 1

R

:= {real numbers} Hee?
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Intervals

(-1,1]={zeR| -1<z<1}

—1 1

- DN

[R]:= {real numbers} “=" -
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Intervals

(~1,1]={zeR| -1<x<1}
half-open, bounded

1 1
%
R

[R]:= {real numbers} “=" -
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Intervals

-1, 1) ={zcR| 1<z <1}

—1 1

- DN

[R]:= {real numbers} “=" -
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Intervals

1, 1)={zeR| -1<z<1}
half-open, bounded

1 1
%
R

[R]:= {real numbers} “=" -
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Intervals

An interval is degenerate
T 1t has only one element.

[1,1] = {1}
CLOSED, | bou%‘@g degenerate

compact \1

Note: () is not an interval.

[R]:= {real numbers} “=
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Intervals

An interval is degenerate
T 1t has only one element.

Note: Half-open intervals are
neither open, nor closed.

Note: R = (—o0,00) is
both open and close\\

Note: ) is not an interval.

picture?

ntegers} = {.. —2 —-1,0,1,2,...}
real numbers} .

rational numbers} e

U
ir
{rationals} U {irrationals}
ir
{c

@l
I

complex numbers} = || Hoe
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R := {real numbers}

Z, .= {integers}

Z, .= {integers}

R—2=

rea—lumbersO

Picture #Z

picture?

1

R
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Picture 4

R := {real numbers}

has non-0
intersection
with

zCmeets™(—1,1).

Zn(—1,1
7. /= {integers} B( 1) =0

- - R
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R := {real numbers}

Z, .= {integers}

Picture 4

7, “meets” (—1,1).

ZN(=1,1) %40
ZN(—1,0)=10

7, is disjoint from (—1,0).

: : R
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Picture Q

R := {real numbers}

Q := {rational numbers}

Z, .= {integers}

—1 1
%
~ R
(__]w 1) (2
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Picture Q
h -
intaesrsne(c):r’gig) n \

QN (-1,1) #0 1)
0N (~1.0) % 0 Npestoeen,
Q := {rational numbers} is|dense|in K.

R := {real numbers}

Z, .= {integers}

.
y
.
.
cy
.
y
.
.
Y
.
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Extended Real Numbers

Definition:
An extended real number is
a real number or +oo or —oo.
O

Definition: [Rl:= {extended real numbers}.

=RU{—o00,0}
Note:
For all s € R, —o0 < § < 0.
For all se R, —oo0<s<o0.
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—o0o<a<b< o
—oo0o<a<b< oo

—0o<a<b< oo

—xo<a<b< oo

Rl:=R U {—o0, o0}

= |(a,b):={x e R

= [a,b] :={zeR
= [(a,b] : ={zx R

= [a,b):={x e R

hese sets are extended iIntervals.

a < x < b}
a < x <b}
a <x < b}
a <z <b}

An interval i[g]: —extended interval I s.t. I C R.

R

RU{—00, 0}

(// Unbounded,

e.g.: (0,00) is an'interval.

(0, o0] is an extended interval,
but IS not an interval.

R

A Y

28
0002D

number




Def'n:Let a € R, S CR. Rl:= R U {—00, 0}
We say a is a lower bound for S,
and write |la < 5|,

if: Vse S, we have a < s.

\ e,g.:4§(6\n5f\(m/6 < (6,7]

1 2 3 4 5 6 7 3 o

L=t

Def'n:Let b € E, g C R )greatest lower bound

We say b is the [inf] (or [glb]) of S,
infimum] and write |b = inf .5,

if: b<S] and [Va< S, we have a <.

e.g..6 =inf (6, 7]
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Def'n:Let a € R, S CR. E:ZRU{_OQOO}
We say a is a lower bound for S,
and write ja < 5,
if: Vse S, we have a < s.

\ e.g..4<(6,7], 5L(6,7], 6<L(6,7]

]
— e.g.:6(:inf;(f§,7]
6 7

€
6

Def'n:Let b € E, g C R )greatest lower bound

We say b is the [inf] (or [glb]) of S,
infimum] and write |b = inf .5,

if: b<S] and [Va< S, we have a <.
[f, in addition, b € §,
then we say that b is the min of S5,
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Def'n:Let a € R, S CRR. E:ZRU{_OQOO}
We say a is a lower bound for S,
[Next: upper bnd&max] and write [a < 5,

if: Vse S, we have a < s.

eg:4<(6,7], 5<(6,7], 6<(6,7]
(6,7] has n%m'n' — e.9.:6 =inf (6,7]
{ — e.g..6 =min[6,7]
Def'n:Let b € E’ S C R )greatest lower bound
We say b is the [inf] (or [glb]) of S,
infimum) and write |[b = inf.S]
if: b<S] and [Va< S, we have a <.
If, in addition, b € S, minimum

then we say that b is the Imin| of S,

. . 31
and write b = min S| 0002E




Def'n:Let a € R, S CR. Rl:= R U {—00, 0}
We say a is a upper bound for S,
and write [a > 9],

if: Vse S, we have a > s.

e.g.:9>1[6,7), 8>[6,7), 7>1[6,7)

16,7) has noémax ; : e.0.77 = sup [6, 7)

: — e.g.:7 = max|[6,7]

Def'n:Let be R, S CR. least upper bound

We say b is the [sup] (or lub]) of S,

supremum and write b = sup S|
if: [b>S] and [Va > S, we have a > b].
If, in addition, b€ S, maximum

then we say that b is the Imax| of S,

] 32
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Def'n:Let a € R, S CR. Rl:= R U {—00, 0}
We say a is a upper bound for S,
and write [a > 9],

if: Vse S, we have a > s.

e.g.: sup(2,00) = oo iNnf(—oo,00) = —¢
max(2,c0) DNE  min(—oco0,00) DNE
does not exist
max (2, oo] = oo Min[—oo, c0) = —oo
Def'niLet be R, S CR. least upper bound
We say b is the [sup] (or llubl) of S,
supremum and write b = sup S|
if: b>S] and [Va > S, we have a > b].
If, in addition, b € S, maximumy

then we say that b is the Imax| of S,

] 33
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Theorem: Rl:=R U {—oc0, 00}

Every subset of R has B \
an inf and a sup (in R).

e.g.: sup(2,00) = oo iNnf(—oo,00) = —¢
max(2,c0) DNE  min(—oco0,00) DNE
does not exist
max (2, oo] = oo Min[—oo, c0) = —oo
Def'niLet be R, S CR. least upper bound
We say b is the [sup] (or llubl) of S,
supremum and write b = sup S|
if: b>S] and [Va > S, we have a > b].
If, in addition, b € S, maximumy

then we say that b is the Imax| of S,
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—o<a<b<oo = ((a,b):={xcRla<z<b}
—oc0o<a<b< oo = [a,b:={xcR|a<z<b}

—co<a<b<oo = [a,b]:={xrcR|a<xz<b}

—0o<a<b< oo = [a,b):={xcR|a<z<b}

hese sets are extended intervals.
An interval is an extended interval I s.t. I C R.

Note: {1/2} = [1/2,1/2] is an interval.
(Sometimes called a degenerate interval.)

Y ! Y Y

are not allowed.

0 1/3 2/3 1
$ $

< . . >

non-e.qg.:
(0,1/3]11[2/3,1] is not an interval, \
although it is a finite union of intervals.

-~
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—o0o<a<b< o
—oo0o<a<b< oo

(a,b):={x R
[a,0] :={zeR
—00<a<b< (a,b] :={z R
—0o<a<b<oo = [a,b):={zeR

hese sets are extended iIntervals.

434l

a <z <b}
a <x <b}
a <x < b}
a <z <b}

An interval is an extended interval I s.t. I C R.

Definition: For any interval I,
the length of I is|I

e.g..|[3,7)|=7—-3=4
[3,00)7

= (supl) — (infI).

I 3
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—o0o<a<b< o

(a,

—oo0o<a<b< oo

— oo <a<b< o

434l

< < @

—0o<a<b< oo = ‘ b)| :

hese sets are extended iIntervals.

b) :

a <z <b}
a <x <b}
R|a <z < b}
a <z <b}

An interval is an extended interval I s.t. I C R.

Definition: For any interval I,
= (supl) — (infI).

the length of I is

I

e.g..|[3,0)] =00 -3 =00

For intervals,

]

bounded <«

5 o

finite length

I 3
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Definition:
It I1,...,1In 1S a finite collection of
pairwise disjoint|intervals,

then [ 1L Ia]:= || + - + ]

tpe[ m__easurIe v integers j, k € [1,n],
OF Il Ilnl | ¢ ; £ then NI, =0.

e.q.:
10,1/3]11[3/4,7/8)| = |[0,1/3]| + [[3/4,7/8)]
=(1/3)4+(1/8)=11/24

warning: H
[0,2/3] U [1/3,1]| = [[0,2/3]] +|[1/3, 1]]

0 15/3 2./3 1

< $ n >
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Definition:
It I1,...,1In 1S a finite collection of
pairwise disjoint|intervals,

then [ 1L Ia]:= || + - + ]

tpe[ m__easurIe v integers j, k € [1,n],
OF Il Ilnl | ¢ ; £ then NI, =0.

X

0, 1]

1 =1[0,2/3]U[1/3,1]] # |[0,2/3]] + |[1/3, 1]]
0 1{3 2%3 1

< s $ >
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Definition:
Let S CR. A partition of P of S
IS sald to be a partition by intervals if:
VP e P,

P iIs an interval.

Definition: A partition of a set S is a set P
of subsets of S such that

both |J P=S
pPeP

and VP,QeP, (P#*Q = PnNnQ=0).

e.g.: { {1}y , {2,3,5} , {4,6} }
IS a partition of {1,2,3,4,5,6}.
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Definition:
Let S CR. A partition of P of S
IS sald to be a partition by intervals if:
VP e P,

P iIs an interval.

eg.. { [0,1/2) , [1/2,1] }
is a partition of [0, 1] by intervals.

eg: { [0,1/2) , A{1/2}y , (1/2,1] }
isap on of [0, 1] by intervals.
Note: {1/2}=1[1/2,1/2] is an interval.

non-e.g.. 0 1/3 2 1
{ [0,1/3]u[2/3,1] , (1/3,2/3) }

is a partition of [0, 1],

/3

— but not by intervals. 0002H
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Definition:
Let S CR. A partition of P of S
IS said to be a partition by fUOfIs if:
VP e P, finite unions
P is a fuofl. of intervals

eg.. { [0,1/2) , [1/2,1] }
is a partition of [0, 1] by intervals.

cgr { 0,1/2) , {12} . (1/2,1] }
is a partition of [0, 1] by intervals.
Note: {1/2} =1[1/2,1/2] is an interval.

non-e.g.. 0 1/3 2 1
{ [0,1/3]U[2/3,1] , (1/3,2/3) }

is a partition of [0, 1],

/3

— but not by intervals. 0602H
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Definition:
Let S CR. A partition of P of S
IS said to be a partition by fUOfIs if:
VP e P, finite unions
P is a fuofl. of intervals

eg.. { [0,1/2) , [1/2,1] }
is a partition of [0, 1] by intervals.

cgr { 0,1/2) , {12} . (1/2,1] }
is a partition of [0, 1] by intervals.
Note: {1/2} =[1/2,1/2] is an interval.

non-e.g.. 0 1/3 2 1
{ [0,1/3]u[2/3,1] , (1/3,2/3) }

is a partition of [0, 1]

/3
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